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PREFACE 


This book is intended mainly for use as an undergraduate text. It contains topics and material suf- 
ficient for a one-half-year course. It may also be useful to practicing engineers. 

Conventional notation is employed throughout, primarily using the International System set of 
units. Approximately one-quarter of the examples employ the U.S. Customary System. 

Many examples included in each chapter relate to situations of practical significance. Problems 
of varying length and difficulty are included at the end of each chapter. In addition, twenty-six 
computer design projects are supplied in Appendix A. It is suggested that these be completed using 
the software Working Model 2D. 

The companion website for this textbook (www.oup.com/ us/ cleghorn) has numerous files of 
3D animations, mechanisms, video clips of real mechanical systems in operation. These images 
have been stored in the MPEG(*.mp4) format and may be viewed through the web browser with 
appropriate movie plug-ins installed (Windows Media Player or Quicktime player). Within the 
text, each of these files is identified either in boldface in square brackets (e.g., [Videol.1]) or 
within a textbox located in the margin as shown here. 

The companion website also contains interactive 2D models based on Working Model 2D, and 
requiring a file player of that software. To open and use these models, Working Model 2D must 
be downloaded and installed on the computer. A link to acquire this software is provided on the 
website. Within the text, each of these files is identified either in boldface in square brackets (e.g., 
[Model 1.14A]) or within a textbox located in the margin as shown here. Appendix D lists all 
models and animations and video segments. 

The companion website also contains more than ten Mathcad files for use with a select set 
of problems dealing with the analysis and synthesis of mechanisms. The problems for which the 
Mathcad files may be applied are identified in the statements associated with end-of-chapter 
problems. 

Graphical and analytical methods of analysis are included for the kinematic and kinetic analy- 
ses of mechanisms. Graphical methods may be applied in situations where analysis for only one 
position of a mechanism is required. They often require a scaled drawing in the configuration for 
which an analysis is required. For several of the end-of-chapter problems, a scaled drawing may 
be obtained from the companion website. Such problems are identified by the icon shown in the 
margin. Analytical solutions are useful in instances when solutions are required for a series of 
mechanism configurations. 

Chapter 1 covers basic concepts, including linkage classification by motion characteristics, 
as well as degrees of freedom of the planar joints of mechanisms. Some common examples of 
mechanisms, along with their associated animations, are provided. 

Chapter 2 provides the background material required to carry out static and dynamic anal- 
yses of planar mechanical systems. Expressions for relative velocity and acceleration in the 
radial-transverse coordinate system are covered. The instantaneous center of velocity of a body is 
presented. Equations for the kinetics of a rigid body and associated commonly employed sets of 
units are also provided. The concept of mechanical advantage is covered along with its determina- 
tion using the instantaneous centers of velocity of the mechanism. 

Chapter 3 covers traditional graphical analysis of planar mechanisms. Both velocity and accel- 
eration analyses are presented using vector polygons for one position of the mechanism. Velocity 
analyses implementing the method of instantaneous centers of velocity are also covered. 
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Chapter 4 presents an analytical method based on complex numbers for the kinematic analysis 
of a planar mechanism. The equations generated using this technique may be programmed on a 
computer for completing an analysis in a series of positions. 

Chapter 5 gives a comprehensive synopsis ofgears. This includes many common types of gears 
and related animations of the gears in meshing action. This chapter also includes some of the com- 
mon methods of gear manufacture. 

Chapter 6 presents an analysis of gear trains. For analysis of planetary gear trains, an algorithm 
suited for computer implementation is provided. 

Chapter 7 presents design procedures of cam mechanisms. Both graphical and analytical meth- 
ods are covered. In addition, the computer program Cam Design is included on the companion 
website. This program can synthesize a wide variety of disc cams. For a given set of input param- 
eters and prescribed motion of the follower, all pertinent kinematic parameters are provided as a 
function of input motion. 

Chapter 8 covers graphical force analyses of planar mechanisms. Each graphical analysis may be 
applied for one configuration of a mechanism— for either static or dynamic conditions. 

Chapter 9 covers analytical force analysis of planar mechanisms. The governing equations of 
motion are derived for an arbitrary configuration of a mechanism and may be programmed on a 
computer to determine results for multiple configurations. Means to balance a four-bar mechanism 
and a slider crank mechanism are also provided. 

Chapter 10 covers the analysis and design of flywheels. This includes determining the size of a 
flywheel required to keep speed fluctuations within a desired tolerance. 

Chapter 11 presents some common methods for the synthesis of mechanisms. This includes 
graphical and analytical techniques for function synthesis and rigid-body guidance synthesis of 
four-bar and slider crank mechanisms. 

Chapter 12 introduces and describes the design process methodology as it applies to mecha- 
nisms and machines. The complete design process is described, including problem formulation, 
conceptualization, preliminary design, detailed design, embodiment, testing, and documentation/ 
reporting. Various examples are provided throughout the chapter for each stage of the process. 

Chapter 13 presents an extensive set of case studies in the design of mechanisms and machines. 
The case studies allow the reader to follow along in the problem formulation stage, whereby a 
structured set of design goals and design objectives is developed. Next, one or more possible design 
solutions that satisfy the design goal and objectives are described. These are solutions that are 
commonly used in the field; description of their operation is included as well. Finally, a design 
summary and a set of recommendations highlight the strength and limitations of the proposed 
design solutions. 

Appendix A includes a set of design projects. They can be ideally solved using the Working 
Model 2D software. Appendix B provides background reference material related to scalars and 
vectors. Appendix C gives a brief review of mechanics, which is the basis of much of the material 
presented in this textbook. Appendix D lists the files included on the companion website. 


William L. Cleghorn 
Nikolai Dechev 
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INTRODUCTION 


1.1 PRELIMINARY REMARKS 


Mechanics is a science that predicts the conditions of a system either at rest or in motion, when 
under the action of forces and moments. Within mechanics, the study can involve stationary sys- 
temsat rest (statics) orsystems in motion (dynamics). In statics, the motion of the parts ina system 
is zero (or insignificant), so the analysis is about the forces that act between the parts. In dynamics, 
the analysis is concerned with the forces that arise in a system of moving parts. 

A machine is defined as an apparatus that transmits energy through its parts to perform desired 
tasks. This definition does not restrict the form of energy transmitted, nor does it restrict the size 
and rigidity of the parts. It therefore encompasses a vast array of mechanical and electrical devices, 
many of which have a profound effect on our lives. One of the simplest types of machines is the 
lever. The lever works by transforming a small force with large motion into a high force with short 
motion. In this way, the small force available from human effort can be magnified into high force 
for various farming or construction activities. An example of a more complex and recent machine 
is the automobile. An automobile is a machine that transfers energy from the engine into the drive 
shaft and onto the wheels, to provide motion. In fact, we can also say the engine is a machine that 
transfers the energy from the fuel (gasoline) into the drive shaft. 

This textbook, entitled Mechanics of Machines, deals with the statics and dynamics of various 
mechanical systems that transmit energy through their parts. The wheel and the lever were among 
the earliest inventions of machines. Engineers have since designed numerous ingenious machines 
for the advancement of society. Machines are widely used in all aspects of our society, such as trans- 
portation, farming, manufacturing, medicine, war, sports, and many others. For example, doctors 
employ machines to treat patients, or they can prescribe machines such as prosthetic hands, arms 
and legs to replace natural limbs. In recent years, robotic machines have had a significant influ- 
ence in manufacturing methods. Some are able to rapidly perform repetitive tasks in a reliable and 
accurate manner and can be used to work in hostile and dangerous environments. 

Some machines are a combination of mechanical, electrical, and hydraulic components. An 
automobile is composed of mechanical parts of the drive train, suspension, and steering systems, 
along with electrical parts used to ignite the air-fuel mixture in the engine and to provide lighting 
and sensory feedback for the driver. 

Machines having electrical components usually incorporate at least some mechanical parts. 
The hard drive within a computer has electric motors with rotating shafts for spinning the disc that 
holds the data. It also has a mechanical arm carrying a magnetic sensor head that swings above the 
disc to store and access data. The keyboard may be considered a machine with mechanical parts. 
Printers and scanners have machine components such as gears and lever arms to handle the paper. 
Many electronic watches have hands operated by miniature ratchet wheels that are pushed around 
one tooth at a time. 
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CHAPTER 1 INTRODUCTION 


Figure 1.1 Single-cylinder piston engine [Model 1.1]. 
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Figure 1.2 Mechanisms in a single-cylinder piston engine: (a) Engine. (b) Timing belt drive. (c) Cam mechanism. 
(d) Slider crank mechanism. 


This textbook will consider only the mechanical parts of machines, along with their analysis. T'o 
conduct such analyses, it is usually convenient to divide a machine into subsystems, referred to as 
mechanisms (or linkages), rather than attempting to analyze all parts of a machine simultaneously. 
They may be either moving or stationary. Even with this restriction, there are countless types of 
machine. 

A well-known example of a machine is the single-cylinder internal combustion piston engine, 
as illustrated in Figure 1.1. This machine serves as a good example, since it contains mechanisms 
within itself, which are described later in this text. In particular, it highlights three mechanisms 
such as a timing belt drive, a cam mechanism, and a slider crank mechanism, which are illustrated 
in Figures 1.2(b), 1.2(c), and 1.2(d), respectively. An animation of this machine is provided by 
[Video 1.1: Single-Cylinder Piston Engine], included on the companion website. A detailed 
description of the operation of this machine is given in Chapter 13, Section 13.2.1. 

Asimple machine may also be considered as a single mechanism. For instance, the tongs shown 
in Figure 1.3(a) can be considered either as a machine or as a mechanism. Figure 1.3(b) shows a 
free-body diagram of the system used to analyze the manual force required to generate sufficient 
gripping force. 

Mechanisms are widely used in applications where precise relative movementand transmission 
offorce are required. Motions may be continuous or intermittent, linear, and/or angular. Examples 
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Figure 1.3 (a) Tongs. (b) Free-body diagram. 


Figure 1.4 Engine assembly [Video 1.4]. 


of several types of machines and mechanisms are presented in Section 1.2 and Chapter 13. 
Engineers, and those particularly concerned with design, should ensure that they are aware of 
the wide range of machines and mechanisms and be familiar with their behavior. There is a good 
reason for this; it is often possible to apply or slightly modify an existing machine design to meet 


the needs of new problems. 
Individual parts of a machine or mechanism are also referred to as links. They may be nonrigid, 


Video 1.4 Engine such as cables or belts. Alternatively, they may be rigid bodies such as cranks, levers, wheels, bars, 

Assembly or gears. Figure 1.4 shows an exploded view of an engine. [Video 1.4] provides an animation of 
assembling this engine, link by link. Most links of this mechanism may be considered rigid. The 
timing belt and the valve springs are examples of flexible links. 


1.2 COMMONLY EMPLOYED MECHANISMS 


This section provides a small sampling of common mechanisms. Many more examples of machines 
and mechanisms and their descriptions are contained in Chapter 13. 


CHAPTER 1 INTRODUCTION 


1.2.1 Slider Crank Mechanism 


Video 1.5 Slider 
Crank Mechanism 


Video 1.7 Slider 
Crank Mechanism 
with Offset 


A slider crank mechanism is illustrated in Figure 1.5. This mechanism incorporates a stationary base 
link, designated as link 1. All portions of the base link are depicted with hatched lines. The other 
links can move relative to the base link. The crank, designated as link 2, rotates about a base pivot, 
denoted as O;. At the other end of link 2 is point B where a pivot point or bearing allows relative 
rotation between links 2 and 3. Link 3 is referred to as the coupler or connecting rod. The coupler is 
connected to link 4, through a bearing, denoted as point D. Link 4 is called a slider or piston. The 
slider moves with respect to the slide, which is part of the base link. The straight-line path of the 
center of the slider is referred to as the line of action. 

When analyzing the motions of mechanisms, it is often convenient to employ highly simpli- 
fied drawings, called skeleton diagrams. The dimensions of a skeleton diagram are the ones critical 
for determining motions. Figure 1.6(a) shows a slider crank mechanism as it would appear in an 
engine. The skeleton form of this mechanism is given in Figure 1.6(b). Bearings in skeleton dia- 
grams are represented by either small circles or dots. The crankand connecting rod are each drawn 
simply as a straight line. The piston is shown as a rectangle. Hatched lines indicate the base link. 

Another slider crank mechanism is shown in Figure 1.7. In this instance, base pivot O; is not 
on the line of action of point D. Dimension r; is referred to as the offset. Dimensions r, and r3 are 
lengths ofthe crank and coupler, respectively. 


WA 
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Figure 1.5 Slider crank mechanism [Video 1.5]. 


Line of action 
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n em B D 
Line of action prre | Offset 
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A Figure 1.6 Skeleton representation of a slider 
Figure 1.7 Slider crank mechanism with offset [Video 1.7]. crank mechanism: (a) Mechanism. (b) Skeleton 


representation. 


1.2.2 Four-Bar Mechanism 


Video 1.8 Four-Bar 
Mechanism 


Four-bar mechanisms are among the most common and useful mechanisms. A typical four-bar 
mechanism is illustrated in Figure 1.8(a). It has four bars or links: the stationary base link and 
three moving links. Links 2 and 4 are connected to the base link through base pivots O, and O4, 
respectively. The coupler, link 3, is attached to links 2 and 4 through moving pivots, designated as 
points B and D. For the mechanism shown, if link 2 is driven to rotate about its base pivot, then 
link 4 will in turn be forced to also rotate about its base pivot. 

For the mechanism shown in Figure 1.8(a), angular displacements of links 2 and 4 are des- 
ignated as 05 and 0%. Figure 1.8(b) shows the angular displacement of link 4 as a function of the 
angular displacement of link 2. This mechanism is also known as an angular function-generating 
mechanism. 


Video 1.10 
Equivalent Four-Bar 
Mechanisms 


Video 1.12 
Washing Machine 
Mechanism 


Video 1.14A, 1.14B 
Model 1.14A, 1.14B 
Four-Bar with 
Coupler Point 
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Figure 1.8 (a) Four-bar mechanism 
[Video 1.8]. (b) Function graph. 
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(b) 


D Figure 1.9 Dimensions ofa four-bar mechanism. 


Figure 1.9 shows a skeleton diagram of a four-bar mechanism. Also shown are the lengths of 
the links. These lengths dictate the type and extent of motion that may be achieved. The types of 
motion are presented in Section 1.7. 

Many mechanisms can be developed from a single skeleton form. Examine the skeleton dia- 
gram of the four-bar mechanism shown in Figure 1.10(a). All other mechanisms illustrated in 
Figure 1.10 are essentially the same four-bar mechanism and are therefore considered to be 
equivalent mechanisms. As shown through the animation provided using [ Video 1.10], all of these 
mechanisms transmit the same motions. When analyzing a motion, without consideration of the 
associated forces, it is not necessary to know the widths of links and sizes of bearings between links. 
The critical information in determining motions are the center-to-center distances. Figures 1.10(a) 
and 1.10(c) illustrate a typical distance r that is the same for two of the equivalent mechanisms. 

Mechanisms can be built up by starting with a simpler mechanism and then adding links to cre- 
ate more complicated mechanisms. Figure 1.11 shows a four-bar mechanism used in a domestic 
washing machine. Figure 1.12(a) is a drawing of a similar four-bar mechanism. Figure 1.12(b) 
shows the four-bar mechanism combined with additional links that generate the required motions 
for the washing machine. Constant input motion is supplied through a gear, link 2, which drives a 
larger gear, link 3. Both gears are represented as circles. Links 1, 3, 4, and 5 constitute the four links 
of the four-bar mechanism. Link 5 is a gear sector that meshes with link 6. The proportions of the 
links are such that when link 2 is driven at a constant rotational speed, link 6 will have oscillatory 
rotational motion. In operation, link 6 drives an agitator to provide the washing action. 

Various paths of motions may be obtained from a selected point on the coupler of a four-bar 
mechanism, also called the coupler point. These mechanisms are referred to as path-generating mech- 
anisms. The shape of the path traced by the coupler point is a function of the dimensions shown 
in Figure 1.13. These consist of distances r4, r2, r3 and r4 between pivots. In addition, dimensions 
rs and rg define the location of the coupler point, C, with respect to the pivot between links 2 
and 3. For instance, Figure 1.14 shows a four-bar mechanism for which 


rı=7.2 cm; r,-2.5 cm; r3=6.0 cm; r4=7.2 cm 


Also shown are three different coupler curves that were obtained by employing distinct values 
of rs and rg. Using [Model 1.14A] and [Model 1.14B], it is possible to specify the position of the 
coupler point with respect to the coupler and also view the corresponding coupler curve. 
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Figure 1.10 Equivalent four-bar mechanisms 
[Video 1.10]. 
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Figure 1.11 Washing machine mechanism. 
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(a) 
Figure 1.12 Mechanism in a washing machine [Video 1.12]. 
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Constant input 


(b) 


Figure 1.13 Dimensions of a four-bar mechanism with a coupler point. 


Figure 1.14 Four-bar mechanism with coupler point [Model 1.14A, Model 1.14B]. 


Video 1.15A 

CEC ROE Some four-bar mechanisms with a properly selected coupler point can generate a path that 

Line Mechanism t : ; ; ; 
is very close to a straight line, for a portion of the cycle. Such mechanisms are referred to as 
straight-line mechanisms. Figure 1.15 shows three types of such mechanisms, called the Chebyshev 

Video 1.15B ; ; 5 ; ; ; T ] " 

; straight-line mechanism, the Roberts straight-line mechanism, and the Watt straight-line mechanism. 

Roberts Straight- : arse . i 

Mane Med eaten Figure 1.16 illustrates an application of a four-bar mechanism incorporating a coupler point. 
This mechanism is employed to intermittently advance film in a movie projector. During each 

Video 1.15C cycle, the coupler point enters a perforation (Figure 1.16(a)) in the film and advances it to the 

Watt Straight-Line next picture frame. When the end of the arm is not engaged in a perforation (Figure 1.16(b)), the 

Mechanism film remains stationary, and a shutter (not shown) is then opened to allow light to pass through 
to project an image momentarily. 

Video 1.16 Film 

Transport 

Mechanism 
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(a) (b) (c) 


Figure 1.16 Film transport mechanism [Video 1.16]. 


1.2.3 Belt Drive, Chain Drive, and Gearing 


A common requirement in the design of machinery is to smoothly transmit rotational motion 
from one shaft to another. When the shafts are parallel, this may be accomplished by mounting 
pulleys on the shafts and wrapping a continuous belt around both pulleys under tension, as shown 
in Figure 1.17. For this system, known as an open-loop friction drive, both pulleys rotate in the 
same direction. Figure 1.18 shows another arrangement of an open-loop friction drive. The idler 
pulley enables the input and output pulleys to turn in different planes. Still another arrangement 
is achieved by crossing the belt between the pulleys, as shown in Figure 1.19. Now the pulleys will 
rotate in opposite directions. This arrangement is called a cross belt friction drive. 

Figure 1.20 shows a system similar to that of the open-loop friction drive, known as a chain drive. 
In the chain drive, a continuous chain replaces the belt, and sprockets replace the pulleys. The chain 
consists ofa series of discretely spaced links, usually made ofa metal material. Each link is connected 
to the next link by a pin, forming a rotational joint. Chain drives have a few key differences compared 


Idler pulley | 


Figure 1.17 Open-loop friction drive. Figure 1.18 Open-loop friction drive. 


NV 


Figure 1.19 Cross belt friction drive. 


Video 1.20 Chain 
drive 


Video 1.22 
Toothed Gears 


Video 1.23 
Internal Gear 


Video 1.24 Rack 
and Pinion 


Video 1.25 Rack 
and Pinion Steering 


ô, 


Figure 1.21 Friction gears. 
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Figure 1.20 Chain drive [Video 1.20]. 


to belt-pulley systems. The links in the chain are in mesh with the teeth on the sprockets, and hence 
the chain cannot slip relative to the sprockets during normal operation. This allows for the transmis- 
sion of high amounts of torque from one sprocket to the other, via the chain. Unlike belt-pulley 
systems, the sprockets must have discrete diameters that correspond to the link-to-link distances 
in the chain. Additionally, the center-to-center spacing between the sprockets must correspond to 
the chain link spacing. Examples of chain drive systems can be found in bicycles (foot pedal motion 
to wheel motion), motorcycles (transmission output to wheel motion), factory conveyor systems, 
and industrial equipment, among other uses. Special (extreme) examples of chain drives include 
(a) chainsaws and (b) tread systems on excavators or armoured tanks. 

Figure 1.21 shows an alternative means of transferring rotational motion through a pair of roll- 
ing cylinders in physical contact. Transfer of motion in this instance relies on friction between the 
cylinders. This mechanism is known as a pair of friction gears. Smooth transmission is achieved as 
long as the friction capacity between the friction gears is not exceeded. If the friction capacity is 
exceeded, slippage occurs, and the motion of the follower will not have a constant ratio relative to 
that of the driver. 

Slippage is avoided ifthe gears have interlocking teeth. These are called toothed gears. Figure 1.22 
shows three meshing toothed gears that form a gear train. The gear in the middle, being the smallest 
of the set, is referred to as the pinion. It is also referred to as an idler gear. In the gear set shown in 
Figure 1.23, one of the gears, known as an internal gear, has its teeth on the inside of a ring. When 
an internal gear meshes with a gear having teeth on its periphery (referred to as an external gear), 
both gears turn in the same direction. Internal gears are commonly employed in planetary gear 
trains, which are discussed in Chapter 6. 

Figure 1.24 shows a rack and pinion gear set. The rack provides for straight-line motion and is 
equivalent to a portion of a gear of infinite radius. Figure 1.25(a) illustrates a rack and pinion gear 
set employed in the steering mechanisms of automobiles. Figure 1.25(b) shows a close-up view 
of this gear set. 

Gearing and gear trains are discussed in more detail in Chapters 5 and 6. 
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Figure 1.22 Toothed gears [Video 1.22]. 
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Figure 1.24 Rack and pinion [Video 1.24]. 
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Figure 1.25 Rack and pinion steering [Video 1.25]. 


1.2.4 Cam Mechanism 


Video 1.26 Disc 
Cam Mechanism 


Video 1.27 Disc 
Cams 


Acamisalink ofa mechanism used to transmit motion to another link, known asa follower, by direct 
contact. One type of cam mechanism, known as a disc cam mechanism, is illustrated in Figure 1.26. 
Starting from the position shown in Figure 1.26(a), rotation of the disc cam, link 2, causes the 
follower, link 4, to translate. Figure 1.26(b) illustrates a configuration of the mechanism after the 
follower has undergone a translation. If the roller remains in contact with the cam, and the cam 
is driven at constant speed, then motion of the follower is periodic. An application of a disc cam 
mechanism is in the valve train of a piston engine. A typical valve train, including the intake and 
exhaust valves, is given in Figure 1.27. This illustration is a close-up view of a portion of Figure 1.1. 


(a) 
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Figure 1.27 Disc cams [Video 1.27]. 
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Figure 1.26 Disc cam mechanism [Video 1.26]. 


(a) 


(a) 
Figure 1.29 Fishing reel [Video 1.29]. 


Video 1.28A 
Wedge Cam 
Mechanism 


Video 1.28B 
Cylindrical Cam 
Mechanism 


Video 1.28C End 
Cam Mechanism 


Video 1.29 
Fishing Reel 


Figure 1.28 Types of cams: 

(a) Wedge cam [Video 1.28A]. 

(b) Cylindrical cam [Video 1.28B]. 
(c) End cam [Video 1.28C]. 
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Follower 
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(b) 


Cam mechanisms are simple and inexpensive, have fewer moving parts, and can be designed 
to occupy a smaller space compared to other mechanisms that provide similar output motions. 
Furthermore, the shape ofa cam may be determined in a straightforward manner to produce a wide 
variety of follower motions. For these reasons, cam mechanisms are used extensively in modern 
machinery. The disadvantages of cam mechanisms are poor wear resistance and the noise gener- 
ated by impacts between the cam and follower when operated at high speed. 

Figure 1.28 illustrates additional types of cam mechanisms: the wedge cam mechanism, the cylin- 
drical cam mechanism, and the end cam mechanism. An application ofa cylindrical cam is in a fishing 
reel, as illustrated in Figure 1.29. As the cylindrical cam rotates, the follower translates back and 
forth, causing the fishing line to evenly wind onto the spool. A wedge cam is employed in a key lock 
as shown in Chapter 13, Section 13.16.1. 

The analysis and design of disc cam mechanisms are presented in Chapter 7. 


12 


CHAPTER 1 INTRODUCTION 


1.3 PLANAR AND SPATIAL MECHANISMS 


Video 1.30 
Prosthetic Hand 


Video 1.31 
Chalmers 
Suspension 


Planar motionis restricted to a plane. For a planar mechanism, the motions ofall ofits links must take 
place either in the same plane or in planes that are parallel to one another. These motions include 
translation and rotation, within the plane. The slider crank mechanism and four-bar mechanism 
illustrated in Figures 1.5 and 1.8 are examples of planar mechanisms. 

Inaspatial mechanism, links translate and rotate in all three dimensions. For example, Figure 1.30 
illustrates a prosthetic hand [1]. The individual fingers are planar mechanisms, however, the overall 
hand is a spatial mechanism. The fingers start from the configuration shown in Figure 1.30(a), and 
then they wrap around an object as shown in Figure 1.30(b). The thumb moves in a plane that is 
not parallel to the planes of motion of the other four fingers. 

Another example of a spatial mechanism is the vehicle suspension illustrated in Figure 1.31. 
The suspension shown is called a Chalmers suspension and is employed in heavy duty vehicles such 
as cement trucks. Often, road surfaces can be uneven, as well as driveways and loading areas. The 
purpose of this mechanism is to better distribute the weight of the vehicle on all of the tires shown. 
To create good contact between the tires and the road, each tire must have the ability to move up 
and down relative to the base link. Yet, the mechanism must allow the differential (via the axles) 
to provide rotational power to the wheels. During operation, motion of the frame, lower tie rods, 
axles, and upper tie rods are all in different planes. 


(a) 
Figure 1.30 Prosthetic hand [Video 1.30]. 
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Figure 1.31 Chalmers suspension [Video 1.31]. 


Tires 


1.4 KINEMATIC CHAINS AND KINEMATIC PAIRS 13 


1.4 KINEMATIC CHAINS AND KINEMATIC PAIRS 


Video 1.35 Linear 
Bearing Sliding 
Stage 


A kinematic chain is an assembly of links connected together without specifying the base link. 
Figure 1.32 illustrates a four-bar kinematic chain. All links are connected by pivots. Figure 1.32(b) 
shows the skeleton diagram representation of this kinematic chain. 

A series of alternative mechanisms may be produced, in turn, by holding one of the links of 
the kinematic chain in a fixed position to become the base link. Usually, the type and amplitude 
of absolute motions (i.e., with respect to the base link) depend on the choice of the base link. 
Section 1.6 presents examples of various types of motion that may be produced from a single 
kinematic chain. 

The links of a mechanism are connected together by kinematic pairs or joints. Three common 
types of kinematic pairs in planar mechanisms are as follows: 


* Turning pairs allow relative turning motion between two links. Such pairs are also called 
bearings, pivots, or pin joints. A four-bar mechanism (Figure 1.8) has a total of four turning 
pairs. Figure 1.33 illustrates other examples of links connected by turning pairs, along with 
their skeleton representations. 

* Sliding pairs allow relative sliding motion between two links. For example, in Figure 1.5, link 
4 is permitted to undergo sliding motion with respect to link 1. Figure 1.34 illustrates other 
examples of links connected by sliding pairs. 

* Rolling pairs allow relative rolling motion between two links, such as employed in a pair of 
friction gears (Figure 1.21). Another example of a rolling pair is illustrated in Figure 1.35. 
In this mechanism, ball bearings roll along a rail track. By using the rolling balls sandwiched 
between the outer base rails and the inner slider rails, the friction between the base link and 
the slider link can be reduced. In this way, there is relative linear sliding motion between the 
two links. Linear bearing sliding stages are typically used in applications that require pre- 
cise linear motion, such as milling machine beds, or prismatic links on precision machines. 
In such applications, transverse motion (motion in axes not along desired linear path) is 
unwanted. Bearing sliding stages are also used in applications where heavy loads require 
linear translation, such as cabinet drawers on toolboxes. Figure 1.36 illustrates other exam- 
ples of links connected by rolling pairs. For a rolling pair, it is assumed that there is no slip- 
page between the links. 


Each turning pair, sliding pair, and rolling pair permits one relative motion between adjacent 
links. All ofthese kinematic pairs are referred to as one degree of freedom pairs. 

Another type of kinematic pair is referred to as a two degree of freedom pair. It allows two relative 
motions between the adjacent links. Examples are shown in Figure 1.37. Figure 1.37(a) demon- 
strates two degrees of freedom between links 2 and 3. One of the degrees of freedom is the relative 
turning between the links. The other degree of freedom is the translational motion ofthe pin at one 
end of link 3 in the slot of link 2. As shown in Figure 1.37(a), this two degree of freedom pair may 
be represented in skeleton form using one sliding pair and one turning pair. 


A 


(b) 
Figure 1.32 (a) Four-bar kinematic chain. (b) Skeleton representation. 
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(e) 
Figure 1.33 Illustrations of turning pairs. 
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(d) 
Figure 1.34 Illustrations of sliding pairs. 
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Figure 1.35 Linear bearing sliding stage. (a) View of complete mechanism. (b) View of slider rails and ball bearings only 
[Video 1.35]. 
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Figure 1.36 Illustrations of rolling pairs. 
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Figure 1.37 (Continued). 
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1.5 MECHANISM MOBILITY 


The mobility of a mechanism is defined as the number of independent parameters required to 
specify the position of all links of the mechanism. This section is restricted to considering the 
mobility of planar mechanisms. 

The location of a rigid body executing planar motion can be described by specifying three 
independent parameters. A planar mechanism with n links, has n — 1 links that can move. Thus, 
3(n - 1) parameters would need to be specified if the links moved independently. Figure 1.38(a) 
shows a four-bar mechanism. In Figure 1.38(b), one of the links has been isolated from the rest of 
the mechanism. The location of this link may be described by specifying the x coordinate of point 
B, the y coordinate of point B, and angle 0. Similar specifications may be applied for the other 
movable links. 

Links of a mechanism do not move independently but instead are coupled by kinematic pairs. 
Each kinematic pair between links provides one or more constraints that reduce the number of 
independent motions ofthe mechanism. Each one degree of freedom pair (i.e., turning pair, sliding 
pair, or rolling pair) allows just one relative motion between links, while two relative motions are 
constrained. For a turning pair (Figure 1.33), only relative rotation is permitted. The constrained 
relative motions are the linear translations at the turning pair in the horizontal and vertical direc- 
tions. For a sliding pair (Figure 1.34), the only relative motion permitted is translation ofthe slider, 
tangent to the direction ofthe slide. The constrained motions consist of translation perpendicular 
to the direction ofthe slide, and relative rotation between the links. Fora rolling pair (Figure 1.36), 
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Figure 1.38 Specification of position of a mechanism link in a plane. 


the links remain in contact. Therefore, one constraint is that the center of rotation of one link must 
remain a fixed distance from the surface of the other link forming the pair. Also, for a rolling pair, 
no slippage is allowed between the links. Therefore, the second constraint arises due to restricted 
relative rotations that occur between the links. Each two degree of freedom pair (Figure 1.37) 
allows two relative motions between links, and just one relative motion is constrained. For the two 
degree of freedom kinematic pair shown in Figure 1.37(d), there can be both relative turning and 
sliding between links. Relative sliding takes place along the common tangent to the two surfaces at 
the point of contact. The only constraint when considering these two links is that at the point of 
contact there cannot be any relative motion along the common normal. 

Implementing the above examination, it is possible to derive at an expression for the mobility, 
m, of a planar mechanism in terms of the number of links and the numbers and types of kinematic 
pairs. In the instance that each kinematic pair of a mechanism imposes either one or two con- 
straints that are not applied by any other kinematic pair of the mechanism, then the mobility may 
be expressed as 


m-3(n-1)-2j-j, (1.5-1) 


where 
n - number of links in the mechanism 
ji» number of one degree of freedom pairs 
j;- number of two degree of freedom pairs 
The coefficient 2, which multiplies j;, corresponds to the two constraints associated with each 
one degree of freedom pair. The minus signsin front ofthe terms involving the numbers ofkinematic 
pairs relate to a reduction of the mobility brought about by the constraints that are introduced. 
If more than one kinematic pair of a mechanism impose the same constraint, then it is said 
to possess a redundant constraint. In this case, Equation (1.5-1) is no longer valid, and instead 


m-3(n-1)-2ji-ji* Nn (1.5-2) 


Ng 7 number of redundant constraints 


we employ 


where 


The presence of redundant constraints are found by inspection of the mechanism. Examples are 
provided below. 


1.5.1 Examples of Mechanism Mobility with No Redundant Constraints 


For all ofthe examples presented in this section, there are no redundant constraints. Therefore, the 
mobility may be calculated by either using Equation (1.5-1) or using Equation (1.5-2) with Ng - 0. 

The four-bar mechanism shown in Figure 1.39(a) has four links, consisting of the base link and 
three moving links, and four kinematic pairs, all of which are turning pairs. There are no two degree 
of freedom pairs for this mechanism. In summary 


n-4; nat j;70 
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Figure 1.39 Examples of mobility. 


Substituting the above values in Equation (1.5-1) yields 
m-3(n-1)-2j;-j;23(4-1)-2x4-0-1 


That is, one input value needs to be specified to allow the position ofall links to be determined. 
If 05 is specified, then the other variable quantities (i.e., 0; and 04) of the mechanism may be 
calculated. 

Asasecondexample, consider the five-bar mechanism shown in Figure 1.39(b). In this instance, 
there are five links (n 5) anda total of five one degree of freedom pairs, all of which are turning 
pairs (jı 2 5). There are no two degree of freedom pairs (j; 2 0). Using Equation (1.5-1), we find 
m — 2. Thus, in order to determine the geometry of the mechanism, it is necessary to specify two 
independent parameters. As shown in Figure 1.39(b), this may be accomplished by specifying the 
values of both 0, and 0s. 

Seven more examples are provided in Figure 1.39. The number of links, the numbers of one and 
two degree of freedom pairs, and the calculated values of mobility are listed for each. 
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1.5.2 Examples of Mechanism Mobility with at Least One 
Redundant Constraint 


For mechanisms with at least one redundant constraint, the mobility may be calculated using 
Equation (1.5-2) with the appropriate value of Np. 

Figure 1.40(a) shows a pair of friction gears. There are a total of three links. Links 2 and 3 are 
each connected to the base link through a turning pair. Links 2 and 3 contact at A. If there is no 
slippage at A, then links 2 and 3 are connected by a rolling pair. A specified rotation of gear 2 leads 
to a definite rotation of gear 3. The positions of all links can be determined for the input motion of 
gear 2, and by inspection the mobility is equal to one. For this mechanism 


n=3; A23 j2=0 
If Equation (1.5-1) was employed, then we obtain 
m-3(n-1)-2j-j,23(3-1)-2x3-0z20 


indicating that the mechanism cannot move, which is an incorrect result. This is because in the 
above calculation we have not accounted for the existence of one redundant constraint in the 
mechanism. The redundant constraint is the fixed distance, c, between points O, and O;. This 
constraint is applied twice by more than one kinematic pair. It is applied by the two turning 
pairs (Figure 1.40(b)); however, the same constraint is applied by considering the rolling pair 
(Figure 1.40(c)). For this mechanism, therefore, Ng= 1. Substituting the values of the numbers 
links and kinematic pairs, along with the value of Ng, in Equation (1.5-2) gives the correct value 
ofm - 1. 

Additional examples are shown in Figure 1.41, where in each case the number of links and 
kinematic pairs are given. Each mechanism generates the same relative motion between the input 
and output, and for each mechanism we have m = 1. For the mechanisms shown in Figures 1.41(a) 
and 1.41(b), there are no redundant constraints. However, for the mechanism shown in 
Figure 1.41(c), there is a redundant constraint ofthe relative rotation between links 2 and 3. This 
constraint is applied once by the sliding pair connecting links 2 and 3. The same constraint is 
applied by a combination of the sliding pairs between links 1 and 2 and between links 1 and 3. 
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Figure 1.40 Friction gears. 
n = n=3 
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Figure 1.41 Mobility examples. 
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1.5.3 Example of Using Calculation of Mobility to Ensure a Stationary System 


Consider the example of a front-end loader given in Figure 1.42. This mechanism is driven by 


Video 1.42 means of two actuators, components 6 and 7. If the lengths of the two actuators are kept constant, 
Model 1.42 then they can be considered as links, and in this case n=9. The total number of kinematic pairs 
Front-end Loader (all turning pairs) is 12. There are no redundant constraints. Therefore 

Mechanism 


m=3(n-1)-2j,-j.=3(9-1)-212-0=0 


This result indicates that if the lengths of two actuators are kept constant, then the front-end loader 
is not permitted to move. 

The mechanism in fact has a mobility equal to two by allowing the operator to adjust the lengths 
of the two actuators. Typical positions are shown in Figure 1.42. The starting position is shown in 
Figure 1.42(a). Then the bucket is rolled back (Figure 1.42(b)) by reducing the length of compo- 
nent 6, also known as the dump actuator. This is followed by extending component 7, also known 
as the lift actuator, to raise the load (Figure 1.42(c)). Finally, the dump actuator is extended to 
empty the bucket (Figure 1.42(d)). 


(c) (d) 
Figure 1.42 Front-end loader mechanism [Video 1.42]. 


1.6 MECHANISM INVERSION 


Every mechanism has one stationary base link. All other links may move relative to the fixed base 
link. 

An inverted mechanism is obtained by making the originally fixed link into a moving link and 
selecting an originally moving link to be the fixed link. As an illustration of the inversion of a 
mechanism, Figure 1.43 shows four mechanisms that were created from the same kinematic chain. 
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Video 1.43 Slider 
Crank Mechanism 
and Its Three 
Inversions 


CHAPTER 1 INTRODUCTION 


In each case, a different link of the kinematic chain is held fixed. The slider crank mechanism is 
illustrated in Figure 1.43(a), where link 1 is the base link. Figures 1.43(b), 1.43(c), and 1.43(d), 
respectively, correspond to the cases where links 2, 3, and 4 are held fixed, and link 1 can move. 
These three mechanisms are inversions of that given in Figure 1.43(a). All four mechanisms shown 
in Figure 1.43 have a driving motor between links 1 and 2. Sets of accumulated images throughout 
a cycle of motion are given in Figure 1.44. In each mechanism, absolute motions of the links with 
respect to the base link are distinct. However, since all mechanisms have the same link dimen- 
sions, and all have a driving motor located at the same position in the kinematic chain, the relative 
motions between links are identical for all of these mechanisms. In general, a mechanism having 
n links can have n - 1 inversions. 


r: brs 
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(c) (d) 
Figure 1.43 Slider crank mechanism and its three inversions [Video 1.43]: (a) Slider crank mechanism. (b) Inversion #1 


(link 2 fixed). (c) Inversion #2 (link 3 fixed). (d) Inversion #3 (link 4 fixed). 


(c) (d) 


Figure 1.44 Accumulated images ofa slider crank mechanism and its three inversions [Video 1.43]. 
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Another example of the inversion of a mechanism is shown in Figure 1.45. We start with the 


Video 1.45 
Four-Bar 


Mechanism and Its 
Three Inversions 


four-bar mechanism shown in Figure 1.45(a), in which link 1 is held fixed. The three inversions 
of this mechanism are shown in Figures 1.45(b), 1.45(c), and 1.41(d), in which links 2, 3, and 4, 
respectively, are held fixed. Sets of accumulated images throughout a cycle of motion are given in 
Figure 1.46. 


E 
C 


(c) (d) 
Figure 1.45 Four-bar mechanism and its three inversions [Video 1.45]: (a) Slider crank mechanism. (b) Inversion #1 (link 2 
fixed). (c) Inversion #2 (link 3 fixed). (d) Inversion #3 (link 4 fixed). 


LETS E AAS 
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Figure 1.46 Accumulated images of a four-bar mechanism and its three inversions [Video 1.45]: (a) Crank rocker. (b) Drag 
link. (c) Crank rocker. (d) Rocker-rocker. 
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Video 1.48 Speed 
Governor 


CHAPTER 1 INTRODUCTION 


A speed governorisamechanism employed to regulate (control) the operation of another mech- 
anism. A speed governor incorporates an inverted slider mechanism. Figure 1.47(a) shows an 
old-fashioned steam-powered locomotive, whose engine power is controlled by the use of a speed 
governor, as shown in Figure 1.47(b). The speed governor operates on the principle of convert- 
ing rotational input motion into linear output motion. For the governor shown here, rotational 
input motion from the locomotive wheels (corresponding to the locomotive speed) is input by 
a belt-and-pulley system. The pulley rotates the bevel gear set, which in turn rotates the two ball 
masses. As the masses rotate, they experience centripetal force, which causes them to swing radi- 
ally outward. If the masses rotate fast, this radial outward motion (part of the inverted slider) lifts 
the control rod. If the masses rotate more slowly, the control rod will drop. This linear motion of 
the control rod is used to throttle/regulate the amount of water entering the heat exchanger of the 
engine, and hence regulate the output power of the engine. If the locomotive speed is too high, 
the control rod automatically lifts and then attenuates the engine power. If the locomotive speed 
becomes too low, the control rod automatically drops and then increases the engine power. In this 
sense, a speed governor is an example of a purely mechanical-based closed-loop control system. An 
illustration of a different speed governor (with a different configuration) is shown in Figure 1.48. 


Figure 1.47 (a) Steam powered locomotive. (b) Speed governor. 
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Figure 1.48 Speed governor [Video 1.48]. 
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1.7 TYPES OF FOUR-BAR AND SLIDER CRANK MECHANISMS 


Four-bar and slider crank mechanisms may be classified according to type. A type is characterized 
by the number of links that are able to undergo full rotation, and which are connected to the base 
link at base pivots. This section provides the method of determining the type of mechanism based 
on the lengths of the links. 


1.7.1 Four-Bar Mechanism—Grashof's Criterion 


Figures 1.45 and 1.46 illustrate three different types of four-bar mechanisms. For Figures 1.45(a) 
and 1.45(c), link 2, the crank, is able to make a full rotation, whereas link 4, the rocker, has a limited 
oscillatory motion. Such four-bar mechanisms are called crank rockers. In Figure 1.45(b), both links 
land 3 are able to make a full rotation, and it is called a drag link. For Figure 1.45(d), neither link 1 
nor link 3 is able to make a full rotation, and it is referred to as a rocker-rocker. Another illustration 
of these three types of four-bar mechanism is given in Figure 1.49. For the crank rocker mechanism 
shown in Figure 1.49(a), if link 2 makes complete rotations, then link 4 rocks between two limit 
positions illustrated as dashed lines. The amplitude of the rocking motion is A94. 
Four-bar mechanisms may be studied by distinguishing the link lengths as follows: 


* s: the length ofthe shortest link 
* L: the length of the longest link 
* p,q: the lengths of the other two links 


To assemble the kinematic chain, it is necessary that 
stp+q2l 


When the two sides of the above expression are equal, all links are constrained to remain collinear, 
and no motion is permitted. Only when the sides of the expression are not equal can there be 
rotations of the links. 
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Figure 1.49 Types of four-bar mechanisms. 
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TABLE 1.1 CLASSIFICATION OF FOUR-BAR MECHANISMS 


Class I Kinematic Chain Class II Kinematic Chain 
s+l<p+q stl»p*q 
If sis the input link, then the mechanism is a crank rocker. The mechanism is a rocker-rocker. 


If sis the base link, then the mechanism is a drag link. 
If otherwise, then mechanism is a rocker-rocker. 


Video 1.51 
Parallelogram 


Four-Bar 
Mechanism 


The type of a four-bar mechanism may be determined using Grashof's Criterion [2]. Using the 
above designations of link lengths, Grashof's Criterion is given in Table 1.1. 

In Table 1.1, two classes of kinematic chains are identified. Only for a Class I kinematic chain 
is it possible to obtain all three types ofa four-bar mechanism. 

As an illustration, consider the four-bar mechanisms shown in Figure 1.45. In this instance 


s- 19cm; p=3.2 cm; q = 3.8 cm; l= 4.8 cm 
Since 
s+l=6.7 cm <p +q=7.0 cm 


the mechanisms are made from a Class I kinematic chain, and thus through inversion it is possible 
to obtain the different types of four-bar mechanisms, as illustrated in Figure 1.46. 
The case where 


stl=p+q 


is not covered in Table 1.1. Such a mechanism, referred to as a change point mechanism, may be 
brought into a geometry for which all links are collinear. Figure 1.50 shows an example of a change 
point mechanism. 

A special case of a change point mechanism occurs when 


rj — 3 and r)-T4 


This is referred to as a parallelogram four-bar mechanism. Figure 1.51 shows a skeleton representa- 
tion of such a mechanism. For this mechanism, link 1 always remains parallel to link 3, and link 2 
always remains parallel to link 4. Figure 1.52 shows an automobile lift that incorporates a paral- 


lelogram four-bar mechanism. The automobile will always remain parallel to the ground (base 
link) while being raised. 


O, 
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(b) 
Figure 1.50 Change point mechanism. 


Video 1.53 
Model 1.53 


Variable Base 
Link Four-Bar 
Mechanism 
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Figure 1.52 Example application of a parallelogram four-bar mechanism. 


With [Model 1.53] it is possible to adjust the length of the base link, and view the resulting 
motion. The lengths of the three moving links are 


f2 = 2.0 cm; r3 = 4.0 cm; r4 = 5.0 cm 
Figure 1.53 shows two cases where the length of the base link takes on values 
r,=6.0 cm and rı=1.5 cm 


which correspond to crank rocker and rocker-rocker mechanisms, respectively. 

Corresponding to the mechanism shown in Figure 1.53, Table 1.2 lists the ranges of values of 
rı and the corresponding types of four-bar mechanisms. The range of link lengths represents the 
theoretical range of permissible values. However, the practical limits in a design are somewhat 
restrictive, and it may sometimes be difficult to transmit motions between links. This is described 
further through examples presented in Chapter 2. 


Figure 1.53 Four-bar mechanism with variable base length [Video 1.53]: (a) Crank rocker. (b) Rocker-rocker. 


TABLE 1.2 EXAMPLE OF TYPES OF FOUR-BAR MECHANISMS 


r, (cm) Type of Four-Bar Mechanism 
0.0<r,<1.0 Drag link 

r,=1.0 Change point 

10«r;«3.0 Rocker-rocker 

7r, 23.0 Change point 

3.0 <1, «7.0 Crank rocker 

r,=7.0 Change point 

7.0 <r, «11.0 Rocker-rocker 

r,-11.0 Alllinks collinear, no motion possible 
ry >1l0=nt+r3t+14 Impossible to assemble mechanism 


Note: r = 2.0 cm; r3 = 4.0 cm; r4 = 5.0 cm. 
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1.7.2 Slider Crank Mechanism 


Video 1.54 
Model 1.54 
Variable-Offset 
Slider Crank 
Mechanism 


Consider the slider crank mechanism shown in Figure 1.7. The offset is designated by r;, and the 
lengths of the crank and coupler are rz and r3, respectively. In order for the crank to have full rota- 
tion, it is necessary that 


m<rz and  |n|srs-m 
When 
|n 2fa4tfas 


it is impossible to assemble the mechanism. 
As an illustration ofthe above, Figure 1.54 shows a slider crank mechanism for which 


ra= 1.5 cm; r4—2.5 cm 


Figures 1.54(a), 1.54(b), and 1.54(c) show offsets of 0.0, —0.9, and -1.4 cm, respectively. For 
the mechanisms shown in Figures 1.54(a) and 1.54(b), the crank is able to make full rotation. 
However, for the mechanism shown in Figure 1.54(c), since 


In > 3-12 


the crank has a limited range of permissible motion. With [Model 1.54] it is possible to adjust the 
offset and view the resulting motion. 

For the mechanisms shown in Figures 1.54(a) and 1.54(b), the slider moves between two limit 
positions. The distance between the two limit positions of the slider is referred to as the stroke as 
illustrated in Figure 1.54(d). The offset influences the value of the stroke. When the offset is zero 
(Figure 1.54(a)), we have 


stroke = 2 r; = 3.0 cm 
and for the mechanism shown in Figure 1.54(b) with a nonzero offset we have 


stroke > 2 r; 


1.8 COGNATES OF MECHANISMSt 


Associated with every four-bar mechanism and slider crank mechanism incorporating a coupler 
point is at least one other mechanism that will generate the identical path of the coupler point. 
These associated mechanisms are referred to as cognates. In a case where a mechanism has been 
designed to generate a suitable path ofthe coupler point, but the links ofthe mechanism have inap- 
propriate locations, it may be possible to implement instead a cognate. This section presents the 
method of constructing cognate mechanisms of four-bar and slider crank mechanisms. 


1.8.1 Cognates of a Four-Bar Mechanism 


A four-bar mechanism with a coupler point has two associated cognates. The four-bar mechanism 
shown in Figure 1.55 has two base pivots O and O4. It is designated as the primary mechanism. 
The moving pivots are designated as B and D, and the coupler point is labeled as C. 

Figure 1.56(a) shows two additional four-bar mechanisms added to the primary mechanism. Their 
four-bar kinematic chains include points Oj9HGO$ and OsEFO,. As indicated, the following points 
coincide: O, and O10; O4 and Os; O7 and Os. All three mechanisms share the same coupler point C. 

For the three four-bar mechanisms illustrated in Figure 1.56(a) it is necessary that 


* ‘The triangles formed by the following points are similar: BDC, HCG, and CEF. 
* The following points must form parallelograms: O;BCH, DO4EC and CFO;G. 
* The base pivots, O5, O4 and O; form a triangle that is similar to that formed by points BDC. 


"The material presented in this section is often not covered in a first course on the mechanics of machines. It does not specifically relate to 
any ofthe remaining topics presented in this textbook. 


Video 1.57 
Cognates of 
a Four-Bar 
Mechanism 
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Figure 1.54 Slider crank mechanism with variable offset [Video 1.54]. 
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Figures 1.56(b), 1.56(c), and 1.56(d) show the same three four-bar mechanisms separated from 
one another. Figure 1.57 shows three four-bar mechanisms that can all move together while 
attached, along with three separated mechanisms. All mechanisms can move in unison to trace 


out the same coupler point path. 


A straightforward means to determine the lengths of the links of the cognates of a four-bar 
mechanism, given the links of the primary mechanism, is to construct Cayley’s triangles. To do 
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Path of C 


Figure 1.55 Four-bar mechanism with a coupler point. 


Figure 1.56 Cognates of a four-bar mechanism. 


Video 1.58 
Cayley’s Triangles 


this for the mechanism shown in Figure 1.58(a), the base pivots are disconnected, and the links 
are repositioned with O,, B, D, and O; on a straight line as shown in Figure 1.58(b). Points B, 
C, and D form a triangle with internal angles ©, P, and y. A line is drawn through base pivot O5 
and parallel to BC of the repositioned links, and another line is drawn through base pivot O4 and 
parallel to DC. The two lines intersect at O7, which is the location of the third base pivot for the 
cognates (Figure 1.58(c)). A line is drawn through O; on the repositioned links and parallel to 
BC. Another line is drawn through O, and parallel to DC, and a third line is drawn through C and 
parallel to BD (Figure 1.58(d)). Triangles GHC and FCE are similar to the triangle CBD. The 
lines are darkened to reveal Cayley's triangles, which contain the geometries of the links of the 
cognates (Figure 1.58(e)). The links of the three mechanisms may be separated and connected 
with the base pivots (Figure 1.58(f)). 

[Video 1.58] provides ananimated sequence ofthe construction ofthe two cognates illustrated 
in Figure 1.58. 
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(d) 
Figure 1.57 Cognates of a four-bar mechanism [Video 1.57]. 


1.8.2 Cognate of a Slider Crank Mechanism 


Video 1.61 
Cognate of a Slider 
Crank Mechanism 


Aslider crank mechanism has one associated cognate. Consider the slider crank mechanism shown 
in Figure 1.59. As the crank rotates, coupler point C traces out the path indicated. Construction 
of the cognate mechanism is shown in Figure 1.60(a). For the dashed line indicated, O;BCE 
forms a parallelogram. Also, BDC and ECF form similar triangles. The cognate is illustrated in 
Figure 1.60(b). Figure 1.61 shows two slider crank mechanisms that can move together while 
attached, along with two separated mechanisms. All mechanisms can trace out the same coupler 
point path. 
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Primary Mechanism C C 


Left 
cognate 


Right 
cognate 


Primary mechanism 
Caylery’s 
triangles 


(d) (e) (f) 


Figure 1.59 Slider crank mechanism with a coupler point. 


2 (b) 
Figure 1.60 Cognate ofa slider crank mechanism. 
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Yi 


(c) 
Figure 1.61 Cognate of a slider crank mechanism [Video 1.61]. 


PROBLEMS 


Four-Bar and Slider Crank Mechanisms (a) crank rocker mechanism 


link mechani 
P1.1 For each set of link lengths given in Table P1.1 (see ep Cee ne mececien 
(c) change point mechanism 


Figure 1.9) 
(i) determine whether or not the links can actually form (d) rocker-rocker mechanism 
a mechanism; riz 1.0cm; r3=2.5 cm; r4=2.0 cm 


(ii) ifa mechanism exists, determine the type of four-bar 


P1.3 Given the prescribed lengths of three links of a 


mechanism. 

four-bar mechanism (see Figure 1.9), determine 
the range of values of the length of link 4 so that the 

TABLE P1.1 mechanism will become a 
(a) crank rocker mechanism 

ri r2 r3 14 (b) drag link mechanism 
(cm) (cm) (cm (cm) (c) change point mechanism 

(a) 2 6.5 3 7 (d) rocker-rocker mechanism 

(b) 2 8 3 9 rı= 1.0 cm; r,—3.0 cm; r3 = 2.5 cm 

(c) 2.5 1 2.5 2 P1.4 Given the dimensions of a slider crank mechanism 

(d) 25 3 1 2 (see Figure 1.7), determine the range of values of 
the length of link 2 so that 

(e) 2 4.5 L5 9 (a) link 2 can make a full rotation 

(£) 1.5 3 2.5 6 (b) the mechanism can be assembled 


P1.2 Given the prescribed lengths of three links of a a ees 


four-bar mechanism (see Figure 1.9), determine P1.5 Given the prescribed link dimensions of a slider 
the range of values of the length of link 2 so that the crank mechanism (see Figure 1.7), determine the 
mechanism will become a range of values ofthe length of link 3 so that 
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(a) link 2 can make a full rotation 
(b) the mechanism can be assembled 
n= 1.0 cm; r2=2.5 cm 


P1.6 For the four-bar mechanism shown in Figure P1.6, 
the following link dimensions are given: 


rı = 70cm (length of the base link) 


r = 2.0 cm (length of the input link) No slippage 


r4 = 6.0 cm (length of the output link) (a) 


(b) 


LJL J. Figure P1.9 
Tras n =7.0cm ‘(ae 


Figure P1.6 P1.10 For each of the mechanisms shown in Figure 


P1.10, determine the mobility. 
Determine the type of four-bar mechanism when the 


length of the coupler, link 3, is 
(a) r2 3.5 cm 
(b) r3= 11.0 cm 
(c) ry 2 11.5 cm 


P1.7 Consider the washing machine mechanism shown 
in Figure 1.12. To help your understanding, you 
should watch [Video 1.12] on the companion web- 
site. Is the four-bar mechanism (a) a crank rocker, 
(b) a drag link, (c) a change point, or (d) a rocker- 
rocker? Justify your answer by explaining which link 
serves as the crank, drag, or rocker. 


P1.8 Consider the film transport mechanism shown 
in Figure 1.16. To help your understanding, you 
should watch [Video 1.16] on the companion web- 
site. Is the four-bar mechanism (a) a crank rocker, 
(b) a drag link, (c) a change point, or (d) a rocker- 
rocker? Justify your answer by explaining which link 


serves as the crank, drag link, or rocker. 


Kinematic Pairs, Number of Links, 
and Mobility 


P1.9 For each of the mechanisms shown in Figure P1.9, 10.5 cm 


specify the number of links. List the types of kine- (b) 
matic pairs present in each of the mechanisms, and Figure P1.10 
the number of each type. Calculate the mobility. 


PROBLEMS 


P1.11 For each of the mechanisms shown in Figure P1.11, 
list the types of kinematic pairs present and the 
number of each type. Calculate the mobility. 


(b) 
Figure P1.11 


P1.12 For each of the mechanisms shown in Figure 
P1.12, list the types of kinematic pairs present and 
the number of each type. Calculate the mobility. 


Figure P1.12 


P1.13 For each of the mechanisms shown in Figure 
P1.13, list the types of kinematic pairs present and 
the number of each type. Calculate the mobility. 


P1.14 Consider the Roberts straight-line mechanisms 
shown in Figure 1.15(b). (a) Specify the number 
of links, (b) list the types of kinematic pairs, and 
(c) calculate the mechanism mobility. 


P1.15 Consider the film transport mechanism shown 
in Figure 1.16. (a) Specify the number of links, 
(b) list the types of kinematic pairs, and (c) calcu- 
late the mechanism mobility. 


P1.16 Consider the rack and pinion steering mechanism 
shown in Figure 1.25. To help your understanding, 
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No slippage 


(a) 


No slippage 


Figure P1.13 


you should watch [Video 1.25] on the companion 
website. (a) Specify the number of links, (b) list 
the types of kinematic pairs, and (c) calculate the 
mechanism mobility. 


P1.17 Consider the disc cam mechanism shown in 
Figure 1.26. To help your understanding, you 
should watch [Video 1.26] on the companion 
website. (a) Specify the number of links, (b) list 
the types of kinematic pairs, and (c) calculate the 
mechanism mobility. 


P1.18 For each of the mechanisms shown on Figure 
P1.18, calculate the mobility. 


T0504—7 "0405 7 l'Og0g - "BD 5"DE STEF 


T0538 = l'O4D = l'OsE - l'OgF 


Figure P1.18 
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Cognates 


P1.19 The nomenclature for this group of problems is 
given in Figure P1.19, and the dimensions and 
data are given in Table P1.19. For each, draw the 
two cognates of the mechanism. 


Figure P1.19 


TABLE P1.19 


ry T) r3 T4 fs r6 0; 
(cm) (cm) (cm) (cm) (cm) (cm) (degrees) 


(a) 1 02 04 1 02 0.5 30 
(b 5 1 4 3 -2 0 60 
(c) 8 2 10 6 6 -3 120 
(d 02 1 04 09 02 04 210 


P1.20 The nomenclature for this group of problems is 
given in Figure P1.20, and the dimensions and 
data are given in Table P1.20. For each, draw the 
cognate of the mechanism. 


Figure P1.20 


TABLE P1.20 


ri r2 r3 r4 fs 05 
(cm) (cm) (cm) (cm) (cm) (degrees) 
(a) o0 5 10 -4 0 30 
(b o0 2 6 2 4 60 
(c) 2 4 8 12 0 120 
(d -2 4 7 5 -3 315 


INTRODUCTION 


P1.21 For the mechanism shown on Figure P1.21, con- 
struct Cayley’s triangles and determine the geom- 


etries of the links of the two cognates. 
10,04= 13.0 cm; ro,g- S.0 cm; 


YBp-— 9.0 cm; 


ro,p = 6.0 cm 


TT. 
1 
Figure P1.21 


P1.22 For the mechanism shown on Figure P1.22, con- 
struct Cayley's triangles and determine the geom- 


etries of the links of the two cognates. 
050,7 12.0 cm; r oB = 5.0 cm; 


rgp=9.0 cm; fo,D7 6.0 cm 


Figure P1.22 
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INTRODUCTION 


This chapter begins by covering the analysis of the positions and displacements of points and the 
links of planar mechanisms. After that, expressions are presented for the relative velocities and 
relative accelerations between two moving points in a plane. This material is the background for 
kinematic analyses of planar mechanisms, which is studied in Chapters 3 and 4. 

The concept of transmission angle is introduced. It is a parameter that should be considered 
in the design of planar mechanisms. The instantaneous center of velocity is then defined followed 
by the presentation of a method to locate all of the instantaneous centers of velocity for a planar 
mechanism. They are used in this chapter to determine the mechanical advantage of mechanisms 
and will also be employed in Chapter 3 to carry out their velocity analyses. 

The limit positions and time ratio of a mechanism are presented from which it is possible to 
determine an average speed of the output moving between its limit positions when the input is 
driven at a constant speed. 

The governing equations for the static and dynamic force analyses of rigid bodies are reviewed. 
In Chapters 8 and 9 they will be used for the force analyses of planar mechanisms. Common sets 
of units of quantities employed in these equations are tabulated. 


2.2 POSITION ANALYSIS 


2.2.1 Position Analysis of Points 


Figure 2.1(a) shows points A and B located ina plane. The positions ofthe points may be described 
by the position vectors rao and rgo with respect to the origin of the stationary coordinate system. 

As illustrated in Figure 2.1(a), the position of point B may also be described as the sum of two 
vectors, that is, 


Tgo = Tao t TBA (22-1) 


where F, , is the relative position vector of point B with respect to point A. 
BA P P P P 
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TBA 


transverse component 
of Arg4 


radial component 
of Arp, 


(b) 
Figure 2.1 (a) Positions of points. (b) Displacements of points. 


With the vectors drawn in a set of Cartesian axes, each vector may be expressed in terms of its x 
and y components. Alternatively, a vector may be defined by its magnitude multiplied by a vector 
of unit length that points the same direction as the vector. For the relative position vector shown 
in Figure 2.1, we have 


TBa 7 Talis, (2.2-2) 


where o is the unit relative radial vector. Note that the orientation of the relative position vector 
and the unit relative radial vector are defined by angle 054 measured at the tail end ofthe vectors 
from the horizontal in the counterclockwise direction. 

In the analysis of a mechanism, it is often necessary to monitor the positions of points on the 
mechanism. The position of any point on a mechanism may be described by a position vector. For 
the mechanism shown in Figure 2.2(a), the origin of the coordinate system is placed at the base 
pivot O5. The positions of points B, C and D are described by position vectors. Any point on the 
mechanism may also be described as the sum of a position vector and a relative position vector or 
vectors. For instance, the position of point C may be expressed as 


To, = go, + Tcp (2.2-3) 


2.2.2 Position Analysis of Rigid Bodies and Mechanisms 


The position of a rigid body or link of a mechanism cannot always be defined with a position 
vector. For the slider crank mechanism shown in Figure 2.2(a), the crank, link 2, is restricted 
to rotate about the base pivot. Its position may therefore be defined by angle 0; measured 
counterclockwise from the horizontal to a line on the link. The slider, link 4, at most undergoes 
pure translation and is constrained to move horizontally. Therefore, the position of link 4 is 
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‘co, é 


Y* 


D I 
RAN 


Figure 2.2 (a) Positions of points on a mechanism. (b) Displacement of a mechanism. 


defined using the position vector of point D. The coupler, link 3, can undergo a more compli- 
cated motion. Therefore, its position cannot be defined with either a single position vector or 
just an angular position. The position of link 3 may be specified by a position vector to a point 
on the link, say rp, and angle 63. 

Thegraphicalposition analysis ofa planar mechanismis astraightforward task. Asan example, we 
are provided with the geometries of all of the links ofa slider crank mechanism (see Figure 2.3(a)) 


." 


Link 2 


Link 3 


O, (c Link 1 


(a) 


Possible positions of points D, 


link 4 
+ 2 B 
Intersection 2 O, n a Intersection 1 


Circular arc, and 
possible locations of 
point D on link 3 


3 


(b) 
C 
Configuration 2 Configuration 1 

Oo B 

no dent bere 
DS \ Di 

NY SS 
b 
Q (c) 


Figure 2.3 
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along with the prescribed angular position of link 2, 05, and are required to determine the con- 
figuration of the assembled mechanism. Since the mechanism has a mobility (see Section 1.5) 
equal to one, if we are given 0, then the entire mechanism geometry may be determined. We start 
by drawing links 1 and 2 in their prescribed positions as illustrated in Figure 2.3(b) and identify 
point B, the turning pair between links 2 and 3. We now seek the position of point D, the turning 
pair between links 3 and 4. Since point D is on link 3, we draw an arc, centered at B, with radius 
equal to the length of link 3. Points on the arc provide the possible locations of point D on link 3. 
Point D is also on link 4, which is constrained translate horizontally with respect to the base 
link. We therefore draw a straight horizontal line that corresponds to the possible locations of 
point D on link 4. Since for this example the slider has zero offset, the line is drawn through O;. 
The intersection between the arc and the straight line gives the acceptable position of point D for 
the given position of link 2. Note that there are actually two points of intersection. That is, for the 
given position of link 2, the mechanism can be assembled in either one of two configurations as 
illustrated in Figure 2.3(c). It is often possible to assemble a mechanism in two configurations 
for a prescribed position(s) of the input link(s). 

The above example determined graphically the configuration of the mechanism. The scaled 
diagram may be subsequently used for the graphical velocity, acceleration and force analyses of 
the mechanism. The procedures are presented in Chapters 3 and 8. For each configuration of 
the mechanism where an analysis is required, a separate graphical construction of the mecha- 
nism is drawn. Alternatively, an analytical position analysis of planar mechanisms is presented in 
Chapter 4. Here, analytical expressions are derived that may be used repeatedly to calculate the 
values of the position variables for all needed configurations of the mechanism. The results may 
then be employed for the analytical velocity, acceleration, and force analyses. These procedures 
are presented in Chapters 4 and 9. 


EXAMPLE2.1 GRAPHICAL CONSTRUCTION OF A FOUR-BAR MECHANISM 


For the given link lengths of a four-bar mechanism and the position of link 2, construct the 
permissible geometries of the mechanism 


r,=10.0cm; r,=4.0cm; r,280cm; r,-5.0cm; 0,— 30? 


SOLUTION 

We first draw links 1 and 2 in their specified configurations as shown in Figure 2.4(a). For this 
configuration, the turning pair joining links 3 and 4 must be located a distance equal to the 
length ofthe coupler, r3, from the turning pair at B. The same turning pair must also be located 
distance r4 from the base pivot O4. The two location requirements may be represented graphi- 
cally by drawing circular arcs of radii r4 and r4 centered at B and O4, respectively. In order to 
satisfy both requirements, the turning pair must be located at an intersection of the arcs. The 
two intersection points indicate it is possible to assemble the mechanism links in either one of 
the two geometries as illustrated in Figure 2.4(b). 


(Continued) 
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EXAMPLE 2.1 Continued 


Configuration 1 \ 


Configuration 2 


2.3 DISPLACEMENT ANALYSIS 


2.3.1 Displacement Analysis of Points 


Displacement ofa point is the change ofits position. It may be represented by a displacement vector. 
Figure 2.1(b) shows points A and B that have moved to points A' and B', respectively, along paths 
that are depicted as dotted lines. The displacement vectors Ar, and Ar; extend between the points 
before and after the motions have taken place. This figure illustrates that a path of motion and a 
displacement vector need not coincide. The relative position vector after the motions is shown as 


Ta’ = Tga t ATga (2.3-1) 


where Ar;, is the relative displacement vector of point B with respect to point A. In this illustration 
Tøy is not parallel to 754. We therefore introduce p» , the unit relative transverse vector, which 


points 90? counterclockwise from the direction of LE Vectors i, and ig,, are the unit vectors of 


the radial-transverse coordinate system associated with r5,. The radial and transverse components 
of the relative displacement vector are illustrated in Figure 2.1(b). Also, asa result of the motions, 
the relative position vector has changed its orientation by A05. 

Consider the slider crank mechanism shown in Figure 2.2(b). The crankis rotated A0; and the 
mechanism takes up a new configuration. Points B, C, and D move to B', C', and D', respectively. 
Dotted lines illustrate the paths of motions. Three displacement vectors are also illustrated. For 
point D, its path and displacement vector coincide. However, the paths of points B and C are dis- 
tinct from their displacement vectors. 
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log, 


TBA 


f, 
i Path of B 


Path of A 


Figure 2.5 Relative position vector between two moving points. 


2.3.2 Displacement Analysis of Rigid Bodies and Mechanisms 


The description of the displacement of a rigid body is usually more involved than a point. The 
displacement analysis of a mechanism requires that the displacements for all of its links be deter- 
mined. This may be accomplished by drawing two configurations of the mechanism and identify- 
ing the displacements that take place. For the slider crank mechanism shown in Figure 2.2(b), 
link 2 is constrained to undergo pure rotation about the base pivot O2. The displacement of 
this link is therefore defined by the changes of its angular position about the base pivot, AQ. 
Since link 4 is constrained to undergo linear translation, its displacement is defined by the dis- 
placement vector of point D. The specification of the displacement of link 3 requires values of 
the linear displacement of a point on the link, say point D, and the change of angular position 
of the link, A0,. 


2.4 RELATIVE VELOCITY BETWEEN TWO POINTS 
UNDERGOING PLANAR MOTION 


Appendix C presents expressions for the position, velocity, and acceleration of a moving point in 
a plane with respect to a fixed point. In this section, the more general case of having two moving 
points in a plane is considered. An expression is developed for the relative velocity between the 
points. Figure 2.5 shows two moving points, A and B, and their paths of motion. The relative posi- 
tion vector is illustrated along with the associated unit vectors of the radial-transverse coordinate 
system. 

The relative velocity between the two points is found by differentiating Equation (2.2-2) with 
respect to time, yielding 


F LI 2.4-1 
a ) (2.4-1) 


— d — d c n 
Tsa = uU) = ap UA In) = fna i, Ti foa 


An expression for the time derivative of the unit relative radial vector may be found using a proce- 
dure similar to that presented in Appendix C. The result is 


d > A = - 
qr aioa (2.4-2) 
where 6,, is the angular velocity ofthe line segment joining A and B. 
Substituting Equation (2.4-2) in Equation (2.4-1) yields 
À (2.4-3) 


Vga =fBa in, + TBa OBaion 


Components of Equation (2.4-3) are illustrated in Figure 2.6. Special cases of Equation (2.4-3) 
are presented in Section 2.5. 
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A 
Figure 2.6 Relative velocity components between two points. 


2.5 SPECIAL CASES OF RELATIVE VELOCITY EXPRESSION 


2.5.1 Two Points Separated by a Fixed Distance 
If points A and B are separated by a fixed distance, then 


EIU (2.5-1) 


and the relative velocity expressed by Equation (2.4-3) reduces to 


Vga 7 pA On, lo, (2.5-2) 
For Equation (2.5-2), the relative velocity is in the transverse direction as defined by the line seg- 
ment joining A and B. It is therefore perpendicular to the relative position vector. 

In summary, for two points separated by a fixed distance, the relative velocity must always be 
in a direction perpendicular to the line segment joining the points. 

Asan illustration, consider the four-bar mechanism shown in Figure 2.7 (a). A separate drawing 
of link 2 is shown in Figure 2.7 (b). Points B and O; are on the same link and thus are separated by 
a fixed distance. Therefore 


V po, = "Bo, 8 po, [DN (2.5-3) 


Since O; is fixed, the relative velocity given in Equation (2.5-3) also represents the absolute veloc- 


ity, and 


VBo, = Vg l'go, go, ig... (2.5-4) 


Figure 2.7(c) shows a drawing of link 3. Points B and C are on the same link and separated by a 
fixed distance. The relative velocity between the two points is 


Vcg rcgÜcpio,, (2.5.5) 
The absolute velocity of point C may be expressed as 
Ve- Vg Tcp (2.5-6) 


Substituting Equations (2.5-4) and (2.5-5) in Equation (2.5-6) yields 


Vc — rgo, O go, ig, + rcsÜcpio,, (2.5-7) 
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"Ns 


TBO, 880, logo, 


(b) 


Figure 2.8 Body undergoing pure translation. 


A moving link has a single value of rotational speed. Considering link 3 shown in Figure 2.7(c). 
055,58; (2.5-8) 


Now consider the rigid body shown in Figure 2.8. Two points separated by a fixed distance on 
this body are A and B. For the instant shown, let us say 


Vpg—VA 


and therefore using 


Vg— Tat Vg, = Vg rg4O 


we conclude 


Il 
ol 


VBA 
and then 
6-0 


In this instance the body is undergoing pure translation. 
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2.5.2 Slider on a Straight Slide 


As a second special case of Equation (2.4-3), consider the movement ofa slider on a straight slide, 
as shown in Figure 2.9. Point A is fixed. Point B; is on the slide, link 2, and point B; is on the slider, 
link 3. For convenience in this analysis, points B and B; coincide for the instant at which the rela- 
tive motion is being considered. 

Since point B, remains a fixed distance from fixed point A, its velocity may be found by con- 
sidering the special case presented in Section 2.5.1. The result is 


Vg AT Vp, — Tg, AD pA ig, (2.5-9) 
For point B4, the associated position vector equation is 
CE 2.5-1 
TB A = l'B,A * "B.B, (2.5-10) 
and the relative velocity equation is 
VgAT YB, A T Vp.p, (2.5-11) 
or 
CS 2.5-12 
Vg, = Vg, HVB B, (2.5-12) 
where, using Equation (2.4-3), we obtain 
E E 3. 2.5-13 
VB,B, "BSB, Hac t 75, p 9,8, NT ( ) 
However, 
(2.5-14) 


Tg, B, = 0 


Also, even though B; and B; coincide at the instant under consideration, if the slider were to move 
with respect to the slide, it would be along a line in the same direction as line segment BA, and 
therefore we are permitted to write 


= mm (2.5-15) 
Combining Equations (2.3-9) and (2.3-12)- (2.3-15) yields 


A (2.5-16) 


J. =T. +7.. = S RaT 
Vp, — VB, * Vpp, Tg, A Op Aion a "BB In 4 


Comparing expressions for velocities of B; and B3, given in Equations (2.5-9) and (2.5-16), we 
find the following: 


* B, and B, share the same transverse velocity component. 
e Ba and Bs can have different radial components. 


Figure 2.9 Slider on a straight slide. 
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EXAMPLE 2.2 DETERMINATION OF CONFIGURATIONS OF ZERO 


ROTATIONAL SPEED OF A MECHANISM LINK 


For the slider crank mechanism shown in Figure 2.10, determine 


r =7.0 cm 
(offset) 


Figure 2.10 


(a) the value(s) of 8) when the rotational speed of link 3 is zero 
(b) the corresponding linear speeds of the slider 


r-70cm; r,-40cm; r,-12.0 cm; 6, = 20 rad/sec CCW (constant) 


SORUN 
(a) Two points on link 3 are B and D. The direction of velocity of B changes as the mecha- 
nism moves and for any configuration, it is perpendicular to Tyo, (This is an example of 


the special case presented in Section 2.5.1). Point D is on the slider and is constrained 
to move horizontally (This is an example of the special case presented in Section 2.5.2.). 
Link 3 will have zero rotational velocity and undergoing pure translation when the direc- 
tions of the velocities at B and D are the same. This is achieved when link 2 is perpendicu- 
lar to the slide (i.e., 0; = 90° and 270°), as illustrated in Figure 2.11. 


Figure 2.11 


(b) The speed of the slider for both configurations shown in Figure 2.11 is 


Vp, = Vp, = vg = 1292 = 80 cm/sec 
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2.6 RELATIVE ACCELERATION BETWEEN TWO POINTS 
UNDERGOING PLANAR MOTION 


In this section, we continue our analysis of the motions of a moving point B with respect to another 
moving point A, as illustrated in Figure 2.5. We now consider the relative acceleration between the 
two points. Using an approach similar that employed in section 2.4 for the analysis of velocity, the 
relative acceleration between the points is determined to be 


» d 


— 3 \2 \> Ó EPA as 
4gA— qr UA) = (fg, — rgOpA) bra T (rBa9 pat 2/5, 04) Ona (2.6-1) 


The above expression for acceleration is made up of two components in the radial direction, and 
two in the transverse direction. This is illustrated in Figure 2.12. Each of these four components is 
discussed separately below. 


2.6.1 Sliding Acceleration 


Relative sliding acceleration, illustrated in Figure 2.13(a), is designated as 


(2.6-2) 


Sas 
ABA T TBA 
where point A is on the slide, and point B is on the slider. 
2/5 40g Alo, Y 


(Coriolis) T8408 BAlo, , 
(tangential) 


TBAl'rg A 


(sliding) 


= BÀ i 
LZ. lh. Uu 


(normal) 


(c) aba = rgaüg, (d) a4 = 275, p 


Figure 2.13 Components of relative acceleration expression. 
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In this case, the relative acceleration is in the radial direction defined by the locations of points 
A and B. The direction of sliding acceleration must be in a positive or negative radial direction. 


2.6.2 Normal Acceleration 


Relative normal acceleration, illustrated in Figure 2.13(b), is designated as 
N A2 
aga = — "BaO nA (2.6-3) 


where the negative sign indicates that normal acceleration is always directed in the negative 
radial direction. The direction of normal acceleration is independent of the direction of angular 
velocity. 

Normal acceleration occurs in circular motion. Consider the disc with radius r shown in 
Figure 2.14. It is rotating about base pivot O at a constant rate of Ò. During a short time interval, 
point B on the periphery of the disc moves to point B’. The velocity ofa point may be expressed as a 
vector in the complex plane (refer to Appendix B, Section B.4). The velocities at points B and B’ are 


DE 79,7 ; Vy = 762 0/240) (2.6-4) 


Point B is moving at constant speed. However, the direction of its velocity is changing. Hence, it 
undergoes acceleration expressed as 


a,-—h 2.6-5 
oT a M ind 
Substituting Equation (2.6-4) in Equation (2.6-5) and simplifying yields 
m= lim B" = lim A jg TODO ge (2.6-6) 
At>0 At At>0 Af — At30 At 


The negative sign in Equation (2.6-6) indicates that the acceleration is in the negative radial 
direction. 


2.6.3 Tangential Acceleration 
Relative tangential acceleration, illustrated in Figure 2.13(c), is designated as 


aga 7 faa na (2.6-7) 


This relative acceleration is perpendicular to the line segment joining A and B. It can be in either 
the positive or negative transverse direction, depending on the positive or negative sign depicting 
the angular acceleration, 0, . 


2.6.4 Coriolis Acceleration 
Relative Coriolis acceleration, illustrated in Figure 2.13(d), is designated as 


C . 
aga = 2g, BA (2.6-8) 


where point A is on the slide and point B is on the slider. 

In order for Coriolis acceleration to be present, relative sliding (i.e., 754) must take place in a 
frame of reference that has angular velocity (i.e., 0 54). This would occur when a slider block moves 
along a slide, while at the same time the slide has rotational motion. Figure 1.43(b) presents a 
typical example. The direction ofthe Coriolis acceleration is dependent upon both the sign ofthe 
sliding velocity and the sign ofthe angular velocity. In this textbook (following the usual conven- 
tion for analyses of planar systems), positive angular displacements, angular velocities, and angular 
accelerations are typically taken to be in the counterclockwise direction. The positive value of the 
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A0 


[Vel = [ve] = rô 


|Av| = r6A0 


Figure 2.14 Circular motion. 


sliding velocity corresponds to motion in the positive radial direction defined by the two points 
under consideration. Figure 2.13(d) shows the combination of positive sliding velocity and posi- 
tive angular velocity. The resultant Coriolis acceleration is then in the positive transverse direction. 

Figure 2.15 shows the four possible combinations of positive and negative angular velocity and 
sliding velocity. The relative Coriolis acceleration component has been drawn for each combina- 
tion. All Coriolis acceleration components have a magnitude of 


lea |= 25.85 (2.6-9) 


Another illustration of Coriolis acceleration is shown in Figure 2.16. A rotating disc is turning 
about base pivot O. A radial line is painted on the disc between O and point P on the periphery. 
Let us say there is an ant on the surface of the disc at point B. It moves radially along the line from 
point B toward point P at speed  . During a short time interval, the ant moves from point B to point 
B’, and the disc rotates A0. At points B and B’, the velocities are 


Vg-ft rei", vy = reine (r+ Ar Ge (7/240) (2.6-10) 


Although there is a constant rate of radial movement of the ant with respect to the center of the 
disc, it experiences an increase in the component of velocity perpendicular to the direction of the 
relative motion. Therefore, the ant undergoes acceleration in that direction. The acceleration of 
the ant at point B is 


4, lim ^P —5 (2.6-11) 


İg4> 0 


ipa «0 


Figure 2.15 Coriolis acceleration of a slider (B) with respect to a slide (A). 
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Figure 2.16 Illustration of Coriolis acceleration [Model 2.16]. 


Substituting Equation (2.6-10) in Equation (2.6-11) and simplifying yields 


ane Equation (2.6-12) indicates there is a normal component of acceleration directed back toward 
Model 2.16 the base pivot, and a Coriolis component perpendicular to the direction of relative motion. Using 
Coriolis [Model 2.16], one is able to simulate the various combinations of the radial motion of the object 


Acceleration (i.e., ant) with respect to the disc and the rotational speed of the disc. 


2.7 SPECIAL CASES OF THE RELATIVE ACCELERATION 
EQUATION 


Combining Equations (2.6-1)-(2.6-5), we may express the relative acceleration between points 
A and B as 


oF S NAF T C\r : 
apa = (aga + apa) in, + (apa + pA) io, (2.7-1) 


The components are illustrated in Figure 2.12. In Subsections 2.7.1-2.7.3, we examine a few special 
cases of this expression. 


2.7.1 Two Points Separated by a Fixed Distance 


When two points are separated by a fixed distance, we obtain 


řga=0; fg,—O (2.7-2) 
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Then from Section 2.6, we have 
aS =0; ai m0 (27-3) 


and Equation (2.7-1) reduces to 


= A2 a a oa 
Tga 7 (7rg Og) bra T (rg0p4) lopa 


- (a Ji, + (aza), (2.7-4) 


which indicates that between two points separated by a fixed distance there can only be normal 
and tangential relative accelerations. 

As an illustration, consider the four-bar mechanism shown in Figure 2.17(a). A separate draw- 
ing of link 2 is shown in Figure 2.17(b). Points B and O; are on the same link and separated by a 
fixed distance. Therefore 


= A2 = n = 
Ago, = (750,850, ) hu (rgo, Ono.) 1050, (2.7-5) 


Since O; is fixed, the relative acceleration given in Equation (2.7-5) also represents the absolute 
acceleration, and 


ago, = 4g = (tgo, B 5o, )igo, + (30,950, Jiono, (2.7-6) 
Furthermore, if link 2 of the mechanism is driven at a constant rate, then 
Ono, — constant; Ono, -0 
Equation (2.7-6) reduces to 
357 (ruo, 850, )ingg, (2.7-7) 


(a) 


rcg®ðce lo cp 


SA23 
T80,9 0, rgo, 


180,9 BO; loo, 


(b) (c) 
Figure2.17 Relative accelerations between points on mechanism link: (a) Mechanism. (b) Link 2. (c) Link 3. 
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Figure 2.17(c) illustrates link 3. Since points B and C are on the same link, they are separated by 
a fixed distance. Therefore 


ücp— (7rcxOca)1, + cs cs Vion, (2.7-8) 


"cB 
The absolute acceleration of point C may be expressed as 
Ac=agt acg (2.7-9) 
Substituting Equations (2.7-7) and (2.7-8) in Equation (2.7-9) yields 
a =(—150,9$0, Jo, + (—1p9Cp i, + (rcgðcr) ion (2.7-10) 


A moving link can have only one value of angular acceleration. Thus, for link 3 shown in 
Figure 2.17(c) we have 


öcs =Öpr=0; (2.7-11) 


2.7.2 Slider on a Straight Slide 


We now consider the special case ofa slider moving alonga straight slide as illustrated in Figure 2.9. 
Considering points B; and B; for which 


raya, =0 (2.7-12) 
Then from Section 2.6 we obtain 
N T 
ag, p, = O; ag p, =0 (2.7-13) 
and Equation (2.7-1) reduces to 


48.3, E (55. p, ) p T (275.5, 05, 4) io, 


S X C = 
= (a5,5.) GG (a5,5.) io, , (2.7-14) 


That is, for two points that momentarily coincide, it is possible to have relative sliding acceleration 
and relative Coriolis acceleration occurring between the two points. 


2.7.3 Slider on a Curved Slide 


Figure 2.18(a) illustrates a slider on a curved slide. The slide has a radius of curvature p, angular 
velocity ô, , and angular acceleration 6, . The velocity of the slider with respect to the slide is given 
as Vp p. Given these motions, Figure 2.18(b) shows two components of acceleration of point By, 
relative to point A on the slide. These consist of normal and tangential components. Components 
of acceleration of the slider, represented by point B3, relative to point B, on the slide, are shown 
in Figure 2.18(c). Similar to the case of a slider on a straight slide, there are relative sliding and 
Coriolis components that are tangential and perpendicular to the sliding motion. In addition, there 
isa component of acceleration directed toward the center of curvature ofthe slide. The magnitude 
of this component is 


2, 
VB,B, (2.7-15) 
p 


Figure 2.18 illustrates a slide in the shape ofa circular arc, and hence the radius of its curvature 
is constant. Equation (2.7-15) is applicable in analyses involving noncircular arcs by applying the 
value of radius of curvature that corresponds to the position under consideration. 
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Figure 2.18 Slider on a curved slide. 


2.8 LIMIT POSITIONS AND TIME RATIO OF MECHANISMS 


Consider the slider crank mechanism shown in Figure 2.19. The crankis able to make full rotations, 
and the slider moves between two limit positions designated as D, and D». Limit positions define 
the stroke of the slider. 

In this section, the limit positions ofsome common mechanisms are presented. We will restrict 
ourselves to conditions where the input link ofthe mechanism is able to make full rotation, and the 
output link moves between two limit positions. 


2.8.1 Slider Crank Mechanism 


In instances when the crank is able to make a complete rotation and is turning at a constant 
speed, we define the time ratio as the time for the slider to move in one direction between the 
limit positions, divided by the time it takes to move in the opposite direction between the same 


Stroke 


(c) LZ T 
Figure 2.19 Limit positions of a slider crank mechanism: (a) Mechanism. (b) Geometry of first limit position. 
(c) Geometry of second limit position. 
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(a) (b) (c) 
Figure 2.20 Limit positions of a slider crank mechanism: (a) Mechanism. (b) Geometry of first limit position. 
(c) Geometry of second limit position. 


limit positions. The time ratio is dimensionless and usually arranged such that its calculated value 
greater than or equal to unity. 

Figure 2.20(a) shows a slider crank mechanism. The crank is rotating in the counterclockwise 
direction. Also shown are the two limit positions. For each limit position, the crank and coupler are 
collinear and the speed of the slider is zero. The rotation of the crank required to move the slider 
from the right limit position D, to that on the left D, is designated as A0,. 

Simplified outlines of the limit positions of the mechanism are shown in Figures 2.20(b) and 
2.20(c). Comparing Figures 2.20(a), 2.20(b), and 2.20(c), we have 


A0, =180°+ 0, — 0, (2.8-1) 
where 
04 — sin ^ 0, —sin ! n (2.8-2) 
Hh, Bh 
Also 
l l E 
s-[(n* 5) - ys $,7[(n-5 - Y^ (2.8-3) 
and 
stroke=s, — s, 2 [(r, + ny r? Y [rs 5) -r á (2.8-4) 


If the crank turns at a constant rate in the counterclockwise direction, then the time taken for the 
slider to move to the left, from one limit position to the other, is 


At,= n (2.8-5) 


2 


and the time taken for the slider to move to the right between the limit positions is 


At = oi Aa (2.8-6) 
0; 
The time ratio of the mechanism is 
At A0 
T,-2— 2 (2.8-7) 
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Having established the stroke and the elapsed times required to move the slider between the limit 
positions, itis possible to determine the average velocity of the slider moving in each direction. The 
average velocity of the slider to the left is 


stroke _ stroke 


V = = 
( dave ett At, ^0, (2.8-8) 
ô, 
and the average velocity of the slider to the right is 
( ) _ stroke ^ stroke 
Paasi An — ( 2R—A0, (2.8-9) 
6; 


For the case where the offset is zero, the time ratio is unity, and the average velocities of the 
slider to the left and to the right are equal. 

In Chapters 3 and 4, methods are presented whereby instantaneous values of the speed of the 
slider may be determined. 


2.8.2 Crank Rocker Four-Bar Mechanism 


Figure2.21(a) showsa crank rocker four-bar mechanism. The crankis rotating in the counterclock- 
wise direction. Figures 2.21(b) and 221(c) show simplified outlines ofthe mechanism in its limit 
geometries. Similar to the analysis ofa slider crank mechanism, the counterclockwise angular swing 
of the crank required to move the rocker from the first to the second limit position indicated is 


A0, =180°+ a, — o (2.8-10) 


where expressions for o, and ot, are determined using the cosine law (refer to Trigonometric 
Identities, page xxx). From Figure 2.21(b) we have 


ra — rl (n n).  2(n* )n cosa, (2.8-11) 
or 
2 2 2 
a= cos ae Ting (2.8-12) 
i 2r, r,) 
Similarly, the other angles shown in Figures 2.21(b) and 2.21(c) may be expressed in terms of the 
link lengths as 
2 2 2 
Geel e *t(n-n)-r (2.8-13) 
2 
2(r, — r,)n 
2 2,2 
B, o cos"! rockin tn) er (28-14) 
' 2nr, 


p zx cec) (2.8-15) 
= 


2nr, 


The amplitude of motion of the rocker may be expressed as 


^0,- B, — D, (2.8-16) 
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Di 
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Figure2.21 Limit positions ofa four-bar mechanism: (a) Mechanism. (b) Geometry of first limit position. (c) Geometry of second limit position. 


Equations (2.8-5)- (2.8-7), developed for a slider crank mechanism, may also be applied to 
the present case. Similar to the analysis of a slider crank mechanism, when the crank rotates in 
the counterclockwise direction the average rotational speeds of the rocker in the clockwise and 
counterclockwise directions are 


zr n - A0, 2.8-1 
(rag low= 775 A9; Y! aa )cew 7o, Y ( 8 7) 
ô, 6, 


2.8.3 Quick-Return Mechanism 


Quick-return mechanisms are defined as those for which, when driven with a constant input speed, 
the time to complete the output motion in one direction differs from that in the opposite direc- 
tion. Using this definition, there are a variety of mechanisms that can be classified as quick-return. 
For instance, a crank rocker four-bar mechanism and a slider crank mechanism can be designed as 
quick-return mechanisms. However, the name quick-return mechanism is often reserved for one 
incorporating an inverted slider crank mechanism, as illustrated in Figure 2.22. The mechanism 
is shown in one of its limit positions, and the geometry of the second limit position is illustrated 
with dashed lines. Both limit positions occur when link 2 is perpendicular to link 4. In the limit 
positions the velocity of link 6 is zero. We will assume that link 2 is driven at a constant rate in the 
counterclockwise direction. From Figure 2.22, points O», P», and O, form a right triangle. Therefore 


B cos"! B (2.8-18) 


n 


First limit position 


P, on 2 


Stroke 


Geometry of second limit position P 


Figure 2.22 Limit positions of a quick-return mechanism. 
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where 


"=1'0,0)3 '=1o,p, (2.8-19) 


Due to symmetry of the geometry of the limit positions about the horizontal axis, the rotation 
of link 2 required to move link 6 downward from the first limit position to the second, is 2B. The 
time required to execute this motion is 


2cos ! B 
Ape. — X02 (2.8-20) 


0, ô, 


and the time required to move link 6 upward, from the second limit position to the first, is 


2m-2cos | (2) 
Apem Aty (2.8-21) 
0, 
The time ratio of the motions of link 6 downward and upward is 
= Ati (2.8-22) 
At, 


The shaping machine illustrated in Figure 2.23 incorporates the same mechanism as shown 
in Figure 2.22. Link 6 is a cutting tool that reciprocates between two limit positions. Plots of the 
position and speed of link 6 reveal the two rotations of link 2 to move link 6 between its limit posi- 
tions are not equal. Furthermore, when link 2 is driven at a constant rate, the mechanism provides 
a slower cutting motion, taking longer than the return motion. 


Video 2.23 


Shaping Machine 
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Figure 2.23 Shaping machine [Video 2.23]. 
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EXAMPLE 2.3 AVERAGE VELOCITIES OF A SLIDER CRANK MECHANISM 


For the slider crank mechanism shown in Figure 2.20(a) with dimensions and crank angular 
speed we have 


n-20cm; n-3S5cm; n-10.0cm 
6, = 20.0 rad/sec CCW (constant) 


determine the average speed of the slider to the right, and to the left. 


SOLUTION 
From Equation (2.8-2) we obtain 


From Equation (2.8-1) 
A9, = 180°+ o1, — 0. =189.40°= 3.31 rad 
Employing Equation (2.8-4), the stroke of the slider is 
stroke =[(r, +r) — rile -[(n-75)- s =7.17 cm 
Employing Equations (2.8-8) and (2.8-9) yields 


stroke We 
(ue e = A0, = [E — 43.35 cm/sec 
6, | «X200 


(Ue Jt — 48.14 cm/sec 


EXAMPLE 2.4 ANALYSIS OF LIMIT POSITIONS AND AVERAGE SPEEDS OF 


AN INVERTED SLIDER CRANK MECHANISM 


For the inverted slider crank mechanism shown in Figure 2.24 


(a) Determine the values of 8) when the mechanism is in its limit positions. 

(b) Determine the average rotational speed of link 4 in the counterclockwise direction 
between its limit positions. 

(c) Specify all values of 5 in the range 0 « 05 « 360? for which there is no relative Coriolis 
acceleration between B, and the point on the slide, link 4, which instantaneously coin- 
cides with B;. 


10,0, 7 60 cm; 10,3, = 2.0 cm; 6, = 8.0 rad/sec CCW (constant) 


(Continued) 
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EXAMPLE 2.4 Continued 


Figure 2.24 Inverted slider crank mechanism. 


SOLUTION 

(a) The limit positions of the mechanism occur when link 2 is perpendicular to the direction 
of the slide, link 4. This is because in these configurations point B? moves parallel to the 
direction of the slide and no motion is imparted to link 4. The geometries are shown in 
Figure 2.25. The angles of link 2 corresponding to the limit positions are 


-1{ 2.0 
(05), 2180? —sin (Hss (65), 2 270? 


B, on 2 and 3 
B,on4 


(85); 


(a) (b) 
Figure 2.25 Limit positions of an inverted slider crank mechanism: (a) Geometry of the first limit position. 
(b) Geometry of second limit position. 


(b) Angular motion of link 2 to move link 4 in the counterclockwise direction between the 
limit positions: 


AO, = (05), - 360?— (05), =221.8° 
Angular motion of link 4 between limit positions: 
2.0 
A0, — à, — 6, - sin ! EJ 0= 41.8° 
4 =O, — A, 30 
Average rotational speed of link 4 in the counterclockwise direction: 


: A0 41.8? rad 
0 e zm = = 1.51 
( Aavg)CCW (A0, /0,) ad) ane 


221.8° / 8.0 — 
sec 


(c) The relative Coriolis acceleration is expressed as 


CNN 
ag p, = 2f p, 04 


(Continued) 
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EXAMPLE 2.4 Continued 


The relative Coriolis acceleration vanishes when either 


6, — 0 (i.e. limit positions when (0, ), 2 0 or (05), 2131.8") or UU 


which is when the points B; and B, share the same velocity. This is illustrated in Figure 2.26. 
Therefore, the complete set of values of 0; when the relative Coriolis acceleration vanishes is 
0, 131.8°, 180°, and 270°.- 


9,4 =180° 
6,9) =0° 


Figure 2.26 


2.9 TRANSMISSION ANGLE 


Section 1.7 provided the requirements to generate particular types of four-bar and slider crank 
mechanisms. The requirements can be used to determine ranges of the lengths of the links that 
generate a certain type. The limits of these ranges are theoretical. In practical designs, additional 
considerations must be addressed regarding the quality of transmission of motion between the 
links. One common consideration is the transmission angle, p. For a four-bar mechanism (see 
Figure 2.27), o is the angle between the centerline of the coupler and the centerline of the driven 
link. The transmission angle of a slider crank mechanism (see Figure 2.28) is measured between 
the centerline of the coupler and a line perpendicular to the line of action of the slider. 

The ideal value of the transmission angle is 90°. In this instance, the line of action of the inter- 
active force applied by the coupler on the driven link matches the line of action of motion of the 
kinematic pair between the coupler and the driven link. This ideal value cannot be maintained for 


Cmin 
Pmax 
LUUA LUA TIT TIIT 


(b) (c) 
Figure 2.27 (a) Transmission angle of a four-bar mechanism. (b) 0; = 0°. (c) 0; = 180°. 
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Figure 2.28 (a) Transmission angle ofa slider crank mechanism: (b) 05 = 90°. (c) 0; = 270°. 


all configurations of a mechanism. However, it is generally acceptable if transmission angles fall 
within the range 


45? < Q < 135? (2.9-1) 


Values outside this range result in inefficient transmission of motion. Figure 2.29(a) shows the 
configuration of a four-bar mechanism having a small transmission angle, outside the acceptable 
range. Driving torque Mj; is applied to link 2. As shown in Figure 2.29(b), the direction of force 
transmitted from link 3 on link 4 results in a small torque M;4 about base pivot O4 but a large 
bearing force at the same point. For transmission angles close to zero or 180°, there is a tendency 
for a mechanism to bind. 

Using Figure 2.27(a), we may determine an expression for the transmission angle of a four-bar 
mechanism. Applying the cosine law for the triangle formed by points O;0,4B, we obtain 


"8o, B r? +r; —2nr, cos8, (2.9-2) 


Using the cosine law again for the triangle formed by points DO4B, we have 


dy co, ree 
"Bo, ="3 tr4-2nr,cos Q 


Free body diagram, 
link 4 


(a) (b) 


Figure 2.29 Configuration ofa four-bar mechanism with a small transmission angle. 
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or 


= r3+r4 -ro 
@=cos | ——— —— (2.9-3) 


2n, 


Combining Equations (2.9-2) and (2.9-3), we obtain the transmission angle as a function of the 
angular displacement oflink 2: 


2 
—rj-2nr,cos0, 


251,2. ..2 

fa tfa =F: 

P= cos"! 34/4 11 
2nr, 


Figures 2.27(b) and 2.27(c) show configurations ofa crank rocker four-bar mechanism where 


(2.9-4) 


its transmission angle is extremum; these configurations occur when 
0,20 and 0,=180° (2.9-5) 


Expressions for the minimum and maximum values of the transmission angle of a crank rocker 
four-bar mechanism are 


r3 * r4 -(n m hl 
21314 


®min = cos ! | 
(2.9-6) 


2,2 » 
| 134% =, =%) 
Qu = COS 


2rar, 


EXAMPLE 2.5 TRANSMISSION ANGLES OF A FOUR-BAR MECHANISM 


Fora crank rocker four-bar mechanism with link lengths 
n780cm; n=3.5cm; n-10.0cm; r,—9.0cm 
determine 


(a) the transmission angle, ọ, as a function of the angular displacement of link 2 
(b) the minimum and maximum values of the transmission angle 


SOLUTION 
(a) For the typical angle 


0, =30° 
we use Equation (2.9-4) to obtain 
2 


DD 2 
all E i Sy oP Züge eet; 
@=cos 


2rjr, 


_, { 10.07 + 9,07 — 8.0? — 3.57-- 2 x 8.0 x 3.5 X cos30° 
= cos = 31.64° 
2 x 10.0 x 9.0 


(Continued) 
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EXAMPLE 2.5 Continued 


Based on this and additional calculations for other values of 05, Figure 2.30 shows a plot of 
transmission angle as a function of the angular displacement of link 2. 


| l l J 
0 90 180 270 360 


0, (degrees) 


Figure 2.30 Transmission angle of a four-bar mechanism. 


(b) Using Equation (2.9-6), the minimum and maximum values of the transmission angle 
throughout a cycle are 


DOT MEI 


The above results indicate that transmission angle is less than 45? for some positions of 
the mechanism, and therefore would be outside of the generally accepted range (Equation 
(2.9-1)) for portions of a cycle of motion. 


Figure 2.28(a) illustrates a slider crank mechanism from which we obtain 
1, cosQ =n sinb, -r (2.9-7) 


Solving for the transmission angle, we obtain 


(2.9-8) 


The crank of the mechanism shown in Figure 2.28 can make a full rotation. Figures 2.28(b) and 
2.28(c) illustrate the configurations of the mechanism when the transmission angle is extremum, 
and these configurations occur when 


0,—90? and 0, =270° (2.9-9) 


The corresponding expressions for the minimum and maximum values of the transmission 
angle are 


(2.9-10) 
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2.10 INSTANTANEOUS CENTER OF VELOCITY 


Consider two links, designated as i and j, and at least one is undergoing planar motion. The instan- 
taneous center of velocity, P; j, associated with these two links has the following properties: 


* Two points, one on each of the two links, are coincident for at least an instant in time. 
* Linear absolute velocities of the two points are identical. That is, about an instantaneous 
center of velocity, one link will at most have pure rotational motion relative to the other. 


As an illustration, consider two links shown in Figure 2.31. Points A, and A; are on links 2 
and 3, respectively. Both are coincident with P» . At the instant shown we have 


VA = VA. = Up, (2.10-1) 


Instantaneous centers of velocity will hereafter be referred to simply as instantaneous centers. 
They may be used to determine the mechanical advantage of a mechanism that is presented later 
in this chapter and complete velocity analyses of planar mechanisms presented in Chapter 3. 

Given the velocities of two points on a moving rigid body, it is possible to find the rigid body’s 
instantaneous center with respect to the base link. Figure 2.32 is an illustration of link2 undergoing 
planar motion. At the instant illustrated, the directions of velocities v4 and vg on link 2 are defined. 
We now apply the condition of relative velocity between two points separated by a fixed distance 
presented in Section 2.5.1. From such an analysis, we can conclude that point A moves with respect 
toa stationary point located somewhere on the line that extends through point A and is perpendicu- 
lar to v4. Likewise, point B moves about a stationary point on a line that extends through B, and itis 
perpendicular to v5. Therefore, the point of zero velocity on link 2, P, », must be at the intersection 
of these two lines, where subscripts 1 and 2 indicate the base link and moving link, respectively. 

Having located instantaneous center P43, we can consider at that instant all points on link 2 are 
rotating about P, 2. Using the analysis presented in Section 2.5.1, we have 


|VA |= "A |6,]; | Vs] —p.B [6] (2.10-2) 


or 


jô |= [7a] = |% | (2.10-3) 


Thus, if only v, and the line of action of vy are known, then a scale drawing may be used to provide 
fp „a and fp „g, which in turn can be used to determine the magnitude of 7, and 6,. 

For the above case, the instantaneous center lies within the physical boundaries of link 2. This 
is not always the case. As illustrated in Figure 2.33(a), it is possible to find an instantaneous center 
that is outside the physical boundaries of a link. Here, we can consider an imaginary extension of 
the physical boundaries of the link as shown in Figure 2.33(b). 


Vp 


Figure 2.31 Illustration of instantaneous center. Figure2.32 Locating an instantaneous center. 
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Figure 2.33 


Figure 2.34 


When velocities of two points on a link are parallel, as shown in Figure 2.34(a), the instanta- 
neous center is found by applying Equation (2.10-3). However, in this case, both velocities must 
be known. If V4, and vy are equal in magnitude and direction (Figure 2.34(b)), then the link is 
undergoing pure translation, and the instantaneous center is at an infinite distance in a direction 
perpendicular to the motion. If v, and v; are parallel and opposite in direction (Figure 2.34(c)), 
then the instantaneous center lies between A and B . 

For two links connected through a kinematic pair, the location of the instantaneous center is 
summarized in Table 2.1. 

It is possible that each link of a mechanism can have relative motion with respect to every other 
link. Consequently, the total number of instantaneous centers, p, in a mechanism having n links is 


| n(n-1) 
EE 


p (2.10-4) 


The factor 2 in Equation (2.10-4) takes into account the fact that instantaneous centers P; jand 
P; ;are the same. In the four-bar mechanism illustrated in Figure 2.35(a), where n = 4, the number 
of instantaneous centers is 


Hn qe 
2 2 


(2.10-5) 
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TABLE 2.1 LOCATIONS OF INSTANTANEOUS CENTERS FOR VARIOUS TYPES OF 


KINEMATIC PAIRS 


Type of Kinematic Pair 


Location of Instantaneous Center 


Turning pair 


Sliding pair (curved slide) 


Sliding pair (straight slide) 


Rolling pair 


Two degree of freedom pair 
(P; jon common normal) 


Common normal 


D Common 
<a tangent 


No slippage 


(P; jon common normal) 


Common normal 


Common 
tangent 


The instantaneous center coincides 
with the turning pair. 


The slider is in curvilinear motion 
with respect to the slide. The 
instantaneous center is at the center of 
curvature of the slide. 


The slider is in rectilinear motion with 
respect to the slide. A straight slide is 
equivalent to a curved slide of infinite 
radius. Thus, the instantaneous center 
is at an infinite distance in a direction 
perpendicular to the sliding motion. 


The instantaneous center is at the 
point of contact, this being the only 
point where the two links have the 
same velocity. 


Relative motion takes place along the 
common tangent between the two links 
at the point of contact. Consequently, 
the instantaneous center lies on the 
common normal. Its position on the 
common normal depends on the ratio 
of the sliding and angular velocities. 


The complete set of instantaneous centers is: Pj», P13, Piy P23, P? 4, and P34. Some of the 


instantaneous centers are found by examining the kinematic pairs and using Table 2.1. These are 


Pi» P23, P3,4, and P} 4, which are shown in Figure 2.35(a). 


The two other instantaneous centers are P, 3 and P» 4. Instantaneous center P} 3 is found by an 


analysis similar to that illustrated in Figure 2.32. Lines are drawn perpendicular to the velocities at 
points Band D. The intersection of these two linesis the instantaneous center P; ; (Figure2.35(b)). 

The remaining instantaneous center is P} 4. Its location may be found by inverting the mecha- 
nism and making link 2 the fixed link, as shown in Figure 2.35(c). Using the same reasoning as for 
the mechanism shown in Figure 2.35(b), the instantaneous center is at the intersection ofthe two 
lines that are perpendicular to the velocities at D and O4. Since relative motions for the mechanisms 
shown in Figures 2.35(b) and 2.35(c) are the same (see Section 1.6), then all six instantaneous 
centers that have been located apply to both the original and the inverted mechanisms. The com- 
plete set of instantaneous centers is shown in Figure 2.35(d). 
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P3 


Figure 2.35 Instantaneous centers of a four-bar mechanism. 


2.11 KENNEDY'S THEOREM 


From the analysis ofthe four-bar mechanism shown in Figure 2.35, the three instantaneous centers 
associated with any three of the links are collinear. That is, each of the following sets of instanta- 
neous centers lie on the same straight line: 


This result conforms to Kennedy’s Theorem, which may be applied to any planar mechanism. 
The theorem states that when considering three links, designated as i, j, and k, undergoing motion 
P. 


b 


relative to one another, the three associated instantaneous centers, P 
straight line [3]. 
In determining the locations of instantaneous centers of a mechanism, some can be readily 


i Pin and P; ,, lie on the same 


located using the guidelines provided in Table 2.1. The remainder may then be found by successive 
applications of Kennedy’s Theorem. 

One may identify all instantaneous centers by drawing an auxiliary polygon that relates to the 
mechanism under study. Corresponding to the mechanism and instantaneous centers shown in 
Figure 2.36(a), an auxiliary polygon is illustrated in Figure 2.36(b). The number of sides and ver- 
tices in the polygon must equal the number of links in the mechanism. Each vertex of the polygon 
represents a link and is accordingly assigned a number. 

In anauxiliary polygon, every side and diagonal is associated with two links. Each side and diago- 
nal corresponds to an instantaneous center. Also, an auxiliary polygon illustrates the requirements 
of Kennedy’s Theorem. Each triangle formed by sides and diagonals is associated with three links. 
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1 2 
4 3 
(b) 
1 2 1 2 
Par Pray Pa P Pyar Pa 
4 4 
1 1 
Ps, Pa, Pia P,» Pa Pia 
4 3 4 3 
(c) 
Figure 2.36 Instantaneous centers ofa four-bar mechanism [Video 2.36]. 
Video 2.36 The three corresponding instantaneous centers must lie on the same straight line. Figure 2.36(c) 
Instantaneous shows four auxiliary polygons, each with a shaded triangle. Beside each is listed the corresponding 


Centers of 
a Four-Bar 
Mechanism 


three instantaneous centers lying on a straight line. 


[Video 2.36 ] provides an animated sequence of the determination of the instantaneous centers 
illustrated in Figure 2.36. 


EXAMPLE 2.6 INSTANTANEOUS CENTERS OF A SLIDER CRANK 


MECHANISM 


For the slider crank mechanism shown in Figure 2.37(a), determine all of the instantaneous 
centers for the position shown. 


SOLUTION 
The mechanism has four links (n = 4) and, using Equation (2.10-4), six instantaneous centers 
(p = 6). They are: P, 9, P, 5, Pip P? 5, P; 4, and P3 4. 

The following instantaneous centers are located by examining the kinematic pairs 
(Table 2.1): Pi z P55, P3 4, and Pj 4. 


(Continued) 
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EXAMPLE 2.6 Continued 


P 4A P 4A 
(oo (oo 
Ps 


Figure 2.37 


To locate P; 3, we employ the auxiliary polygon. As shown in Figure 2.37(c), the diagonal 
between vertex 1 and vertex 3 is part of triangles 1-2-3 and 1-3-4. This indicates that P; 3 lies on 
the same straight lines as P; 2 P? ; and P, 4 P4 4. It must therefore lie at the intersection of these 
two lines. Instantaneous center P, is found in a similar manner. All six instantaneous centers 
are shown in Figure 2.37(b). 


EXAMPLE 2.7 INSTANTANEOUS CENTERS OF AN INVERTED SLIDER CRANK 
MECHANISM 


For the inverted slider crank mechanism shown in Figure 2.38(a), determine all of the instan- 
taneous centers for the position shown. 


(a) 


Figure 2.38 


(Continued) 
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EXAMPLE 2.7 Continued 


SOLUTION 

This mechanism has four links and six instantaneous centers. The following instantaneous cen- 
ters are determined by examining the kinematic pairs: P; 2, P; 3, P2,4, P5 4. Then, by using an 
auxiliary polygon (i.e., Kennedy’s Theorem), we locate 


e Pi4atthe intersection of lines P,» P; j and P4 3 P34 


e P55atthe intersection of lines P, 2 P, 3 and P? 4 P34 


All of the instantaneous centers are illustrated in Figure 2.38(b). 


EXAMPLE 2.8 INSTANTANEOUS CENTERS OF A MECHANISM 


INCORPORATING A TWO DEGREE OF FREEDOM PAIR 


For the mechanism shown in Figure 2.39(a), determine all of the instantaneous centers. 


Figure 2.39 


SOLUTION 

This mechanism has three links. Using Equation (2.10-4), there are only three instantaneous 
centers. Instantaneous centers P; », P, 3 coincide with the turning pairs. Based on Kennedy’s 
Theorem, the third instantaneous center, P» 5, lies on the same straight line as P; 2 P; 3. In addi- 
tion, from Table 2.1, this instantaneous center lies on the common normal at the point of con- 
tact between links 2 and 3. Thus, instantaneous center P, 3 is located as shown in Figure 2.39(b). 


EXAMPLE 2.9 INSTANTANEOUS CENTERS OF A SIX-LINK MECHANISM 


For the mechanism shown in Figure 2.40(a), determine all of the instantaneous centers. 


SOLUTION 

This mechanism has six links and, by employing Equation (2.10-4), 15 instantaneous centers. 
The following instantaneous centers are determined by examining the kinematic pairs: P; », 
Py 4, Pj 6, P) 5, P5 4, P4 5, Ps 6. These are indicated in Figure 2.40(b). The corresponding auxiliary 


(Continued) 
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EXAMPLE 2.9 Continued 


Jh P4 
] 
P Pa a I 
1,50 Qo l e Pc 
] 
1 l 
e 
6 2 ORE 
5 3 
4 
(c) 
Figure 2.40 


polygon is shown in Figure 2.40(c). Instantaneous centers that have been determined by 
examining the kinematic pairs are depicted in the auxiliary polygon as solid lines, while the 
remaining instantaneous centers are shown as dashed lines. 
The location of all of the remaining instantaneous centers are determined by recognizing 
+P), at the intersection of lines P, ; P, 4 and P 5 P, 4 (see Figure 2.40(d)) 
e P46atthe intersection of lines Pj 4 P1 6 and P45 Ps 6 
e Pi5atthe intersection of lines P, 2 P; 5 and P4 4 P34 
e Pj; at the intersection of lines Pj 4 P4; and Pj Ps 6 
e Ps, atthe intersection of lines Pj 3 P1 ; and P3 4 P4, 
e Pat the intersection of lines P4 2 Pj ; and P3 4 P45 
e P5gatthe intersection of lines P, ; Pj cand P5 5 Ps 6 


e P3gatthe intersection of lines P5 5 P; ; and P3 5 Ps 6 


Figure 2.40(d) shows all ofthe instantaneous centers. 


72 CHAPTER 2 MECHANICS OF RIGID BODIES AND PLANAR MECHANISMS 


2.12 KINETICS 


This section presents the governing equations of the kinetics of a rigid body. Derivations of these 
equations are presented in Appendix C. 


2.12.1 Linear Motion 


The governing equation for linear motion of a rigid body is 


F = māc (2.12-1) 
where 

F = net external force applied to the body 

m = mass of the body 


Gq = acceleration of the center of mass 


In using Equation (2.12-1), there is no restriction as to the location of the point at which the 
force is applied to the body. Also, as indicated in Figure 2.41, the body may be subjected to addi- 
tional moments. 


2.12.2 Angular Motion 


A body of finite size may also have angular motions. Figure 2.42 shows a rigid body with its center 
of mass, point G. The related governing equation for angular motion is 


Mo=1,0 + m(xcyg— deg) (2.12-2) 


where 


Mg = net external moment applied to the body measured about point O 

6 = angular acceleration of the body 

xq Jg = coordinates of the center of mass with respect to a reference coordinate system 
X; jg 7 components of acceleration of the center of mass 


Ig = polar mass moment of inertia of the body with respect to its center of mass 
(see Appendix C, Section C.9) 


"ni 


i c ? 
0 
O Nw x 


Figure 2.41 Body subjected to externally applied load and moment. Figure 2.42 
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In this book, both the net moment applied to the body and the angular acceleration of the body 
are considered positive in the counterclockwise direction. 
If the origin of the coordinate system is placed at the center of mass, then 


xg=0=yg (2.12-3) 
and Equation (2.12-2) becomes 
Mg=Mo=1,6 (2.12-4) 


Commonly employed sets of units associated with Equations (2.12-1) and (2.12-2) are presented 
in Section 2.13. 


2.12.3 Fixed-Axis Rotation of a Rigid Body 


The rigid body shown in Figure 2.43 is allowed to move about a fixed axis at point O. For this type 
of motion, it is convenient to place the origin of the coordinate system at point O. In this case 


xg—rcos0; yg;—rsinO (2.12-5) 
where r is the radial distance from point O to the center of mass G. 


Substituting Equations (2.12-5) in Equation (2.12-2) yields 


Mo = 1,6 +m(xg¥g — gye) 
= I+ mrcos0(—r8? sin0 + rOcos®) (2.12-6) 
— mrsin@(—r6* cos@ + rOsin®) 
ep 


where, after simplification, 
2 
Ig-Ig-*mr (212-7) 


is the polar mass moment of inertia about point O. Equation (2.12-7) is referred to as the 
parallel-axis theorem. 


Figure 2.43 
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2.13 SYSTEMS OF UNITS 


There are multiple systems of units employed in engineering. They are generally classified into 
two groups: System International (SI or metric) and U.S. Customary. Consistent sets ofunits for the 
governing equations of motion ofa rigid body are presented in this section. 

To accommodate these different sets, we make the following substitutions for the mass and 
polar mass moment of inertia: 


m” Le 
=. J =€ 2.13-1 
GE LE Tg, eto) 


where quantities m* and Io like m and Ic, are referred to as the mass and polar mass moment of 
inertia, respectively, and g, is a gravitational constant. The value and units of g. depend on the units of 
the other components in the governing equations. Substituting Equations (2.13-1) into Equations 
(2.12-1) and (2.12-2) yields 


F=—a, (2.13-2) 


and 


fnb ME ee 
Mg--S-64 P (xcJo — X ya) (2.133) 


c c 


Tables 2.2 and2.3 provide units for each ofthe components ofEquations (2.13-2) and (2.13-3). 
For each table, a consistent set of units is obtained by employing one column in a table. 
For the cases in Tables 2.2 and 2.3 for which g, = 1, then from Equations (2.13-1) 


m=m"; del (2.13-4) 


Employing Equation (2.13-2) and Table 2.2, forces for the SI system may be defined as 


m 
1 Newton = 1N = 1kg X 1— 
sec 


TABLE 2.2 CONSISTENT SETS OF UNITS EMPLOYED FROM THE SI SYSTEM FOR 
EQUATIONS (2.13-2) AND (2.13-3) 


1 2 
F dyne N 
Mo dyne-cm N-m 
m gr kg 
ic gr-cm? kg-m? 
X,y cm m 
ag X, Y cm/sec? m/sec? 
ó rad/sec? rad/sec? 
ge 1 1 


2.13 
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TABLE 2.3 CONSISTENT SETS OF UNITS EMPLOYED FROM THE US CUSTOMARY 
SYSTEM FOR EQUATIONS (2.13-2) AND (2.13-3) 


ji 2 3 4 
F Ib Ib Ib Ib 
Mo ft-lb ft-lb in-lb in-lb 
m Ibm Ib-sec?/ft Ibm 1b-sec?/ft 
(slug) 
i Ibm-ft? Ib-ft-sec? Ibm-in? Ib-in-sec? 
xy ft ft in in 
Tig X, y ft/sec? ft/sec? in/sec? in/sec? 
ó rad/sec? rad/sec? rad / sec? rad/sec? 
$c 32.2 Ibm-ft/1b-sec? 1 386 Ibm-in /1b-sec” 1 


and 


1 dyne = 1gr x 1-— 
sec 


A simple illustration on the use of Tables 2.2 and 2.3 is provided below. 


EXAMPLE 2.10 BODY SUBJECTED TO AN EXTERNAL FORCE 


For the body shown in Figure 2.44, determine the magnitude of acceleration of the center of 
mass if 


Figure 2.44 


|F|2121b; m'-221bm 


(Continued) 
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EXAMPLE 2.10 Continued 


SOLUTION 
Referring to the units of the given quantities, we employ a set of units listed in Table 2.3. We 
may use either the column numbered 1 or 3. If we use column 3, then 


1bm-i 
g,7386——— 
1b-sec 
and from Equation (2.13-2) 
|F] 12 Ib ‘a 
|a | = EN =2320 F 
) 2 Ibm sec 
ge ( 386 Ibm. =) 
Ib-sec 


We generally consider the weight of a body as the gravitational force exerted on it by the earth 
at its surface. Weight, being a force, is a vector quantity. The direction of this vector is toward the 
center of the earth. 

When a body is allowed to fall freely under the influence of gravity, the magnitude of 
acceleration is 


à 
g - |a; |7 9.81—4 = 322—4 = 386 — 
sec sec sec 


The magnitude of this acceleration is independent of the mass of the body. Using Equations 
(2.13-1) and (2.13-2), the magnitude of the weight, W, of a body of mass m is 


W=mg (2.13-5) 
A mass of m* = 1 Ibm weighs 
P 1lbm ft 
W=mg=— g= bmk 322—, =11b 
& (222 } SEE 
Ib-sec 
and a mass of m* = 1 kg weighs 
į lk - 
wa go og. T. cogi E cogi 
g: 1 sec sec 


To keep an object from free-falling, an upward force must be applied of the same magnitude as the 
weight so that there is zero net force on the object. 

In some instances, gravity may be neglected in an analysis, such as when the prescribed 
accelerated motions of a body require forces that are far greater than those caused by gravity. 
Alternatively, gravity may be neglected if it acts perpendicular to the plane of motion of the 


body. 
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EXAMPLE 2.11 PHYSICAL PENDULUM 


The rigid body illustrated in Figure 2.45 is pivoted about point O at a distance / from the center 
of mass G. Gravity acts downward. The equilibrium position corresponds to points O and G in 
a vertical alignment. If the body is pivoted a small angle 0 from the equilibrium position and 
released, show that the motion is harmonic and determine the period of one oscillation. 


Ins 
Figure 2.45 Physical pendulum. 


SOLUTION 
Employing Equation (2.12-6), we obtain 
Mg —mglsin0 = I oð (2.13-6) 
Since for small angles we have 
sin0=0 (2.13-7) 
then Equation (2.13-6) becomes 
6+0°0=0 (2.13-8) 


where the natural frequency of the system is defined as 
1/2 
Q,- DS (2.13-9) 
Io 


The solution of Equation (2.13-8) is [4] 


02 cos (@,t  Q) (2.13-10) 


where © and q are arbitrary constants. Angular motion is thus harmonic in time. 
Using Equations (2.13-9) and (2.13-10) the period of time, 1, for one oscillation is found 
by recognizing that 


(Continued) 
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EXAMPLE 2.11 Continued 


1/2 
1 
Q,T— THER T=20 CHS) 
Io 
from which 
1/2 

ET lo. (2.13-12) 

mgl 


2.14 EQUATIONS OF EQUILIBRIUM 


2.14.1 Static Conditions 


For static conditions, where there is no motion, 
Then Equations (2.12-1) and (2.12-4) reduce to 


F=0 (2.14-2) 


en 


Equations (2.14-2) and (2.14-3) are the governing equations of static equilibrium of a body. 


EXAMPLE 2.12 STATIC EQUILIBRIUM OF A PIVOTING LINK 


The brake lever shown in Figure 2.46(a) consists ofthe link pivoted to the base link at point O3. 
A force of 100 N is applied by the driver's foot, causing tension in the cable. Assuming condi- 
tions of static equilibrium, determine 


(a) the magnitude ofthe tension in the cable; 


(b) the reaction at O;. 


SOLUTION 
(a) A free-body diagram of the link is shown in Figure 2.46(b). Summing moments about O5 
yields 


X Mo, =— 100 x 0.20 +|T|x0.15=0 


(Continued) 
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EXAMPLE 2.12 Continued 


Figure 2.46 


from which 
|T |=133N 


(b) Referring to the free-body diagram shown in Figure 2.46(b), we require that 


XFE,-0- P, T,-- R,=-— 100 cos 45? — 133 cos 30? + R,, 


R,=186N 
Also 
mmm MTM : Qu. : o 
XF,=0=P,+T,+R,= 100 sin45° — 133 sin 30° + R,, 
R,=137N 
y 
and therefore 


R=R,i + Rj 1867 + 1375 N 


EXAMPLE 2.13 FORCE ANALYSIS OF A DOOR LATCH MECHANISM 


Figure 2.47(a) shows a latch mechanism mounted on a door. The latch is used to hold the door 
Video 2.47 aed E A a : : 
Neco HEE in its closed position but allow the door to open provided enough pulling force is applied to the 
Nedenran handle. Figure 2.47 (b) shows a closeup of the latch. A schematic side view of the system is illus- 
trated in Figure 2.48. In this view, the door is restricted to move horizontally. Figure 2.48 (a) 
shows the latch while the door is open. The spring is stretched from its free length and is under 
tension. The pivot arm is in contact with the stop. Figure 2.48(b) shows the door during the 
closing process. The striker plate on the door is in contact with the cylindrical portion of 
the pivot arm and the external force has moved the pivot arm off of the stop. The tension 
in the spring gives a clockwise moment to the pivot arm about the base pivot O5 and coun- 
teracts the counterclockwise moment of the externally applied force. Continuing to push the 
door with the external force brings the door into the position illustrated in Figure 2.48(c). 
Now the spring does not provide a moment about the base pivot. Pushing the door a little 
further brings the system into the configuration shown in Figure 2.48(d). The tension in the 
spring gives a counterclockwise moment to the pivot arm about the base pivot and it is no 
longer necessary to apply an external force to close the door. The mechanism will continue 
to move under the action of the spring force until the door goes to the closed configuration 


(Continued) 
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EXAMPLE 2.13 Continued 


shown in Figure 2.48(e). Since the spring is still under tension, the spring will affirmatively 
hold the door in the closed position unless sufficient pulling force is applied on the handle. 


Hinge 


Spring 
Base pivot 


Pivot arm 


(a) (b) 
Figure 2.47 (a) Door and latch. (b) Close up of latch [Video 2.47]. 


J Door 


Striker plate 


Pivot arm 


y, 


(a) 
~ [d m] < 
F, applied J ) ) 
EAL. 
sa. 
VL 7 7 y 7, 7 AIME L2 WAP I Vi. 
(b) (c) (d) (e) 


Figure 2.48 Positions of door latch. 


For the parameters provided below and illustrated in Figure 2.49, determine the applied 
force required as a function of the horizontal position of point C to move the pivot arm, link 2, 
from the open position to the closed position. Neglect friction between the striker plate and 
the cylindrical portion of link 2. Neglect the effects of inertia and gravity. 


rgo, = 2.0 cm; fco, = 8.0 cm; b=14cm; c=4.0cm 


N 
spring freelength=4.0cm; k—50.0—; &=20°; 25°<0<75° 
cm 


(Continued) 
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EXAMPLE 2.13 Continued 


Door 


Striker plate 


y Cylindrical section 


Pivot arm (Link 2) 
XB = 


F applied 
b 
B 


o Stop Handle 


0 
A 
7 YB 
@ 


VU A 


Figure 2.49 


SOLUTION 
Figure 2.50 shows a free-body diagram oflink 2. The coordinates of point B are 


Xg — b t rgo, cos(0 + a); 57 € + fao, sin(0 + a) (2.14-4) 
The current length of the spring is then 
spring length = (xj +y; Jn (2.14-5) 


The force in the spring for the current amount of stretching is 


Fong e (spring length — spring free length) (2.14-6) 


Fried 


x 


sits 


E eias 


qp 


y 


Figure 2.50 Free-body diagram. 
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EXAMPLE 2.13 Continued 


where k is the spring constant. The horizontal and vertical components of the spring force 
applied to point B are 


Hon = We cosQ; rece = Trane sin® (2.14-7) 
where 

Q= tan2 | (xg Vp) (2.14-8) 
The moment of the spring force about the base pivot is (see Appendix C, Section C.8) 


(Mo,) spring = TBO, x F spring 


i j k 
— [fao, cos(0- a) go, sin(0@+a) 0 


E ori e 0 


= TBO, [ cos(0+ CVE spring E sin(0 ar UE Je (2r 14-9) 
The moment caused by the applied force is 
(—Mo, applied = Tco, X F applied = rco, SiN Fapptiea K (2.14-10) 


For each position we consider the latch in static equilibrium and thus we require 
Y (Mo, ) E (Mo, m x (Mo, ) 520 (2.14-11) 


Since all of the moments are in the direction of k, we can consider Equation (2.14-11) asa 


scalar equation. Substituting Equations (2.14-9) and (2.14-10) in Equation (2.14-11) and 
solving for the magnitude of the applied force, we obtain 


Bo, [ cos(@ ap ONE rae —sin(0-- op ] 


ES (2.14-12) 
applied p 
fco, Sin 
Latch 
open 
i 
Latch 
closed Fapplied 
= (5.5 N) 
zZ 
3 0 
= 
ul 
Fapplied X. (cm) 
(-7.8 N) 
= |b 


Figure 2.51 Applied force. 


(Continued) 
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EXAMPLE 2.13 Continued 


For the given values of the parameters, Figure 2.51 is a plot of the magnitude of the applied 
force as a function of the horizontal position of point C. A force magnitude of 5.5 N is required 
to move the pivot arm off of the stop. For values of xc less than 5.1 cm, the magnitude of the 
applied force is negative. For these positions, no applied force is needed and the door would 
close on its own. Negative values correspond to the magnitude of the force that holds the door 
shut and the magnitude of the force required to pull the door open. A force magnitude of 7.8 
N is needed to start moving the door from the closed position. 


EXAMPLE 2.14 FORCE ANALYSIS OF A LEVER 


Replace the horizontal 300 N force acting on the lever shown in Figure 2.52(a) by an equiva- 
lent system consisting of a force at O and a couple. 


300 N 300 N 300 N 


150 mm = x 
60° 
off A a od Of. 
LL 300N—300N 300N 39.0 N-m 
Figure 2.52 
SOLUTION 


We apply two equal and opposite 300 N forces at O and identify the counterclockwise couple. 
M = Fd =300N X 0.15m X sin60? = 39.0 N-m 


Thus, the original force is equivalent to the 300 N force at O and the 39.0 N-m couple as shown 
in the third of the three equivalent figures shown in Figure 2.52(b). 


2.14.2 Dynamic Conditions 
Equations (2.12-1) and (2.12-2) can alternatively be expressed as 


where, using Equations (2.13-1), the inertia force is defined as 


and 


Fm -müg- - (2.14-15) 


[4 
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and the inertia moment or torque is 


My = -Ig8—-m(xc yc ni7979) 


Is SEM 
ux (2.14-16) 


Equation (2.14-16) may be simplified if the origin of the coordinate system is placed at the center 
of mass, and therefore 


xg; 70-7 yg (2.14-17) 


Then 
* 


Mz 71,82 2 (2.14-18) 


[4 


Equations (2.14-13) and (2.14-14) are referred to as D'Alembert's Principle. They resemble those 
employed for static problems. 


EXAMPLE 2.15 DYNAMIC FORCE ANALYSIS OF A DISC ON AN INCLINE 


The solid disc shown in Figure 2.53(a) is released from rest on an inclined surface. Assuming 
that the disc rolls without slipping, and that gravity acts downward, use D'Alembert's Principle 
to determine its angular acceleration. 


m =2.0kg; R=0.3m; B=20° 


Figure 2.53 


SOLUTION 
Employing Table 2.2, it is recognized from the units of quantities provided for this problem 
that 


g.=l; memes c 


The polar mass moment of inertia of the disc (Appendix C, Section C.9) about its center of 
mass is 


I; 2im'Róz1x20kgx0.3^m/- 0.090 kg-m" 


(Continued) 
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EXAMPLE 2.15 Continued 


A free-body diagram of the cylinder shown in Figure 2.53(b) includes a frictional force, 
a normal force between the cylinder and incline, an inertia force, and an inertia moment. 
A Cartesian coordinate system is placed with its origin at the point of contact between the 
cylinder and the inclined surface. This placement eliminates the need to account for normal 
and frictional forces when summing moments. Also 


xg=0; yg=R 
Also, by inspection for this problem 
[ac |7 |; | - RO 
and 


Mg 2 mgRsinp (2.14-19) 
From Equation (2.14-16) we have 


My =~1,8 — m(xc3o - yc) 
=— Io — m(0— RÓR) 2 - (I5 -mR?)Ó (2.14-20) 
Combining Equations (2.14-14), (2.14-19), and (2.14-20) yields 
mgRsinp — (Ig + mR^)8 - 0 
from which 


g mgRsinB _ 2.0kg x9.81 m/sec” X 0.3 m X sin20° 746 Pd 
Ig * mR? 0.090 kg-m? +2.0 kg x 0.3! m? |^ sec? 


2.15 MECHANICAL ADVANTAGE 


From time to time it is required to take an available force or torque and either increase or decrease 
its magnitude for application to an adjoining mechanical system. For example, Figure 2.54(a) 
shows a lever with an applied hand force at one end and in contact with another mechanical system 
at its other end. Using Figure 2.54(b), we sum moments about the base pivot to maintain static 
equilibrium and obtain 


Eb — E,a 0 (2.15-1) 
and therefore 
Fyy = F, (2.15-2) 
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a a 
| 
ot — 
b b 
[ 3 \ ———— — “JE y 
~ Fut out 
(a) (b) 


Figure 2.54 Lever. 


The mechanical advantage is defined as the ratio of the magnitude of the output force exerted 
by a mechanism to the magnitude of the input force applied to it. For the lever, the mechanical 
advantage is 


(2.15-3) 


The determination of mechanical advantage involves the analysis of one configuration of 
a mechanism that is considered to be in static equilibrium. The mechanical advantage was 
easily determined for the example involving the lever. For more complicated mechanisms, a 
straightforward means to determine the mechanical advantage may be completed using instan- 
taneous centers (Section 2.10) [5]. In the analysis presented below, we restrict ourselves to 
mechanisms having a single input, that is a mobility of one. Also, the mechanisms will have a 
force applied to only one output. We will consider mechanisms in which there is no possibility 
of losses due to friction and will neglect the effects of gravity and inertia. It can then be assumed 
that if the mechanism were to move from the configuration being analyzed, then the rate of work 
or power being supplied from the input force would equal the rate of work being transmitted 
through the output force. 

The lever illustrated in Figure 2.54 has a total of two links, including the base link, and based on 
Equation (2.10-4), italso includes one instantaneous center that is located at the base pivot. For the 
procedure presented below, we will consider mechanisms having a minimum of four links and six 
instantaneous centers. A total of four groups of mechanisms will be considered where the input and 
output links are either rotating or translating, and an expression of the mechanical advantage will 
be obtained for each. Expressions for the mechanical advantage will be determined by considering 
the instantaneous centers of the of the following four links of a mechanism: the base link, 1, the 
input link, in, the output link, out, and another link, k, that is arbitrary for the mechanism except 
that it must be distinct from the three other links. 


Rotating-Rotating Mechanisms 


For this group of mechanisms, both the input and output variables are rotational. A four-bar 
mechanism is a typical example. Figure 2.55(a) shows the geometric relationship of the six 
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P out Q co 
— 
Piin Pinout 
(b) 
Pinout @ 
> 
i P. @ co 
1,out 
P iiyout PN Hn 


Figure 2.55 Instantaneous centers for four links ofa mechanism. (a) Rotating-rotating mechanisms. (b) Rotating-trans- 
lating mechanisms. (c) Translating-rotating mechanisms. (d) Translating-translating mechanisms. 


instantaneous centers associated with the links 1, in, out, and k. Using an expression of power for 
a system in which both the input and output are rotating (Equation (C.10-7)), we obtain 


(=) T,;, rum (=) 
dt in dt out (2.15-4) 


where T; and T,,,, are the moments applied by the forces to the input and output links about their 
base pivots, and 0,, and 9,,,, are the rotational speeds of the input and output links, respectively. 
Using Equation (2.15-4), the mechanical advantage may be expressed as 


M.A. = Et = Mout _ tin On (2.15-5) 
0 


where r;, and r,,; are the lengths of the input and output links, respectively. 
The magnitude of the velocity of the instantaneous center between the input and output links 
may be written as 


- A = 2.15- 
VP out 7 "Phin Proa Oin = "Bou Pn Dout (215-6) 
OF 

a f, 

6, = P, out Pin out (2.15-7) 

Bout Tp P. 


Lin in out 
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Combining Equations (2.15-5) and (2.15-7), we obtain 


r. 
M.A.= out _ Tin P, out Pinout (2.15-8) 
i Tout "P, nP out 


Rotating-Translating Mechanisms 


For this group of mechanisms, the input variable is rotational and the output variable is transla- 
tional. A slider crank mechanism is a typical example if the crank is the input and the slider is the 
output. We may state 


(=) = T, 0, = Entin®in = E n, Rma (5) (2.15-9) 
in out 


inV in — Fin 'inVin = Loutloi out — Lo 
dt dt 


where v,, is the magnitude of the output velocity. As shown in Figure 2.55(b), instantaneous cen- 
ter P, outis located at infinity. The magnitude ofthe velocity ofthe output link equals the magnitude 
of the velocity of instantaneous center P;„ oun and therefore 


Vout = Tp nDnow ~ #1 (2.15-10) 
Combining Equations (2.15-9) and (2.15-10) gives 
Er, in = Eup, mo E (2.15-1 1) 
The expression for the mechanical advantage for this group of mechanisms is then 
F f, 
M.A.= =*= Ch 2.15-12 
En PaPa l i 


Translating—Rotating Mechanisms 


For this group of mechanisms, the input variable is translational and the output variable is rota- 
tional. A slider crank mechanism is a typical example if the slider is the input and the crank is the 
output. Using a similar analysis as above and employing the arrangement of the instantaneous 
centers given in Figure 2.55(c) leads to the following expression for the mechanical advantage 


F fi 
M.A. = out = Pout Pin out (2.15-13) 
E, Tout 


Translating-Iranslating Mechanisms 


For this group of mechanisms, both the input and output variables are translational. Three of the 
six instantaneous centers of the four links are at infinity as illustrated in Figure 2.55(d). Using a 
similar procedure as above, we find 


LM (2.15-14) 
TP, Prout 


M.A.= 
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EXAMPLE 2.16 MECHANICAL ADVANTAGE OF A SLIDER CRANK 


MECHANISM 


For the mechanism shown in Figure 2.56, determine the magnitude of the force Q on link 2 
required to provide a crushing force of magnitude 20 N from link 4 for the position shown. 


GIESSTÜ IGI d 215.0 cm 


y WL 


Figure 2.56 


SOLUTION 

The instantaneous centers are shown in Figure 2.57. This mechanism is in the group of 
rotating-translating. From Figure 2.57 we have 

n,-c—50cm; rp p —4 5cm 


in 


Using Equation (2.15-12), the mechanical advantage of the mechanism is 


€ — 90 


E, Unidos Tp P 5A 45 


1.1 


and therefore 


which is the magnitude ofthe force to be applied perpendicular to link 2 at B (see Figure 2.57). 
Comparing Figures 2.56 and 2.57, the magnitude of the required force Q is determined by 
recognizing that an equivalent moment about the base pivot O; is obtained if 


Qd= E,c 
and therefore 
0 
a m Tue 
d 15.0 


(Continued) 
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EXAMPLE 2.15 Continued 


1 


Figure 2.57 


An alternative method of force analysis of mechanisms is presented in Chapter 8. 


PROBLEMS 


Permissible Geometries 


P2.1 For the given link lengths of a four-bar mechanism 
(see Figure 1.9) and the position of link 2, construct 
the permissible geometries of the mechanism. 

r3=20.0cm; r4= 10.0 cm 


rı=12.0cm; n= 6.0 cm; 


0,=120° 


P2.2 For the given link lengths of a five-bar mechanism 
(see Figure 1.39(b)) and the positions of links 2 
and 5, construct the permissible geometries of the 
mechanism. 

rı = 15.0 cm; r3 = 12.0 cm; 


t = 4.0 cm; r4= 9.0 cm; 


F= 6.0 cm; 0,= 120°; 0.- 60? 
P2.3 For the given link lengths of a slider crank mecha- 


nism (see Figure 1.7) and the position of link 2, con- 
struct the permissible geometries ofthe mechanism. 


r,220cm; r;,-80cm; r3= 12.0 cm 


0,=30° 


Limit Positions and Zero Speeds 


P2.4 For the mechanism shown in Figure P2.4, specify 
(a) the value(s) of 9, when the speed of link 4 is zero and 
determine the corresponding value(s) of the rota- 
tional speed of link 3 when this takes place 
(b) the value(s) of 05 when the rotational speed of link 3 
is zero and determine the corresponding value(s) of 
the speed of link 4 when this takes place 


foa = 3.0 cm; r4g= 6.0 cm; 0; 2100 rpm CW 


Figure P2.4 


P2.5 For the mechanism shown in Figure P2.5, specify 
(a) the value(s) of 0, when the linear speed of link 6 is 


Zero 


PROBLEMS 


(b) the value(s) of 6, when the rotational speed of link S 
is zero and determine the corresponding value(s) of 


the speed of link 6 when this takes place 


10,0, 7 5.0 cm; To, A, = 3.0 cm; fo B= 10.0 cm; 


fgc = 4.0 cm Ô, =10 rad/sec CCW 


A, on 2 and 4 
A; on 3 


10.5 cm 
Figure P2.5 


P2.6 For the mechanism shown in Figure P2.6, determine 
(a) the stroke of point D 
(b) the value(s) of 0; when the rotational speed of link 3 


is zero 

(c) the value(s) of 6, when the rotational speed of link 5 is 
zero 

(d) the average linear speed of point D to the left while 
moving between its limit positions 

(e) the average linear speed of point D to the right while 
moving between its limit positions 


To, p, 7 3.0 cm; ro,o, — 6.0 cm; foc =13.0 cm 


0,— 8.0 rad/sec CW 


Figure P2.6 


Average Speeds, Time Ratio 


P2.7 Figure P2.7 shows a crank rocker mechanism. 
Determine 


(a) the average angular speed of the rocker in the clock- 
wise direction 


91 


(b) the average angular speed of the rocker in the coun- 
terclockwise direction 


(c) the time ratio 


ri-8.00cm; r,-20cm; r4-40cm; r4=7.0 cm 


05 = 40.0 rad/sec CW(constant) 


Figure P2.7 


P2.8 Figure P2.8 shows a slider crank mechanism. 
Determine 
(a) the average speed of the slider to the right 
(b) the average speed of the slider to the left 


(c) the time ratio 


rı = 2.0 cm; T2 = 5.0 cm; r3 = 8.0 cm 


0, = 30.0 rad/sec CCW(constant) 


ZZ n 


Figure P2.8 


P2.9 Forthe mechanism shown in Figure P2.9, determine 
(a) the value(s) of 05 when point C is stationary 
(b) the stroke of point C 


(c) the average linear speed of point C to the left while 
moving between its limit positions 


fpo, 7 2-5cm; 0,—8.0 rad/sec CCW (constant) 


Figure P2.9 
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Zero Speed, Coriolis Acceleration 


P2.10 For the mechanism shown in Figure P2.10, specify 
(a) the value(s) of 8 when the rotational speed of link 3 
is zero 
(b) the value(s) of 0, when the linear speed of point D is 
zero 


(c) the value(s) of 6; when the Coriolis acceleration of 
B, with respect to B; is zero 


19,4 7 3.0 cm; ro, g, = 5.0 cm; rac = 8.0 cm; rcp = 4.0 cm 


0,— 10 rad/sec CCW (constant) 


B,on 1 C 
B40n3 


Figure P2.10 


P2.11 Forthe mechanism shown in Figure P2.11 
(a) determine the value(s) of 05 when the rotational 


speed of link 3 is zero 

(b) determine the average rotational speed of link 4 in 
the clockwise direction between those positions at 
which the rotational speed of link 3 is zero 

(c) specify all values of the angular position of link 2 
in the range 0 < 0; < 360° when there is no relative 
Coriolis acceleration between links 3 and 4 at point 
D;, and briefly describe your answer 
To,p, = 6.0 cm; To, p = 2.0 cm 


0, — 8.0 rad/sec CCW (constant) 


Figure P2.11 


P2.12 For the mechanism shown in Figure P2.12, deter- 
mine all values of 65 in the range 0 < 05 < 360° 
for which there is no relative Coriolis accelera- 
tion between D, and the point on the slide, link 3, 
which instantaneously coincides with D;. 


Top 5.0 cm; 0,= 6.0 rad/sec CCW (constant) 
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12.0 cm 


D, on 1 and 4 
D, on 3 


4.0 cm 


Figure P2.12 


Transmission Angle 


P2.13 For the given dimensions of a four-bar mecha- 
nism (see Figure 1.9), determine the minimum 
and maximum values of the transmission angle 
throughout a cycle. 


,=10.0cm; n-240cm; n =12.0 cm; r,28.0cm 


P2.14 For the given dimensions of a slider crank mecha- 
nism (see Figure 1.7), determine the minimum 
and maximum values of the transmission angle 
throughout a cycle. 


n-20cm; rn-40cm; n =12 cm 
P2.15 For the given dimensions of a four-bar mechanism 
(see Figure 1.9), generate a plot of the transmis- 
sion angle throughout a cycle of motion and indi- 
cate the locations of the minimum and maximum 
values. 


n =10.0 cm; n=2.0cm; n =12.0 cm; r,-8.0cm 


Instantaneous Centers 


P2.16 Locate all instantaneous centers of the mechanism 
(Gi shown in Figure P2.16. 


0,455; ry 57 2.5cm 


Figure P2.16 
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P2.17 Locate all instantaneous centers of the mechanism P2.20 For the mechanism in the configuration shown in 


@ ] shown in Figure P2.17. Gi Figure P2.20, determine the locations of all of the 
- — instantaneous centers. There is no slippage at the 
fog 2.0 in; Toso, = 1.5 in; eA 1.0 in; rolling pairs. 


Top = 3.0 in; 0,2 30* 


e» © 


Figure P2.20 


P2.21 For the mechanism in the configuration shown in 
Gi Figure P2.21, determine the locations of all of the 
— instantaneous centers. There is no slippage at the 


Figure P2.17 


P2.18 Locate all instantaneous centers, except P45, of the 
@ mechanism shown in Figure P2.18. 


10,0, = 6.0 cm; To,B, = 4.0 cm; foc = 12.0 cm; 
fep =7.0 cm; 0, = 30° 
6 
D 5 
G 
A 
1 4 
6.0 cm 
4// 25 
1 


rolling pairs. 


LA TU bon 
0, [^ Figure P2.21 
AT 
1 | 4 P2.22 For the mechanism in the configuration shown in 
| (9 j, Figure P2.22, determine the locations of all of the 
l — instantaneous centers. There is no slippage at the 
| rolling pair. 
03 | 
ZA 


Figure P2.18 


P2.19 For the mechanism in the configuration shown in 
Figure P2.19 determine the positions ofall ofthe instan- 
taneous centers. There is no slippage at the rolling pairs. 


JL 


Figure P2.22 


P2.23 For the mechanisms in the configurations shown 
Gi in Figure P2.23, determine the locations of all of 
1 l MN ~ the instantaneous centers. There is no slippage at 


Figure P2.19 the rolling pairs. 
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the instantaneous centers. There is no slippage at 


the rolling pair. 


A 
Y 
(b) 


Figure P2.25 


Instantaneous Centers, Mobility 


Figure P2.23 
P2.26 Forthe mechanism in the position shown in Figure 
@ P226 
P2.24 For the mechanisms in the configurations shown — (a) Specify the number of links, the types of kinematic 
@ in Figure P2.24, determine the locations of all of pairs, and the number of each type, and calculate the 
== the instantaneous centers. There is no slippage at mobility 
the rolling pair. (b) Determine the positions of all instantaneous centers 


'o,B, = 4.0 cm 


4 


ZISIS LLLI RLL LLALL LLALLA ALAZ 
1 


Figure P2.26 


P2.27 For the mechanism in the configuration shown in 


| (C ) Figure P2.27, four instantaneous centers are also 


Figure P2.24 — provided. 
(a) Specify the types of kinematic pairs, and the number 
P2.25 For the mechanisms in the configurations shown of each type, and calculate the mobility. 
(i in Figure P2.25, determine the locations of all of (b) Determine the positions of the instantaneous cen- 


Nen ters that have not been provided. 
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3,5 
B, on 2 and 4 
B, on 3 
P 4 
P 
Figure P2.27 
P2.28 For the mechanism in the configuration shown in 0 
(0 ;. Figure P2.28, six instantaneous centers are also 
— provided. 
a) Specify the types of kinematic pairs, and the number 
(a) Sp typ p 
of each type, and calculate the mobility. 
(b) Determine the positions of the instantaneous cen- 
ters that have not been provided. 
foc, 7 l.5in , 
Figure P2.29 


P2.30 For the mechanism in the configuration shown in 
' @ |, Figure P2.30, three instantaneous centers are also 
— provided. 
(a) Specify the types of kinematic pairs, and the number 
of each type, and calculate the mobility. 
(b) Determine the positions of the instantaneous cen- 
ters that have not been provided. 


Figure P2.28 


P2.29 For the mechanism in the configuration shown in 


@ | Figure P2.29, seven instantaneous centers are also 
== provided. 
(a) Specify the types of kinematic pairs, and the number 
of each type, and calculate the mobility. 


no slippage 
Figure P2.30 


(b) Determine the positions of the instantaneous cen- 
ters that have not been provided. 


To,p, = 5.0 cm 
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P2.31 For the mechanism in the configuration shown in 
(ct 
C provided. 


(a) Specify the types of kinematic pairs, and the number 
of each type, and calculate the mobility. 


Figure P2.31, six instantaneous centers are also 


(b) Determine the positions of the instantaneous cen- 


ters that have not been provided. 


slippage 


slippage 


Figure P2.31 


Force Analysis 


P2.32 For the crane shown in Figure P2.32, calculate the 
moment about point A exerted by the 120,000 N 
force supported by the hoisting cable of the crane 
for the position shown. 


Figure P2.32 


P2.33 Aconstruction worker shown in Figure P2.33 uses 
a 6-kg wheelbarrow to transport a 25-kg bag of 
cement. What force musthe exert on both handles? 
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cement 8 


y 


15 cm 15 cm 


Figure P2.33 


P2.34 In raising the massless pole from the position 
shown in Figure P2.34, the tension T in the cable 
must supply a moment about O of 72 kN-m. 


Determine T. 


Figure P2.34 


P2.35 A truck-mounted crane shown in Figure P2.35 is 
used to lift a 200-kg safe. (continued on the next 


page) 


Figure P2.35 
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Determine the reaction at the P2.39 One end of the rod AB shown in Figure P2.39 rests 
(a) front wheels in the corner A and the other is attached to cable 
(b) rear wheels BD. Neglect the effect of gravity. Determine 

(a) the reaction at A 


Merck = 2500 kg; Merane = 120 kg (b) the tension in the cable 


P2.36 For the link shown in Figure P2.36, replace the 
couple and force shown by a single force F applied 


at point D. Locate D by determining distance b. 


Figure P2.36 


P2.37 The lever AB shown in Figure P2.37 is hinged at 
O and attached to control cable at B. If the lever 
is subjected at A to a 200 N horizontal force, 
determine 
(a) the tension in the cable 
(b) the reaction at O 


Figure P2.39 


P2.40 A box weighing 10 N rests on the floor of an eleva- 
tor as shown in Figure P2.40. Determine the force 
exerted by the box on the floor of the elevator if 


(a) the elevator starts up with an acceleration of 


3 m/sec” 
(b) the elevator starts down with an acceleration of 
3m/sec? 
yy ` 
Figure P2.37 
P2.38 The lever shown in Figure P2.38 is to be designed 
to operate with a 200 N force. The force is to pro- 
vide a counterclockwise couple of 80 N-m at A. 
Determine dimension a. 
Figure P2.40 


P2.41 Rod OB shown in Figure P2.41 is supported 
by a base pivot at O and rests against a pin at A. 
Determine the reactions at O and A when a 200 
N horizontal force is directed to the right at B. 
Neglect the effect of gravity. 


Figure P2.38 
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30 cm 


30 cm 


|. 


32 cm >| 


Figure P2.41 


P2.42 Determine the constant force required to acceler- 


ate an automobile with mass 1000 kg on a level 
road from rest to 30 m/sec in 5 seconds. Gravity 
acts vertically downward (Figure P2.42). 


30 m/sec 


Figure P2.42 


P2.43 Determine the constant force required to acceler- 


ate an automobile with mass 1000 kg on a road 
with a 10? incline from rest to 30 m/sec in 5 sec- 
onds Gravity acts vertically downward (Figure 
P2.43). 


30 m/sec 


Figure P2.43 


P2.44 A freight elevator contains three crates as shown in 


Figure P2.44. The mass of the cage of the elevator 
is 1000 kg, and the masses of crates A, B, and C are 
200, 100, and 50 kg, respectively. At one instant, 
the elevator undergoes an upward acceleration of 
5 m/sec?. At this instant, determine 

(a) the tension in the cable 

(b) the force exerted by crate B on crate C. 
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LL 


Figure P2.44 


P2.45 


The solid disc shown in Figure P2.45 has a mass 
of 20 kg and a radius of 0.3 m. Block B has a mass 
of 5 kg. When a torque of T = 75 N-m is applied 
to the disc, determine the acceleration of block B 
and the tension in the cable. Gravity acts vertically 


downward. 


Figure P2.45 


Mechanical Advantage 


P2.46 


P2.47 


P2.48 


Derive Equation (2.15-13), the expression for the 
mechanical advantage of a translating-rotating 
mechanism. 


Derive Equation (2.15-14), the expression for the 
mechanical advantage of a translating-translating 
mechanism. 


For the mechanism shown in Figure P2.48, link 2 
is the input, and link 4 is the output. Determine 
the output force required to maintain static equi- 
librium for the position shown. Solve the problem 
by determining the mechanical advantage for the 
given configuration. 


n=13.0 cm; n-60cm; n-SScm; r4=10.0 cm 


0=70°; F,,=15.0N 


I T 
1 


PROBLEMS 


Figure P2.48 


P2.49 For the mechanism shown in problem P2.49 an 


external force of 20 N is applied to link 5 to the 
right. Determine the magnitude of the moment to 
be applied to link 2 of length 4.0 cm to keep the 
mechanism is static equilibrium. Solve the prob- 
lem by determining the mechanical advantage for 


the given configuration. 


SN 
N 
N 


Figure P2.49 


P2.50 For the mechanism shown in problem P2.50 an 


external moment of 40 N-cm counterclockwise 
is applied to link 2 of length 3.0 cm. Determine 
the magnitude of the moment to be applied to be 
applied to link 4 to keep the mechanism is static 
equilibrium. Solve the problem by determining the 
mechanical advantage for the given configuration. 


3 


Figure P2.50 


P2.51 
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For the mechanism shown in problem P2.51 an 
external force of 20 N is applied to link 2 to the 
left. Determine the magnitude of the force to be 
applied to be applied to link 4 along the line of 
action of the slide to keep the mechanism is static 
equilibrium. Solve the problem by determining the 
mechanical advantage for the given configuration. 


Figure P2.51 


P2.52 


P2.53 


P2.54 


For the mechanism shown in problem P2.26, 
determine the magnitude of the horizontal force to 
be applied to be applied to link 4 to keep the mech- 
anism is static equilibrium if a moment of 2.0 N-m 
counterclockwise is applied to link 2. Solve the 
problem by determining the mechanical advan- 
tage for the given configuration. 


"3,0, 7 4.0 cm 


The mechanism shown in Figure 2.39 has a total 
of three links. Derive an expression for the mag- 
nitude of the ratio of the torques to be applied to 
links 2 and 3 about their base pivots to maintain 
static equilibrium. Use the concept of mechanical 
advantage and the locations of the instantaneous 
centers. 


For the mechanism shown in Figure 2.40, link 6 
is the input, and link 2 is the output. Determine 
the output force required to maintain static equi- 
librium for the position shown if the input force 
is 60 N to the right. Solve the problem by deter- 
mining the mechanical advantage for the given 
configuration. 


GRAPHICAL KINEMATIC 
ANALYSIS OF PLANAR 
MECHANISMS 


INTRODUCTION 


In this chapter, graphical velocity and acceleration analyses of planar mechanisms are presented. 
Each analysis is suitable for one configuration of the mechanism and requires that the mechanism 
be drawn to scale in the position for which the analysis is to be completed. One method for velocity 
analysis employs the concept of instantaneous centers (Section 2.10). Another method involves 
construction of vector polygons of velocity and acceleration. All methods presented are based on 
material presented in Chapter 2. 


3.2 VELOCITY ANALYSIS USING INSTANTANEOUS CENTERS 


Instantaneous centers of a mechanism may be used to complete a velocity analysis for a single configu- 
ration of a planar mechanism. Since the linear velocity at instantaneous center P;; is identical for links i 
and j, it can be thought of as a transfer point of motion between links at the instant under consideration. 

A velocity analysis of a planar mechanism can be completed by carrying out the following 
general steps: 


1. Draw a diagram of the mechanism to scale, in the configuration under analysis. 
2. Obtain the locations of the instantaneous centers, which are required to complete the analysis. 
3. Express the velocities at the instantaneous centers based on input motions. For the crank, 
link 2, of the mechanism shown in Figure 2.37(b), the magnitude of the linear velocity of 
instantaneous center P, , may be expressed in terms of the rotational speed of link 2 as 
|F, |= rp, p, 921 (3.2-1a) 


4. Write the appropriate equations needed in calculating other velocities. When considering 
the instantaneous center between links i and j, we can state 


|Vp,, | CPP, |; |= TBP lÔ, | (3.2-1b) 


5. Complete the analysis by repeating the process until all required velocities are determined. 


For the velocity analysis of a mechanism, it may not be necessary to determine the location of all 
of the instantaneous centers. This will be demonstrated by examples. 
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EXAMPLE 3.1 VELOCITY ANALYSIS OF A SLIDER CRANK MECHANISM 


For the slider crank mechanism shown in Figure 3.1, determine velocity of the slider as a func- 
tion of the rotational velocity of link 2 for the position shown. Use the instantaneous centers. 


P 4A P 4A 
(Qoo (Qoo 
P 3 


Figure 3.1 


SOLUTION 
The instantaneous centers for this mechanism were determined in Example 2.6. 

The velocity of the slider can be determined by more than one method. For this example, 
two methods are presented. The first method progresses through the mechanism links and 
instantaneous centers from the input to the output. The second method determines the final 
result by considering transfer of motion through one instantaneous center. 


Method #1 

We consider instantaneous center P23. It is the transfer point of motion between links 
2 and 3. The linear velocity of this point is the same for both links. Considering that link 2 
revolves about P, 2 and for the instant considered link 3 revolves about P; 3, 


7», , |-|va|- TD oP lð, |= Dh Pas |ô; | (32-2) 


which gives 


^ Up Pn ^ S 
lé. - 7-6, en 


DP Po 3 


Instantaneous center P34, is the motion transfer point between links 3 and 4. Its magnitude 
of velocity, considering it as a point on link 3, is 


I7», | 7 |Vp | 7 f»,,»,. 193 | (32-4) 
Combining Equations (3.2-3) and (3.2-4) yields 


oig Pag 


RA (32-5) 


|vp|- We 
P415P55 
The slider, link 4, is undergoing pure translation. Therefore, velocity vy is the same for any 
point on this link. 
In the above analysis, instantaneous center P? 4 was not employed. 


(Continued) 
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EXAMPLE 3.1 Continued 


Method #2 
If we employ instantaneous center P, ,, then we consider transfer of motion directly between 
links 2 and 4. The speed of this instantaneous center expressed as a point on link 2 is 


|v»,.| = "PP 24 lô, | (3.2-6) 
Because the slider, link 4, is in pure translation 
lV, , |=|7b|= Up. Ban |8, | (9:972) 


In the above analysis, instantaneous centers P; 3 and P, 4 were not employed. It was also not 
required to determine the angular velocity of link 3. 


EXAMPLE 3.2 VELOCITY ANALYSIS OF AN INVERTED SLIDER CRANK 


MECHANISM 


For the inverted slider crank mechanism shown in Figure 3.2, determine the velocity of point 
B as a function of the rotational speed of link 2 for the position shown. Use the instantaneous 
centers. 


Figure 3.2 


SOLUTION 
The instantaneous centers for this mechanism were determined in Example 2.7. Two methods 
for determining the velocity of point B are presented. 


Method #1 


Instantaneous center P; , is the motion transfer point between links 2 and 4. Hence 
V», , |= |v4, |= a: |9,|= po [6] (32-8) 


(Continued) 
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EXAMPLE 3.2 Continued 


from which 


^ Tp P " 
|] 26, (329) 
Pi4Pya 


By inspection, the rotational speed of link 4 is in the counterclockwise direction. Also, links 
3and 4 are constrained to share the same rotational speed, 


[85] 7, | (32-10) 
The magnitude of the velocity of point B is 
[5| r»,. 518] (32-11) 


Combining Equations (3.2-9)- (32-11), the magnitude of the velocity may be expressed as 


UP Pan 


|Vs| rp, 5/93 |=", ,2 ae, [65 | (3.2-12) 


By inspection, the velocity is directed downward and to the left. 


Method #2 


Instantaneous center P is the motion transfer point between links 2 and 3. Hence 


(3.2-13) 


Dons 8, |= DD e; | 


Combining Equations (3.2-11) and (3.2-13), the magnitude of the velocity of point B may 
be expressed as 


Dans 


8, | (3.2-14) 


| m DEB |ô; |= Tp,,B 
P45P55 


EXAMPLE 3.3 VELOCITY ANALYSIS OF A MECHANISM INCORPORATING A 


TWO DEGREE OF FREEDOM PAIR 


For the mechanism shown in Figure 3.3, link 2 has a prescribed rotational speed in the clock- 
wise direction. Determine the rotational speed of link 3. Use the instantaneous centers. 


SOLUTION 
The instantaneous centers for this mechanism were determined in Example 2.8. 
The magnitude of the velocity of the instantaneous center P, 3 may be expressed as 


A D [MES fpi5P35 |95| (3.2-15) 


(Continued) 
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EXAMPLE 3.3 Continued 


Common 
normal 


Common 
tangent 


Figure 3.3 


from which 


Dy Poe 
r 


|ô;|= 


A (32-16) 


is? 22 


By inspection, the direction of the rotational speed of link 3 is counterclockwise, opposite 
that of link 2. 


EXAMPLE 3.4 VELOCITY ANALYSIS OF A SYSTEM WITH A TWO DEGREE 


OF FREEDOM PAIR 


Link 2 of the mechanism shown in Figure 3.4 has a circular shape with center at C, and exe- 
cutes full rotations about base pivot O>. Links 2 and 3 remain in direct contact as the mecha- 
nism moves. Using the instantaneous centers, determine 


(a) the magnitude and direction of rotational speed of link 3 when 9, = 0 
(b) the magnitude and direction of rotational speed of link 3 when 05 = 135° 
(c) all values of 0, in the range 0 < 0, < 360° for which the rotational speed of link 3 is zero 


10,0, 7 10.0 em ; fo,c = 2.0 cm; p = 3.0 cm 
6, =12.0rad/sec CCW (constant) 


By on 2 
B; on 3 


O; 0, 
Video 3.4 
Mechanism 
Incorporating a 
Two Degree of 
Freedom Pair Figure 3.4 Mechanism incorporating a two degree of freedom pair [Video 3.4]. 


(Continued) 
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EXAMPLE 3.4 Continued 


SOLUTION 

(a) The mechanism has three instantaneous centers all of which lie on the same straight line. 
There may be relative sliding and turning between links 2 and 3 and therefore the instan- 
taneous center between these links lies on the common normal that passes through the 
point of contact. Since link 2 is circular, the common normal always passes through point 
C, the center of the circle. When 05 = 0 (see Figure 3.5(a)), 


r =f = 2.0 cm 
B C P 2Ps 


r =r =r = 8.0 cm 
P sP PP P P 


Using Equation (3.2-1b), the rotational speed of link 3 is 


[AE mana o, I=; SCI20- anm 
PiP 23 
6,=3.0 S5 cw 
sec 


(b) When 6; = 135? (see Figure 3.5(b)), we apply the cosine law to triangle O;04C 


ERO 2 ; = 
up ene eun TP, 3P 3 TP, CPP, COS 05; Solving: Tp c= 11.5 cm 


and apply the sine law 

r, f 

2 inue Solving: & = 7.1? 

sina,  sinO, 
For triangle BO3C we have 

agas: ing: B =15.1° 
sinB = ; Solving: B=15.1 
ke 
and 
PaB : 
cosp = z Solving: rp 5—-11.lcm 


PC 


For triangle BP, 3P23 we have 


- 
cos(a B) = : spe? 


PPs 


; Solving: Tp, p,, 7 12.0 cm 


From Figure 3.5(b) we obtain 


in P5 z n Bs = Tha P 3 j Solving: Tpz B 2.0 cm 
Using Equation (3.2-1b), the rotational speed of link 3 is 


To Pun 2.0 rad 


6,|- 6, |= ——12.0 =2. fcc 
[&|- — —-[6,] Tm 


137 23 


6, =2.0 5 cow 


(Continued) 
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EXAMPLE 3.4 Continued 


Line of centers 


O a 


Limit 
geometry 1 


Figure 3.5 


(Continued) 
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EXAMPLE 3.4 Continued 


(c) By inspection of Equation (3.2-1b), for the rotational speed of link 3 to be zero we 
require 


r =0 
P Ps 


The two corresponding geometries of the mechanism are shown in Figure 3.5(c). For 
limit geometry 1, we have 


domm p+ Dae = §.0 cm 
-l TB Ph o 
(05), =cos | —— |= 60 


D a 


and for limit geometry 2, we have 


foai = Ptr, sC =1.0 cm 


-1| 'P, 5B 

(0), =180° + cos™| == |= 264.2° 
Tp, ,P, 
2,3153 


EXAMPLE 3.5 VELOCITY ANALYSIS OF A SIX-LINK MECHANISM 


For the mechanism shown in Figure 3.6, determine the velocity of link 6 as a function of the 
rotational speed of link 2 for the position shown. Employ instantaneous centers. 


* P, 


P se Oxy, * Ps 


* P3 


Figure 3.6 Instantaneous centers of a six-link mechanism. 


SOLUTION 
The instantaneous centers for this mechanism were determined in Example 2.9. The speed of 
P, 6 expressed as a point on input link 2 is 


Vp, =p p [03] (G27) 


(Continued) 
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EXAMPLE 3.5: Continued 


Because the slider is in pure translation, we obtain 


Uy eUnenc qe (32-18) 


In the above analysis, it was not necessary to determine the angular velocities of links 3 
through 5, inclusive. 


EXAMPLE 3.6 VELOCITY ANALYSIS OF A WHEELED SYSTEM 


For the mechanism shown in Figure 3.7(a), wheel 2 rotates in the counterclockwise direction 
at 8.0 rad/sec about the base pivot O; while link 3 rotates at 4.0 rad/sec in the clockwise direc- 
tion about the same base pivot. Wheel 4 is connected to link 3 through a turning pair and to 
wheel 2 through a rolling pair. For the position shown, locate all instantaneous centers and use 
them to determine the rotational speed of wheel 4. 


n =15.0 cm; r,-9.0cm 


1 


Video 3.7 
Wheeled Syst 
sitet as Figure 3.7 Wheeled system [ Video 3.7]. 


SOLUTION 

The mechanism has a total of six instantaneous centers. The locations of five, P1», P, 5, P2,3, P2,4, 
and P3 4 are determined by examining the kinematic pairs and are indicated in Figure 3.7(b). 
For the instantaneous centers P, 4 and P34 we have 


cm 
Ue = Tp p, , 9 =1,8, =15.0 x 8.0 = 120— 


cm 
p rn = DERT 65 = gU 

and these results are illustrated in Figure 3.7(b). 
The only remaining instantaneous center that still needs to be determined is P, 4. Using 
Kennedy’s Theorem, we know that P; 4 lies on the line containing P; and P, 4 as well as on 


(Continued) 
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EXAMPLE 3.6 Continued 


the line with P; ; and P} 4. However, since these two lines are collinear, there is no unique point 
of intersection to determine the location of P; 4. Instead, we realize that the velocities of the 
instantaneous centers P 4 and P5, are parallel and are both associated with link 4. This is an 
example of the condition illustrated in Figure 2.34(c). There is a linear distribution of velocity 
on link 4 between the two instantaneous centers and the point of zero velocity on link 4, which 
is P, 4, is shown in Figure 3.7(b). Therefore 


Y 120 
zs rp 7 —— — — —— 9.0 cm = 5.0 cm 
UD 120 -(=96.0) 


DD Bon 
use up UP 


The rotational speed of link 4 is then 


d 


c 


DES 
Rahs 16 |- 19059. 5, 9n 
if 5.0 se 


14 2,4 ii 


[AES 


^ d 
8, = 240 CW 
sec 
Since the center of wheel 4 moves along a circular path relative to the base link, this mecha- 
nism is called a planetary gear train. Chapter 6 provides a detailed coverage of the many types 
of planetary gear trains and presents an alternative method of velocity analysis. 


3.3 VELOCITY POLYGON ANALYSIS 


For a given configuration of a planar mechanism, it is possible to construct an associated velocity 
polygon. This polygon corresponds to a single configuration of the mechanism and is a graphical 
representation of all the relative velocities that occur between selected points of interest of the 
mechanism. Once constructed, it is possible to determine the absolute velocity of any point, the 
relative velocity between any two points, or the rotational velocity of any link. 

To construct a velocity polygon, the following general steps are required: 


1. Drawa diagram of the mechanism to scale, in the configuration under analysis. 

2. Setupa polar diagram, where every point with zero velocity is at the origin (pole point) Oy. 

3. Starting from the pole point, add velocity vectors that can be readily calculated. For 
instance, consider those based on prescribed input motions with respect to the base 
link. 

4. Write the appropriate relative velocity equations to aid in calculating and adding other 
velocity vectors. 

S. Proceed through the mechanism until all points of interest are analyzed. 


The velocity polygon can then be employed to determine the absolute and relative velocities. This 
procedure is illustrated in the following examples. 
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EXAMPLE 3.7 VELOCITY ANALYSIS OF A FOUR-BAR MECHANISM 


For the four-bar mechanism shown in Figure 3.8(a), the link lengths are 
foo, =% 7 80cm; fo, g =h =3.5cn 


Tgp = = 10.0 cm; m= us 9.0 cm 
The input rotational speed is 


; 2 
0, = 350 rpm CCW = 350 x c5 rad/sec CCW = 36.7 rad/sec CCW 


Determine the rotational speeds of links 3 and 4 for the position shown through construc- 
tion of a velocity polygon. 


(Note: Drawings of polygons have been scaled down.) 


Drawing of vg 
Oy 


Scale: 1 cm = 25 cm/sec 


0 2 4 cm 


Line of action 


is Line of action 
of Vpg 


Line of of Vpg 


action of Vp 


Oy Line of action 
of Vp 
(c) (d) 


Figure 3.8 Mechanism and velocity polygon [Video 3.8]. 
(Continued) 
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EXAMPLE 3.7 Continued 


D 


B Scale: 1 cm = 25 cm/sec 


0 D 4 cm 


VDB 
(250 cm/sec) 


Vp (168 cm/sec) 


(e) 
Figure 3.8 Mechanism and velocity polygon [Video 3.8] (continued). 


SOLUTION 
Base pivots are designated as O, and O4. The velocities of these points are zero and will there- 
fore be located at the pole point of the velocity polygon. The two moving turning pairs are 
designated as B and D. 

Construction of the velocity polygon begins with determining the velocity of point B since 
it is at the distal end of link 2 and moves relative to point O2. The appropriate relative velocity 
equation is 


Vg = Vo, + Mp0, (3.3-1) 


However, since O, has zero velocity, the relative velocity between points B and O, also 
represents the absolute velocity of point B, so the vector is drawn from the pole point. Also, 
point B is separated from point O; by a fixed distance, and therefore from Section 2.5.1 the 
direction of the relative velocity of point B must be perpendicular to line segment O5B on the 
mechanism, that is, 


Vg —Vpo, = n9100, (3.3-2) 
The magnitude of the velocity is 
vg —|vg|- |nô, |= 3.5 cm x 36.7 rad/sec = 128 cm/sec 


The direction of this velocity is determined by inspecting the direction of the rotational 
speed of link 2. Using a selected scale of 


1 cm =25 cm/sec (3.3-3) 


vector Vg is added to the polygon, and the head of this vector is labeled as B. Figure 3.8(b) 
illustrates how a pair of drafting triangles is used to draw this velocity vector. One edge of a 
triangle is placed parallel to line segment O5B on the mechanism. A second triangle is butted 
up against another edge of the first triangle as shown. While holding the second triangle sta- 
tionary, the first triangle is slid into the position whereby an edge touches the pole point. By 
inspection of Figure 3.8(b), the edge touching the pole point is perpendicular to link 2 and can 
therefore be used to draw the velocity vector. Triangles can also be easily employed to draw 
vectors, as required, that are parallel to line segments on the mechanism. 

Next, we seek to determine the velocity of point D. We recognize that D moves relative to 
point O,, and 


Vp — Vo, + Ypo, (3.3-4) 


(Continued) 
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EXAMPLE 3.7 Continued 


Since the distance between D and O, is constant, we conclude that the relative veloc- 
ity between these points is perpendicular to the line joining the points on the mechanism 
(Figure 3.8(c)), that is, 


T= Vpo, = 748, Too, (3.3-5) 


Since O; is fixed, we draw in the line of action of vj from the pole point (Figure 3.8(d)). 
However, we do not yet know the magnitude of this vector. Also, the direction has yet to be 
determined. 

Point D on the mechanism also moves relative to point B, and therefore we employ the 
relation 


Tp = Tg + Vpg (3.3-6) 


Since B and D are separated by a fixed distance, the corresponding relative velocity is per- 
pendicular to the corresponding direction on the mechanism (Figure 3.8(c)), that is, 


Vpg— 739379, (3.3-7) 


Since the velocity of point D in Equation (3.3-6) is expressed with respect to the velocity of point 
B, the line of action of the relative velocity is added to the polygon starting from B (Figure 3.8(d)). 
Although we know the line of action, we do not know the magnitude and direction of this vector. 

The velocity of point D is unique. In order to satisfy the relative velocity expressions, 
Equations (3.3-5) and (3.3-7), as well as the lines of action of the velocities, the head of the 
velocity of point D must lie at the intersection of the two lines of action (Figure 3.8(d)). This is 
designated as point D on the polygon. The absolute velocity of point D and the relative velocity 
between points B and D are labeled. The completed velocity polygon is given in Figure 3.8(e). 
Note also, as illustrated in Figure 3.8(f), that 


VDB = —Vpp (3.3-8) 


Now that the velocity polygon has been completed, it is possible to determine the magni- 
tudes and directions of angular speeds of links 3 and 4. To do this, we measure speeds from the 
polygon employing the scale given by Equation (3.3-3). The results are 


Vpp= 250 cm/sec; vp =168 cm/sec 


Considering the magnitudes of Equation (3.3-7) and rearranging, we obtain 


. 250 
[ES “DB 7 = 25,0rad/sec 
^ 100 


Similarly, from Equation (3.3-5), the magnitude of the rotational speed of link 4 is 


. v 168 
6, |= Æ = — =18.7rad/sec 
| «| ™% 9.0 


The direction of rotational speed of link 3, with points B and D at its ends, may be found by 
examining the direction of the relative velocity v. This relative velocity is that of D with respect to 
B. That is, if we were to view point D from B on the mechanism, we would see it moving to the right. 
This corresponds to the link turning in the clockwise direction. This is illustrated in Figure 3.8(f). 

We would obtain the same result if we were to use the relative velocity v5; In this case, 
we see point B moving to the right with respect to point D, once again leading us to the 


(Continued) 
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EXAMPLE 3.7 Continued 


conclusion that the link is turning in the clockwise direction. A similar analysis for link 4 
reveals that it is also turning in the clockwise direction. Therefore, the rotational speeds of 
links 3 and 4 are 


6; = 25.0 rad/sec CW; 6, =18.7 rad/sec CW 


As an illustration of relative velocity, consider the four-bar mechanism shown in Figure 3.9. The 
coupler is isolated in Figure 3.9(a). At the ends of the link, the relative velocities are shown. For 
the configuration shown in Figure 3.9(b), the rotation of the coupler is in the clockwise direction. 
The angular arrow indicates the direction of rotational speed. Later in the cycle, as for instance 
Video 3.8 shown in Figures 3.9(c) and 3.9(d), rotation of the coupler is in the counterclockwise direction. 
Mechanism and [Video 3.8] provides an animated sequence of the construction of the velocity polygon 
presented in this example. 


Velocity Polygon 


Video 3.9 
Illustration of (c) 
Relati lociti 
viene Venetis Figure 3.9 Illustration of relative velocities [Video 3.9]. 


EXAMPLE 3.8 VELOCITY ANALYSIS OF A FOUR-BAR MECHANISM WITH A 
COUPLER POINT 


Consider the same four-bar kinematic chain as in Example 3.7. Coupler point C is added to 
link 3 as shown in Figure 3.10. Determine the velocity of the point C. 


Scale: 1 cm — 25 cm/sec 


0 2 4 cm 


(a) 
Figure 3.10 (a) Mechanism. (b) Velocity polygon. 


(Continued) 
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EXAMPLE 3.8 Continued 


SOLUTION 
We begin by drawing the portion of the velocity polygon that is the same as that for Example 3.7. 


Then we consider the velocity of the point C, first with respect to point B. The appropriate rela- 
tive velocity equation is 


Te = Vp Veg (3.3-9) 


Since points B and C are separated by a fixed distance, the relative velocity between these 
two points is in a direction perpendicular to the line segment joining these points on the mech- 
anism. Furthermore, since C is moving with respect to B, the line of action ofits relative veloc- 
ity vector is drawn starting from point B on the polygon. However, we do not yet know the 
magnitude and direction of this vector. 

Ina similar fashion, the velocity of the point C moves relative to the point D. The appropri- 
ate relative velocity equation is 


Te = V + Tcp (3.3-10) 


The relative velocity between C and D on the mechanism is perpendicular to the direction 
of the line segment joining these points. In this instance, the line of action of this relative veloc- 
ity is drawn from point D of the polygon. 

Since the velocity of the point C is unique and must satisfy both Equations (3.3-9) and 
(3.3-10), the head of the velocity vector of point C must lie at the intersection of the two lines 
of action of the relative velocities. This is labeled as point C on the polygon. The relative veloci- 
ties between points B, C, and D are labeled. The absolute velocity of point C is then found by 
drawing a vector from the pole point to point C. The result is 


|vc | 2 181 cm/sec 


The direction of this velocity is indicated on the polygon in Figure 3.10(b). The velocity of 
point C may be broken into its Cartesian components, as shown. The results are 


(vc), = 87 cm/sec; (vc), 2189 cm/sec 


3.4 VELOCITY IMAGE 


A useful tool for obtaining the velocity of any point on a link, using a velocity polygon, is referred 
to as the velocity image. 

All points within a link are separated by fixed distances as the mechanism moves. Therefore, the 
relative velocities between a pair of points on the same link will be in a direction perpendicular to 
a line joining those two points on the mechanism. Furthermore, the magnitude of relative velocity 
equals the distance on the mechanism multiplied by the rotational speed of the link. However, since 
the rotational speed of a link is unique, the separation of points on the same link in the velocity 
polygon is proportional to the distance separating the corresponding points on the mechanism. 

As an illustration, reconsider Example 3.8. The velocity polygon is redrawn in Figure 3.11(b). 
Expressions for magnitudes of relative velocities between points B, C, and D are indicated. 
Since 6, is common to all of the expressions, the triangle defined by points B, C, and D on the 
mechanism (Figure 3.11(a)) is similar to its image that is defined by points B, C, and D in the 
velocity polygon (Figure 3.11 (b)). 

Once the velocity image of a link in the velocity polygon has been established, it is a simple 
matter to find the velocity of any point on the link. For instance, point E on the mechanism shown 
in Figure 3.11(a) is found on its image in the velocity polygon. The absolute velocity of that point 
then corresponds to a vector drawn from the pole point to point E on the polygon. 
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Oz 
ZZZZ Ña 4 
1 1 
(a) (b) 
Figure 3.11 Example of velocity image: (a) Mechanism. (b) Outline of velocity polygon. 


>x 


Velocity images of links 2 and 4 also appear in the velocity polygon. The image of link 2 is 
between the pole point and point B on the polygon, and the image of link 4 is between the pole 
point and point D on the polygon. 

Further examples of velocity polygon analyses that incorporate velocity images are provided 
below. 


EXAMPLE 3.9 VELOCITY ANALYSIS OF A SLIDER CRANK MECHANISM 


For the slider crank mechanism shown in Figure 3.12(a), the link lengths are 
fo,g7 ^ — 3.5 in; tgp =1,= 9.0 in 


The input rotational speed is 


0, = 500 rpm CCW = 52.4 rad/sec CCW 


Determine the rotational speed of link 3 and the velocity of point C for the position shown. 


Scale: 1 in = 40 in/sec 


1 2 in 


Oy 


(a) (b) 
Figure 3.12 (a) Mechanism. (b) Velocity polygon. 


(Continued) 
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EXAMPLE 3.9 Continued 


SOLUTION 
The speed of B is 


vg | 56, | = 3.5 in X 52.4 rad/sec = 183 in/sec 


and the vector is added to the polygon starting from the pole point. Point B is labeled on the 
polygon in Figure 3.12(b). 

The slider, designated as point D, moves with respect to the base link. Therefore, its line of 
action of velocity is drawn through the pole point. However, at this instant, we do not know 
the magnitude and direction of this vector. 

Point D on the mechanism also moves relative to point B, and therefore we employ the 
relation 


Tp = Tg + Vpg (3.4-1) 


The line of action ofthe relative velocity is added to the polygon, starting from B. The intersec- 
tion ofthe two lines of action gives point D on the polygon. Vectors vp and Vp, are labeled. 

Using the same procedure as presented in Example 3.8, point C is determined on the poly- 
gon. Alternatively, C may be located by means of the velocity image. Then, v. , veg, and Vep 
are labeled. 

Similar to the analysis performed in Example 3.7, by examining the direction of vj, the 
direction of the rotational speed of link 3 is determined to be in the clockwise direction. 

The magnitude of the rotational speed of link 3 is found by measuring 


Vppg —138 in/sec 
and therefore 


138 
sm = = =15.3 rad/sec CW 


|%|=91 in/sec 


The direction of v; is given on the polygon. 


EXAMPLE 3.10 VELOCITY ANALYSIS OF AN INVERTED SLIDER CRANK 


MECHANISM 


For the inverted slider crank mechanism shown in Figure 3.13(a), the link lengths are 
Qon 5.0 in; lon 5h = 6.0 in 


The rotational speed of link 2 is 


0, = 30.0 rad/sec CW 


(Continued) 
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EXAMPLE 3.10 Continued 


Determine the velocity polygon for the mechanism and the rotational speed of link 3 for 
the given configuration. 


Scale: 1 in = 50 in/sec 


B, on 2 and 4 _——— i 
B3 on 3 0 1 2 in 
7 
C CB, B, 


(a) 
Figure3.13 (a) Mechanism. (b) Velocity polygon. 


SOLUTION 
The speed of B; is 


Vp = 159, | = 6.0 in X 30.0 rad/sec = 180 in/sec 


The velocity of B; is drawn on the polygon. 
Next, we consider the velocity of point B5, and note that 


(3.4-2) 


Vg, — VB40, — 750,83 185,03 


where 
TB.0, = 5.57 in 


is measured from the scaled diagram. 
The line of action of the velocity of B5 is added to the polygon starting from the pole point. 
We now examine the motion of B; with respect to B}, employing 


(3.4-3) 


Vg. =p, nal [38 


In Equation (3.4-3), Vs, is known. In addition, from the special case of a slider moving on a 
straight slide presented in Section 2.5.2, in this instance we have 


Tn Sah (3.4-4 
VB,B, TB,B, !ry o. ) 


The line of action of this relative velocity, which is along the direction of the slide, is added to 
the polygon, starting from B2. The intersection of the two lines of action gives point B; on the 


polygon. 
Similar analyses as in previous examples leads to the determination of point C on the 


polygon. All vectors in the polygon can now be labeled, as shown in Figure 3.13(b). 


(Continued) 


118 CHAPTER 3 GRAPHICAL KINEMATIC ANALYSIS OF PLANAR MECHANISMS 


EXAMPLE 3.10 Continued 


Now that the polygon has been completed, the sliding velocity between points B5 and B; 
has a magnitude 


Vp.p, i33 |=140 in/sec 


and the magnitude of the absolute velocity of B; is 


Vp, — Ugo, = 113 in/sec 
The rotational speed of link 3 is 


a wv 11 
9, = 22 = 2 = 20.3 rad/sec CW 
"BO, 5.857 


where the direction of the rotational speed has been found by examining the direction of vy. 
and the location of B, with respect to O,. 


EXAMPLE 3.11 VELOCITY ANALYSIS OF A SIX-LINK MECHANISM 


For the mechanism shown in Figure 3.14(a), the link lengths are 
10,0, =" 7 20in; rgo, =% =10in; rgp—r,—3 Sin 
rgc720in; rpo, 21, =2.0in; rgc=l1.5in 
The input rotational speed is 


6, = 400 rpm CCW = 41.9 rad/sec CCW 


Determine the velocity polygon of the mechanism and the rotational speeds of links 3, 4, 
and 5 for the given configuration. 


Scale: 1 in = 10 in/sec 
je —||—— 


1 2 in 


Vp (48) 


(a) (b) 
Figure 3.14 (a) Mechanism. (b) Velocity polygon. 
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EXAMPLE 3.11 Continued 


SOLUTION 


The following procedure is employed: 


Calculate vg 

T= [1,05 |=1.0 in X 41.9 rad/sec = 41.9 in/sec 
Locate B on the polygon. 
Employ 


To= Mar Pom (34-5) 
and draw lines of action of vp and vpg to locate D on polygon. 


Locate C using the velocity image. 
Employ 


Vg, — Vc * Vg.c (3.4-6) 


and draw the lines of action of v; and v; ç to locate E; on the polygon. 


Label all vectors. The completed velocity polygon is shown in Figure 3.14(b). Magnitudes 
of the velocities are indicated in parentheses. 
The rotational speeds are 
0, = tpn a =12.9 rad/sec CCW 
13. 3:8 


: 8 
0,= ae Sud = 24.0 rad/sec CCW 
f4 2.0 


v 
EC = = 26.0 rad/sec CW 


3.5 ACCELERATION POLYGON ANALYSIS 


The acceleration polygon method has many similarities to the velocity polygon method. However, 
in order to complete an acceleration polygon, results from the velocity polygon analysis must first 
be obtained. Values of rotational and sliding velocities are needed to determine the normal and 


Coriolis accelerations. 


To construct an acceleration polygon, the following general steps are required: 


. Drawa diagram of the mechanism to scale, in the configuration under analysis. 
. Set up a polar diagram, where every point with zero acceleration is at the origin 


(pole point) O4. 


. Starting from the pole point, draw in acceleration vectors that can be readily calculated. For 


instance, consider those based on prescribed input motions with respect to the base link. 
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4. Write the appropriate relative acceleration equations to aid in calculating and constructing 
other acceleration vectors. 
5. Proceed through the mechanism until all points of interest are analyzed. 


The acceleration polygon can then be employed to determine absolute and relative accelerations. 
This will be illustrated by the following examples. 


EXAMPLE 3.12 ACCELERATION ANALYSIS OF A FOUR-BAR MECHANISM 


WITH CONSTANT INPUT SPEED 


Consider the four-bar mechanism presented in Example 3.7 (refer to Figure 3.8). Pertinent 
information required from the velocity analysis is illustrated in Figure 3.15(a). The rotational 
speed of link 2 is constant. Determine the angular accelerations of links 3 and 4 for the position 
shown by constructing an acceleration polygon. 


Scale: 1cm = 1000 cm/sec? 


{jf 
0 2 4 cm 


6) = 36.7 rad/sec 
(const) 


(a) (b) 
Figure3.15 (a) Mechanism. (b) Acceleration polygon [Video 3.15]. 


SOLUTION 
For this example, all the kinematic pairs are separated by fixed distances. Therefore, from 
Section 2.7.1, we need only concern ourselves with normal and tangential components of rela- 
tive acceleration. 

Construction of the acceleration polygon begins by determining the acceleration of point 
B, which is separated from O; by a fixed distance. Using Equation (2.7-4), we obtain 


43 = 4go, = (-7,63)i,,., * (n8; Jiono, 
= (aN), Jing, (ado, Jio, (3.5-1) 
Furthermore, since 
ô, = constant; 6, =0 
Equation (3.5-1) reduces to 


üg— (75,82 em (3.5-2) 


(Continued) 
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EXAMPLE 3.12 Continued 


The direction of the acceleration of B must be in the negative radial direction of the line seg- 
ment defined by points O, and B. The value is 


al = —r02 = —3.5x 36.7” =—4710 cm/sec” 


Using the scale 
1cm = 1000 cm/sec” (3.5-3) 


the acceleration vector of point B is drawn relative to the pole point. 
Next, we seek to determine the acceleration of point D. We recognize that D moves relative 
to point O4 so we write the relative acceleration equation 


īp = lip, + Apo, (3.5-4) 


Since the distance between D and O, is constant, the relative acceleration is 


= 42 \> X wr 
apo, = (71,91) E (r494) 150, 
N m T = 
= (apo, ) hx (4po,) iono, (3.5-5) 


Using the value of rotational speed from Example 3.7, the normal acceleration component is 
apo, = r9; = -9.0 x 18.7” = —3150 cm/sec? 


From the pole point, we draw the normal component of acceleration, and from the head of 
the vector for normal acceleration, the line of action of the tangential component. We do not 
yet know the magnitude of the tangential component. Also, the vector may point in one of two 
possible directions and still be perpendicular to the line segment defined by point D and O,. 
This direction has yet to be determined. 

Point D on the mechanism also moves relative to point B. Also, points B and D are sepa- 
rated by a fixed distance. We employ the following relative acceleration equation: 


dp = dg + App (3.5-6) 


where 


a (7162)1, + (1,83 )io,, 


TDB 
- (ai, (abs) io, (3.5-7) 


The normal acceleration component is 


ang = -%07 = —10.0 x 25.07 = —6250 cm/sec” 


The relative acceleration ap, in Equation (3.5-6) is with respect to point B. Therefore, the 
normal acceleration component and the line of action of the tangential acceleration are added 
to the polygon starting from the point B. For the tangential component, we only know the line 
of action, not its magnitude and direction. 

It must be recognized, however, that the acceleration of point D is unique. In order to sat- 
isfy the relative acceleration expressions, Equations (3.5-4) and (3.5-6), as well as the lines of 
action of the tangential acceleration components, the head of aj must lie at the intersection of 


(Continued) 
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EXAMPLE 3.12 Continued 


the two lines of action. This is designated as point D on the polygon. The completed accelera- 
tion polygon is given in Figure 3.15(b). 

Now that the acceleration polygon has been completed, it is possible to determine the mag- 
nitudes and directions of angular accelerations of links 3 and 4. To do this, we measure the tan- 
gential components of acceleration from the polygon employing the scale given by Equation 
(3.5-3). The result is 


ane = 9080 cm/sec”; ap =15,300 cm/sec” 


Considering only the tangential component of Equations (3.5-5) and (3.5-7), expressions for 
the magnitude of the angular acceleration of links 3 and 4 are 


T 


3t 
* lf. We Um 3.5-8 
[BE eS 


Substituting values in Equations (3.5-8) gives 


T 
5 9080 
[ES “pp _ 7 -908 rad/sec? 
do 10.0 


15,300 
9 


T 
[6,|- 22. = =1700 rad/sec? (3.5-9) 
4 


The direction ofthe angular acceleration of link 3, with points B and D at its ends, may be found 
by examining the direction of eon This relative acceleration is as seen with respect to point B. 
That is, if we were to view D from B on the mechanism, we would see it accelerating upward 
and to the left. This corresponds to the link at this instant having an angular acceleration in the 
counterclockwise direction. This is illustrated in Figure 3.16. Alternatively, we could obtain 
the same conclusion regarding the direction ofthe angular acceleration by employing the rela- 
tive acceleration ag, where 


Pol dh 
“pp ~~ "DB (3.5-10) 


as is illustrated in Figure 3.16. 


" 
app 


Figure3.16 Relative components of tangential acceleration between points B and D. 
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EXAMPLE 3.12 Continued 


A similar analysis for link 4 reveals that it has an angular acceleration in the counterclock- 
wise direction at the same instant. Therefore, the angular accelerations of links 3 and 4 are 


0,— 908 rad/sec? CCW; 6, =1700 rad/sec? CCW 


Since the direction of angular acceleration for both links (i.e., counterclockwise) is oppo- 
site to that of the angular velocity (i.e., clockwise), both links in this position are undergo- 
ing an angular deceleration—or in other words, slowing down. If directions of angular velocity 


Video 3.15 and angular acceleration for a link were the same, the link would be undergoing an angular 
Mechanism and acceleration—in other words, speeding up. 

Acceleration [Video 3.15] provides an animated sequence of the construction of the acceleration 
BUE polygon presented in this example. 


EXAMPLE 3.13 ACCELERATION ANALYSIS OF A FOUR-BAR MECHANISM 


WITH VARIABLE INPUT SPEED 


Consider the four-bar mechanism presented in Example 3.12. The configuration of the mecha- 
nism and the instantaneous value of the input rotational speed of link 2 are the same as given 
in Example 3.12. However, link 2 is decelerating at the rate 


Ö, = 600 rad/sec? CW 


Determine the angular accelerations of links 3 and 4 for the position shown by constructing 
an acceleration polygon. 


SOLUTION 
Since the configuration of the mechanism and input rotational speed are the same as for 
Example 3.12, so too are the rotational speeds of links 3 and 4, as well as the normal compo- 
nents of acceleration. 
Using Equation (2.7-4), the acceleration of point B is 
dg = dgo, = (7n93)1,.. * (n8, Jiono, 

ET PANT bee 

= (—3.5 x 36.7 Vise, + [3.5 x (-600)] iso, 

= (—4710) in (72100). 

um T 27d 

= (450, ) peus (450, ) 1050, (3.5-11) 

This acceleration is added to the polygon, starting from the pole point. The remainder of the 


construction of the acceleration polygon is similar to that presented in Example 3.12. From the 
polygon shown in Figure 3.17(b), we measure 


abp = 13,200 cm/sec”; ap = 18,000 cm/sec” 


from which, using Equations (3.5-8), the angular accelerations of links 3 and 4 are 


6; =1320 rad/sec? CCW; 0,=2000 rad/sec? CCW 


(Continued) 
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EXAMPLE 3.13 Continued 


Scale: 1 cm = 1000 cm/sec? 


0 2 4 cm 


63 = 25.0 rad/sec 


6, = 18.7 rad/sec 


6, — 36.7 rad/sec 


WITTE ve T 
1 6) =600rad/sec> 1 
(a) (b) 
Figure3.17 (a) Mechanism. (b) Acceleration polygon. 


EXAMPLE 3.14 ACCELERATION ANALYSIS OF A FOUR-BAR MECHANISM 
WITH A COUPLER POINT 


Consider the four-bar mechanism presented in Example 3.8 (Figure 3.10), where coupler 
point C has been added to link 3. The mechanism is redrawn in Figure 3.18(a). The rotational 
speed of link 2 is constant. Determine the acceleration ofthe point C. 


I9 
Scale: 1 cm = 1000 cm/sec? 


(a) (b) 
Figure 3.18 (a) Mechanism. (b) Acceleration polygon. 


SOLUTION 

We begin by drawing the portion of the acceleration polygon that is the same as that given in 
Example 3.12. Then we consider the acceleration of point C first with respect to point B. The 
appropriate relative acceleration equation is 


ac = dg + acg (3.5-12) 


Since points B and C are separated by a fixed distance, Gp has only normal and tangential 
components. The normal component is in the negative radial direction of the line segment 


(Continued) 
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EXAMPLE 3.14 Continued 


connecting the two points on the mechanism. The tangential component is in a direction per- 
pendicular to the line segment. Furthermore, this relative acceleration is with respect to mov- 
ing point B and will be drawn starting from point B on the polygon. 

We start with the normal component, since both its value and direction may be determined. 
The value of the normal acceleration is 


al =—Ton03 = —(3.0^ + 4.07)” x 25.0* = —3130 cm/sec” 


which is drawn on the polygon. Also drawn is the line of action of dos . However, at this instant, 
we do not know its magnitude and direction. 

In a similar fashion, the acceleration of point C moves relative to point D. The appropriate 
relative acceleration equation is 


gcc p Gap (3.5-13) 


where the normal component of a is 


a, = -rcp = —8.06 x 25.0? = —5040 cm/sec” 


This normal component, along with the line of action of agp, are added to the polygon, starting 
from point D. 

Since the acceleration of point C is unique and must satisfy both of the requirements as 
given in Equations (3.5-12) and (3.5-13), point C on the polygon must lie at the intersection 
of the two lines of action of the relative tangential accelerations. The absolute acceleration of 
point C is then found by drawing a vector from the pole point to point C. The vector drawn 
gives the direction, and employing the same scale as other vectors in the polygon, the magni- 
tude may be determined. The magnitude is 


[ac | * 9740 cm/sec” 


The completed acceleration polygon is shown in Figure 3.18(b). The acceleration of point 
C maybe broken into its Cartesian components, as shown. The results are 


ac),— —8050 cm/sec”; (ac), — —5740 cm/sec” 
(61/53 Cly 


3.6 ACCELERATION IMAGE 


A useful tool for obtaining the acceleration of any point on a link from an acceleration polygon is 
referred to as the acceleration image. 

All points within a link are separated by fixed distances. Therefore, the relative accelerations 
between a pair of points on the same link can have only normal and tangential components of 
relative acceleration. That is, there are no sliding or Coriolis components of relative acceleration 
between points on the same link. The magnitudes of the normal and tangential components of 
relative acceleration, as given by Equations (2.6-3) and (2.6-7), are proportional to the distances 
between the points. In addition, the normal acceleration componentis dependenton the rotational 
speed of the link, whereas the tangential component is proportional to the angular acceleration. 
However, since there are unique values of rotational speed and angular acceleration for a link, 
the distance separating points on the same link in a mechanism is proportional to the distance of 
separation in the acceleration polygon. 
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a Z 8; (const) : 


(a) (b) 
Figure3.19 Example of acceleration image: (a) Mechanism. (b) Outline of acceleration polygon. 


As an illustration, let us reconsider Example 3.14. The acceleration polygon is redrawn in 
Figure 3.19(b). The relative acceleration between points B an C is indicated, which consists of a 
normal component and a tangential component. The triangle defined by points B, C, and D on the 
mechanism (Figure 3.19(a)) is similar to its image that is defined by points B, C, and D as they 
appear in the acceleration polygon (Figure 3.19(b)). 

Once the acceleration image of a link in the acceleration polygon has been established, it is 
a simple matter to find the acceleration of any point on the link. For instance, point E on the 
mechanism shown in Figure 3.19(a) is found on its image in the acceleration polygon. The absolute 
acceleration of E then corresponds to a vector drawn from the pole point to point E on the polygon. 

Acceleration images of links 2 and 4 also appear in the acceleration polygon. The image of link 
2is between the pole point and point B on the polygon, and the image oflink 4 is between the pole 
point and point D on the polygon. 

Further examples of acceleration polygon analyses that incorporate acceleration images are 
provided below. 


EXAMPLE 3.15 ACCELERATION ANALYSIS OF A SLIDER CRANK 


MECHANISM 


Consider the slider crank mechanism presented in Example 3.9 (refer to Figure 3.12). The 
mechanism is redrawn in Figure 3.20(a). The rotational speed of link 2 is constant. Determine 
the acceleration polygon ofthe mechanism and the angular acceleration of link 3 for the given 
configuration. 


SOLUTION 
In addition to normal and tangential components of relative acceleration, there can be a sliding 
component of acceleration of the slider (link 4) with respect to the slide (link 1). However, 
since the direction of the slide is fixed, no component of Coriolis acceleration exists. 

The normal component ofthe acceleration of B is 


an = —r82 = —3.5x 524? = —9610 in/sec? 


and the vector is added to the polygon starting from the pole point. Point B on the polygon is 
labeled. 


(Continued) 
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EXAMPLE 3.15 Continued 


6) = 52.4 rad/sec 
(const) 


Scale: 1 in = 2000 in/sec? 


—&—— ( 
0 1 2 in 


(b) 
Figure 3.20 (a) Mechanism. (b) Acceleration polygon. 


The slider, designated as point D, moves with respect to the base link. Therefore, its line of 
action of acceleration is drawn with respect to the pole point. However, at this instant, we do 
not know the magnitude and direction of this vector. 

Next, we employ the relation 


dp = dg t apg (3.6-1) 


where » S CS 
App = (7503) lea (7,83) lops 


=(aN,)i,, (abs), (3.6-2) 


The normal acceleration component is 


ali, = -07 =—9.0 x 15.3” = —2110 in/sec? 


(Continued) 
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EXAMPLE 3.15 Continued 


The relative acceleration between points B and D in Equation (3.6-2) is with respect to B. 
The normal component and the line of action of the tangential component are added to the 
polygon, starting from B. 

The intersection of the line of action of @, and the line of action of Bah gives point D on the 
polygon. Vector aj and the tangential component of aj are labeled. 

Using the same procedure as presented in Example 3.14, point C is determined. 
Alternatively, it is possible to locate C by means of the acceleration image. Then, ac, dcp, and 
acp are labeled. The completed acceleration polygon is shown in Figure 3.20(b). 

From the polygon, we measure 


app = 7330 in/sec? 


from which 
T 
^ 7330 
0.,— “PA. = = = 814 rad/sec? CCW 
3 


EXAMPLE 3.16 ACCELERATION ANALYSIS OF AN INVERTED SLIDER 


CRANK MECHANISM 


Consider the inverted slider crank mechanism presented in Example 3.10 (Figure 3.13). The 
mechanism is redrawn in Figure 3.21 (a). The rotational speed of link 2 is constant. Determine 
the acceleration polygon for the mechanism and the angular acceleration of link 3 in the given 
configuration. 


Scale: 1 in = 1000 in/sec? 


0 


1 2 in 


B, on 2 and 4 
B3 on 3 


ô, = 30 rad/sec 
(const) 


(a) (b) 
Figure 3.21 (a) Mechanism. (b) Acceleration polygon. 


SOLUTION 

For this problem, there can be a sliding component of acceleration of the slider with respect to 
the slide. However, since the slide rotates, there can be also a component of Coriolis accelera- 
tion between the slide and slider. 


(Continued) 
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EXAMPLE 3.16 Continued 


Construction of the acceleration polygon begins with determining the acceleration of point 
B5. Since B; and O, are separated by fixed distance r, we have 


CANT AN E» 
dg, = 43,0, = (75,05) iot (5,9,) i 


(3.6-3) 


For constant rotational speed, Equation (3.6-3) reduces to 


Ea yO Naa 25 " Dem 
dy = (75,05) Ps (76.0 x 30 Ue —5400 in/sec T 

Acceleration vector dp is drawn relative to the pole point in the negative radial direction 
defined by points B; and O;. 


Next, we determine the acceleration of point B}. Recognizing that B} moves relative to 
point O3, we write the relative acceleration equation 


Qo ce nior (3.6-4) 
For a fixed distance between B; and O;, 


7 ME oe 
43.0, = (7r5,0,83)1,, 0, ar (r5,0,3) Loman 


N u T = 
= (45.0, ) oos * (45,0, ) i (3.6-5) 


The normal acceleration component is 


apo, = —fgo, 037 —5.57 X 20.3" = —2300 in/sec” 


From the pole point, we draw the normal component of acceleration, and from the head of 
the vector for normal acceleration, the line of action of the tangential component. 

We now examine the relative acceleration between B; and B». Using the special case of the 
acceleration of a slider on a straight slide presented in Section 2.7.2, we have in this instance 


ap, = dg, ar p.p 


> (3.6-6) 


where = du i . ^ om 
Umm, = (5 p, ) "cte ni Q2 03) pae 


NE ES T (6 oe 
= (43,8, Jingo, + (48,3, fo, (3.6-7) 
The magnitude of the Coriolis acceleration is 
G S o : " 
[a$ g, |= 255,5, 05 =|2 x 140 x 20.3|= 5680 in/sec 


In Equation (3.6-7), the relative Coriolis and sliding acceleration components are of point 
B; with respect to point B;. Therefore, these relative acceleration components are added to 
the polygon starting from point B2. We can begin by adding the Coriolis acceleration, since 
we now know its magnitude, and can determine its direction. At this instant, we only know the 
line ofaction ofthe sliding acceleration. 

We currently have the acceleration of the slider (point B;), and will draw a Coriolis accel- 
eration of the slide (point B3) with respect to the slider. Directions of relative Coriolis accel- 
eration are given in Figure 2.15. Using this figure, with the known combination of relative 
sliding and rotational speed ofthe slide, we determine that the direction ofthe relative Coriolis 
acceleration is downwards and to the left. However, this figure was set up with the acceleration 
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EXAMPLE 3.16 Continued 


of the slider with respect to the slide. In this instance, we know the acceleration of the slider, 
and are seeking the acceleration of the slide. Recognizing that 


ee 
Ug = iain, (3.6-8) 


we reverse the direction of the acceleration as shown in Figure 2.15. This is illustrated in 
Figure 3.22. 


B, on 4 C 
B; on 3 BB, 


YB, B3 


aG 
BB 
(from Figure 2.15) 


T 
1 


Figure 3.22 Directions of Coriolis acceleration. 


The Coriolis component is added to the polygon in Figure 3.21(b). At the head ofthe vec- 
tor ofthe Coriolis acceleration, the line of action ofthe sliding acceleration is added. 

The acceleration of the point B; is unique. Therefore, in order to satisfy the relative acceler- 
ation expressions, Equations (3.6-4) and (3.6-6), as well as the lines ofaction of the tangential 
and sliding acceleration components, the head of the acceleration of point B5 must lie at the 
intersection of the two lines of action. This is designated as point B on the polygon. 

The acceleration of point C, located on link 3, is now determined by considering the appro- 
priate normal and tangential components with respect to points B4 and O;, or by using the 
acceleration image. The completed acceleration polygon is given in Figure 3.21(b). 

From this figure we have 


ds 0, —1490 in/sec? 
and therefore the angular acceleration of link 3 is 


T 
o @ 1490 
0, = 303 = EEA = 268 rad/sec? CW 
"Bo, 5.57 


Since this angular acceleration is in the same direction as the rotational speed, link 3 is speed- 
ing up. 


EXAMPLE 3.17 ACCELERATION ANALYSIS OF A SIX-LINK MECHANISM 


Consider the mechanism presented in Example 3.11 (Figure 3.14). The mechanism is redrawn 
in Figure 3.23(a). The rotational speed of link 2 is constant. Determine the acceleration poly- 
gon of the mechanism and the angular acceleration of link 5 for the given configuration. 


(Continued) 
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EXAMPLE 3.17 Continued 


E 
ESE, 


O4 


Scale: 1 in = 500 in/sec? 


6) = 41.9 rad/sec 
(const) 


(a) (b) 
Figure3.23 (a) Mechanism, (b) Acceleration polygon. 


SOLUTION 
For this problem, there can be a sliding component of acceleration of the slider (link 6) with 
respect to the slide (link 5). However, since the slide rotates, a component of Coriolis accelera- 
tion can be present. 

The following procedure is employed: 


(a) Calculate the normal acceleration components: 


abo, 7 —rgo, 85 —1.0 X 41.9? = —1760 in/sec” 
Huc =i & = —3.5 X 12.9" = —582 in/sec? 
ao, 7 —rpo, 84 = -2.0 x 24.0" =—1150 in/sec? 


dgc— —f&c 02— —1.5 x 26.0? = —1010 in/sec? 


(b) Calculate the magnitude of the Coriolis acceleration: 
2 = Male =2 x10 x 26.0 = 520 in/sec? 


(c) Construct the acceleration polygon as follows: 
- Drawa} andlocate B. 
N N 
e Draw p and4@pp 
e Draw the lines of action of un and abs and locate D. 
e Locate C by using the acceleration image. 
* Draw anc and ds E, (refer to Figure 3.24 for the direction ofthe Coriolis acceleration). 


e Draw the lines of action of anc and aj. p and locate Es. 


e Label all vectors. The completed acceleration polygon is shown in Figure 3.23(b). 
(d) Determine the angular acceleration of link 5. 


T 
E 1 
0, = ua 2 —1030 rad/sec? CCW 


TEC 
(Continued) 
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(e 
FEE, 


ale 
É E; 
(from Figure 2.15) 
5 


E on1 
EONS 
(e 


Figure 3.24 Directions of Coriolis acceleration. 


EXAMPLE 3.18 VELOCITY AND ACCELERATION ANALYSIS OF A CAM 


MECHANISM 


Consider the cam mechanism shown in Figure 3.25. The rotational speed of link 2 and link 
lengths are 


0, =3.0rad/sec CCW (constant) 
Tog, =1.3 cm; ro, 5, —1.8cm 


The radii of the circular cam and roller follower are indicated in the figure. 
Determine the velocity and acceleration polygons for the given configuration. 


SOLUTION 
We consider the center of the roller follower, point B, to be composed of two points, B; and By. 
Point B; is considered as an imaginary physical extension of link 2. The motion between these 
two points is equivalent to a slider moving on a curved slide. The radius of curvature is equal to 
the radius ofthe cam plus the radius of the roller follower. Between points B; and B, there can 
be relative sliding, plus Coriolis and circular components of acceleration. 

The calculated values of velocity and acceleration required to complete the polygons are 


Vs 7g o, 82 =1.3 X 3.0 = 3.9 cm/sec 


v 2.6 
w Se 1.44 rad/sec CCW 


NS 2 
ag, = 75,0, 95 
a, = =f, 0,84 = —1.8 44 = —3.7 cm/sec? 


= —1.3 x 3.07 = —11.7 cm/sec? 


dj p, - 2p p, 0; =2 x 2.0 x 3.0 = 12.0 cm/sec” 


o D 2 
UT Ne 20 
P ces (104025 


= 32 cm/sec” 


The completed velocity polygon and acceleration polygon are shown in Figures 3.25(b) 
and 3.25(c), respectively. Magnitudes of the velocities and accelerations are indicated in 


parentheses. 
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EXAMPLE 3.18 Continued 


By on 2 
B,on4 
0.25 H 
Vg,B (2.0) 
\ 
N 
Path of B4 Ba 
on link 2 - 
\ YB, (3.9) 
02 Vp, (2.6) 
(const) is 
Oy 


(a) (b) 
Figure 3.25 (a) Mechanism. (b) Velocity polygon. (c) Acceleration polygon. 


PROBLEMS 


Instantaneous Centers, Velocity 
Analysis 
P3.1 For the mechanism shown in Figure P3.1, determine 
(a the magnitudes ofthe linear velocities of points B, C, 
*— and D using instantaneous centers. 

70,0, 7 40 cm; rog =1.0 cm; rgp —3.0 cm 

To,p 72.5 em; rgc = 20 em; rcp —1.5 cm 

0, =45°; Ô, = 60 rad/sec CCW 


D 


Figure P3.2 


P3.3 For the mechanism shown in Figure P3.3, deter- 
(|, mine the magnitude of the linear velocity of link 4 
- using instantaneous centers. 


Figure P3.1 


P3.2 For the mechanism shown in Figure P3.2, deter- 
Gi mine the linear velocity of link 3 using instanta- 
“neous centers. 


Wx 
foc 7 l5 cm; p = 0.75 cm 4 
0, =110°; 0, = 600 rpm CW ZZ 


Figure P3.3 
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fo,B = 2.5 cm 
0, =45°; 0, =40 rpm CCW 


P3.4 For the mechanism shown in Figure P3.4, deter- 
mine, using instantaneous centers, 


=a (a) the angular velocity of link 4 
(b) the linear velocity of point D 


10,3, = 2.0 in; 0,0, 7 Ls in; foc = 1.0 in; fcp = 3.0 in 
0, =30°; 0, =36 rad/sec CW 


N 
Figure P3.6 


P3.7 For the mechanism shown in Figure P3.7, deter- 
@ ; mine the linear velocity of point C using instanta- 
== neous centers. 


Toga = foc = lOin; typ =1.5 in; To,B, = 1.0 in 
0, =315°; 6, = 30 rad/sec CW 


Figure P3.4 
E O, (-2.0, 1.0) 


0; 


P3.5 For the mechanism shown in Figure P3.5, deter- 
mine the linear velocity of link 6 using instanta- 


By on 2 
B4 on 4 


! 
(Gt 


=. neous centers. 


6 
70,0, = 6.0 cm; 10,3, = 40 cm; fo c =11.0 cm; rep = 5.0 cm 
0, = 30°; 0, = 20 rad/sec CCW A ©; (0, 0) 


Figure P3.7 


P3.8 For the mechanism shown in Figure P3.8, deter- 
@ | mine the linear velocity of point D using instanta- 


wi neous centers. 


foo, 71.0 in} 10,0, =2Sin; fo a =1.0 in 
Tag = 2.5 in; fo,B = 1.5 in; foc = 2.0 in 
fcp =1.0 in; fog =1.5 in; fo E = 2.0 in 
0, = 455; 6, = SO rad/sec CCW 


Figure P3.5 


P3.6 For the mechanism shown in Figure P3.6, deter- 
mine the rotational speed of link 6 using instanta- 
neous centers. 


ro, o, 78.0 cm; To,0, = 6.0 cm; 


'o,B, = suem Figure P3.8 
roc 712.0 cm; rcp = 4.0 cm; 
Top = 60 cm P3.9 For the mechanism in the position shown in Figure 


0, = 300°; ô, = 5.0 rad/sec CCW @ | P3.9, determine, using instantaneous centers, 


PROBLEMS 


(a) the rotational speed of link 3 
(b) the linear speed of link 4 


Tog, = 40 cm; 9, = 75 rpm CW 


7 
1 


Figure P3.9 


P3.10 For the mechanism in the configuration shown in 
(G ; Figure P3.10, seven instantaneous centers are also 
— provided. Using instantaneous centers, determine 
(a) the magnitude and direction of rotational speed of 
link 3 
(b) the magnitude and direction of rotational speed of 
link 5 
(c) the velocity of point D 


To,g, 7 5.0 cm; ô, = 8.0 rad/sec CW 


D 

G Ps 

B, on 2 and 4 

B4 on 3 
P34 
Oz, Pi 2 
1 
0 2 4cm 
Pis 
Figure P3.10 
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P3.11 For the mechanism in the configuration shown in 
@ | Figure P3.11, six instantaneous centers are also 
== provided. Using only the instantaneous centers 
which have been provided, determine 
(a) the magnitude and direction of rotational speed of 
link 2 
(b) the magnitude and direction of rotational speed of 
link 4 
(c) the velocity of point D 


foc, = 1.5 in; |¥p|= 5.0 in/sec 


Figure P3.11 


P3.12 Using the instantaneous centers of the mechanism 
-| shown in Figure P3.12, determine 


(a) the magnitude and direction of rotational speed of 


link 3 


(b) the Coriolis acceleration of point D3 with respect to 
P P 
point D, 
(c) the velocity of point C 


Tp Bs -30 em; 0, = 200 rpm CCW 


Figure P3.12 
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P3.13 Using the instantaneous centers of the mechanism (c) the linear velocity of point D 
G » shown in Figure P3.13, determine 
SS (a) the magnitude and direction of rotational speed oflink 3 
(b) the velocity of point C 


Tp aP, = 5-0 cm; 0, = 8.0 rad/sec CCW 


pon 


3 


p, p, 7 40cm; |v,|- 20 cm/sec 


Py 4 


Figure P3.13 


P3.14 For the mechanism shown in Figure P3.14, deter- 


zm mine using the instantaneous centers 
« à (a) the magnitude and direction of rotational speed of 
link 4 
(b) the magnitude and direction of rotational speed of 
link 5 
(c) the velocity of point C eee 
fp. = 6.7 cm; ô, = 40 rpm CCW P3.16 For the mechanism shown in Figure P3.16, there 
fp p @ |, is no slippage between links 2 and 4. In the con- 
2,3°3,4 


— figuration shown, determine the locations of all of 
the instantaneous centers, and use these to find the 
rotational speed of link 4 when 


d . d 

(a) @, =2.0 25 cw; 6,=5.0 —— CW 
sec sec 
d l d 

(b 6, 240 cw; 6, =5.0 2% CW 
sec sec 


n =15.0 cm; r,—9.0cm 


Figure P3.14 


P3.15 For the mechanism in the configuration shown 
Gi in Figure P3.15, using the instantaneous centers, 
— determine 


(a) the magnitude and direction of rotational speed of 
link 4 1 
(b) the magnitude and direction of rotational speed of Figure P3.16 
link 5 
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P3.17 For the mechanism shown in Figure P3.17, deter- 
“mine the rotational speeds of links 2 and 3 using 
@ instantaneous centers. 
Too, =5-75 inj rog —5.75in; P3 = 0.875 in; 
p4 =1.75 in 
0, =171°; 6, =120 rpm CW 


Figure P3.17 


P3.18 For the mechanism shown in Figure P3.18, deter- 
@ of point C using instantaneous centers. 
10,0; = 4.5 in; 10,B, = 2.75 in; foc = 8.5 in 


0, 2135*; 0, =120rpm CW 


B,on2 


Figure P3.18 


P3.19 For the mechanism shown in Figure P3.19, deter- 
, mine the rotational speed of link 3 and the linear 


=. velocity of point C using instantaneous centers. 


Tog 72.5in; rgp —5.0in; rg; —3.6in; rj =2.6 in 
0, —409; 0, =20rad/sec CCW 


O, 


S w NS 


1 
Figure P3.19 


mine the rotational speed of link 3 and the velocity 
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P3.20 For the mechanism in the configuration shown 

(c |, in Figure P3.20, determine the rotational speed 

— of link 3 and the linear velocity of point C using 
instantaneous centers. 


vg=20 in/sec 


Figure P3.20 


Velocity Polygon 


P3.21 For the mechanism shown in Figure P3.21, the 


— shown, determine by drawing a velocity polygon 
(a) the absolute velocity of P on 2 
(b) the absolute velocity of P on 3 


(c) the sliding velocity between links at P 


two links are in contact at point P. For the position 


(d) the magnitude of the ratio of rotational speeds of 
links 2 and 3 


fo P, — 5.3 cm; 10,P, = 7.0 cm; 0, =10 rpm CW 


P, on 2 
P, on 3 


Figure P3.21 


P3.22 For the mechanism shown in Figure P3.22, the 
(^|, two links are in contact at point P. For the position 
— shown, determine by drawing a velocity polygon 

(a) the absolute velocity of P on 2 

(b) the absolute velocity of P on 3 

(c) the sliding velocity between links at P 


(d) the magnitude of the ratio of rotational speeds of 
links 2 and 3 


10,P, — 8.8 cm; lO p. 7 S.1cm; ô, = 20 rpm CW 
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P, on 2 
P, on 3 


Figure P3.24 


P3.25 Forthe mechanism shown in Figure P3.25, 


Figure P3.22 
G | (a) draw the velocity polygon (employ scale: 1 cm = 
P3.23 For the mechanism shown in Figure P3.23, E S eased) 
@ » (a) draw the velocity polygon (employ scale: 1 in = (b) specify 
X 10 in/sec) (i) the velocity of point D 
(b) specify (ii) the velocity of point E 
(i) the velocity of point B (iii) the angular velocity of link 3 
(ii) the velocity of point C (iv) the angular velocity of link 5 


iii) the velocity of point D 
fu)tescodgrofgoin fop 7 ^5 am; Tgp = 6.0 cm; rp-lL5cm; rpg = 3.0 cm 


(iv) the velocity of point B relative to point D 0, =135°; ò, = 60 rad/sec CW 


(v) the angular velocity of link 3 


fo, = 2.0 in; rgp =3.0in; rg; =1.0 in 
0, =135°; 0, =120 rpm CW 


Figure P3.25 


i E 7, P3.26 For the mechanism shown in Figure P3.26, 


; 1 (| (a) draw the velocity polygon (employ scale: 1 cm = 


Figure P3.23 I 10 cm/sec) 


(b) specify 


P3.24 Forthe mechanism shown in Figure P3.24, (i) the velocity of point G 


@ jj. (a) draw the velocity polygon (employ scale: 1 in = (ii) the Coriolis acceleration of E; with respect to E, 


n 10 in/sec) 
(b) specify Top =4.0cm; rg; =4.0cm; rgp = 10.0 cm 
(i) the velocity of point B fog, = 6.0 cm; feg = 9.0 cm 
(ii) the velocity of point C 0, = 30°; 6, = 160 rpm CCW; 6, = 50 rad/sec? CW 


(iii) the velocity of point D 
(iv) the angular velocity of link 3 
(v) the angular velocity of link 4 


'O,B =15 in; Tap — 3.0 in; 10,0, = 4.0 in 
fop 7 2.5in; rgg —3.5in; top 10 in 
0, =60°; 0, 2300 rpm CW 
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Figure P3.26 


P3.27 For the mechanism in the configuration shown in 


@ Figure P3.27, 
— (a) draw the velocity polygon (employ scale: 1 cm = 
10 cm/sec) 


(b) determine the angular velocity of link 6 


fo,p = 8.0 cm; |v4 | = 60.0 cm/sec 


Os 


TT 
1 


Figure P3.27 


P3.28 For the mechanism in the configuration shown in 


(Gi Figure P3.28, 

WI 

— (a) draw the velocity polygon (employ scale: 
1 cm = 10 cm/sec) 


(b) determine 
(i) the angular velocity of link 3 
(ii) the angular velocity of link 6 


(iii) the Coriolis acceleration of point Cg with 
respect to point C3 
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fo, 7 40cm; 6, =220 rpm CCW 


C; on 3 and 5 


Figure P3.28 


P3.29 For the mechanism in the configuration shown in 
(e Figure P3.29, 


fo, 7 40cm; 0, = 200 rpm CCW 
(a) draw the velocity polygon (employ scale: 
1 cm = 10 cm/sec) 
(b) determine 
(i) the angular velocity of link 3 
(ii) the angular velocity of link 6 
(iii) the Coriolis acceleration of point Cg with 
respect to point C3 
(c) if the angular velocity of link 2 is changed to a con- 
stant rate of 350 rpm CCW for the given configu- 


ration, specify the Coriolis acceleration of point C3 
with respect to point Cg 


C; on 3 and 5 
C, on 6 


Figure P3.29 


P3.30 For the mechanism in the configuration shown in 
€ Figure P3.30, 


(a) given the input motion 


foa = 40cm; 8, =180 rpm CW 


(i) draw the velocity polygon (employ scale: 1 cm = 
10 cm/sec) 
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(ii) determine the Coriolis acceleration of D, with 
respect to Ds 


(b) given the input motion 


Vg = 30 cm/sec @ 0° 


(The input motion given in part (a) no longer 

applies.) 

(i) determine the magnitude and direction of rota- 
tional speed of link 3 

(ii) determine the magnitude of the Coriolis accel- 
eration of D; with respect to Ds 


Figure P3.30 


P3.31 For the mechanism in the configuration shown in 


@ Figure P3.31, 
(CI 
— (a) draw the velocity polygon (employing 


scale: 1 cm = 10 cm/sec) 


(b) determine the magnitude and direction of rotational 


speed of link 3 
(c) determine the velocity of point E 


(d) determine the Coriolis acceleration of Cg with 
respect to C; 


Tos = 40cm; Ô, = 200 rpm CW 


C; on3 and 5 
C on 6 


Figure P3.31 


no slippage 


P3.32 For the mechanism in the configuration shown in 


Figure P3.32, 
(a) draw the velocity polygon (employ scale: 1 cm = 
10 cm/sec) 


(b) determine 
(i) theangular velocity of link 3 
(i) the angular velocity of link 6 
(iii) the velocity of point E 


fo, = 40cm; 0, = 220 rpm CW 


C; on 3 and 5 


Figure P3.32 


P3.33 For the mechanism in the configuration shown in 
(a Figure P3.33, 


(a) draw the velocity polygon (employ scale: 
1 cm = 10 cm/sec) 


(b) determine 
(i) the angular velocity of link 4 
(ii) the linear velocity of point C 


os = 245 cm; 0, 2230 rpm CCW 


0, =130 rpm CCW 


Figure P3.33 


Velocity and Acceleration Polygons 


P3.34 Forthe mechanism shown in Figure P3.34, 
@ | (d) draw the velocity polygon (employ scale: 1 cm = 


10 cm/sec) 
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(e) draw the acceleration polygon (employ scale: P3.36 For the mechanism shown in Figure P3.36, 


1 cm= 50 cm/sec’) (a (a) draw the velocity polygon (employ scale: 1 cm = 
(f) specify — 10 cm/sec) 
(i) the sliding acceleration of point B; relative to (b) draw the acceleration polygon (employ scale: 1 cm = 
point B5 100 cm/sec?) 
(ii) the angular accelerations of links 3 and 5 (c) specify the angular acceleration of link 5 


fo.g, 7 60cm; rgo, =5.0 cm "o,a = aie "AD, = a 
By 203 rap =6.0 cm; rge = 7.0 cm 


toc =6.0 cm; fop =9.0 cm : 
Ron dw 0, =100°; 0, 2160 rpm CCW (constant) 


0, =10°; ò, = 80 rpm CW (constant) 


Z^ By, on2 
2 7 B, on 3 
O0, 05 
YIN. 
1 | C 
| i 5 
6 
oB —-—-—-—-—-—-—-— -5 
TTL 
1 I 
Figure P3.34 


Figure P3.36 
P3.35 Forthe mechanism shown in Figure P3.35, 


(a (a) draw the velocity polygon (employ scale: 1 cm = 3.37 For the mechanism shown in Figure P3.37, 


+ 10 cm/sec) (| (a) draw the velocity polygon (employ scale: 1 cm = 
(b) draw the acceleration polygon (employ scale: 1 cm = Ln 10 cm/sec) 
100 cm/sec”) (b) draw the acceleration polygon (employ scale: 1 cm = 
(c) specify the angular acceleration of link 7 100 cm/sec”) 


(c) specify the angular acceleration of link 6 

ica 6.0 cm; rac =8.0 cm; fcp =10.0 cm; Top = 4.0 cm 
rap, = 20 cm; fos, = 5.0 cm foa = 40cm; rag =9.0cm; fo g = 8.0 cm 

0, =110°; 0, 275 rpm CW (constant) 


0, 2105; 60, 2100 rpm CW; 6, 275 rad/se? CCW 


fo c, = 4.0 cm; fyc 7 6.0 cm 
0, =45°; 0, 2140 rpm CW (constant) 


" O; (—9.5, 5.7) 


Figure P3.37 


P3.38 Forthe mechanism shown in Figure P3.38, 


xY 


@ | (a) draw the velocity polygon (employ scale: 1 cm = 
— 10 cm/sec) 
(b) draw the acceleration polygon (employ scale: 1 cm = 
100 cm/sec?) 


Figure P3.35 
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(c) specify the angular acceleration of link 6 
foa = 4.0cm; rag = 9.0cm; foB = 8.0cm 


Tac, 7 6.0cm; f56,7 6.0cm 
0, 2140*; 0, 2140 rpm CCW (constant) 


C3 on 3 
C; on 6 


Figure P3.38 


P3.39 Forthe mechanism shown in Figure P3.39, 
G » (a) draw the velocity polygon (employ scale: 1 cm = 
Sui 10 cm/sec) 


(b) draw the acceleration polygon (employ scale: 1 cm = 
100 cm/sec”) 


(c) specify 
(i) the acceleration of point Bg 
(ii) the angular accelerations of links 3 and 6 


(d) if the angular velocity of link 2 is changed to a con- 
stant rate of 80 rpm CCW, specify the new angular 
acceleration for link 6 


foa 7 50cm; rac =13.0cm 
Tap, = 50cm; 


0, =135°; 6, =130rpm CCW (constant) 


10,8, 7 8.0cm 


B, on 3 A 
B,on6 ^w 5 3 | 
= 2 
= 05 
4 
pe OZ 909 E 
7 7A 
1 6 1 
Og (713.5, —3.9) 
WA 
1 
Figure P3.39 


P3.40 Forthe mechanism shown in Figure P3.40, 
(6 I (a) draw the velocity polygon (employ scale: 1 cm = 
et 10 cm/sec) 
(b) draw the acceleration polygon (employ scale: 1 cm = 
200 cm/sec”) 


(c) specify 
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(i) the angular acceleration of link 4 
(ii) the acceleration of link 6 


foa, 7 30cm; fo, =1.0cm; roo, = 5.0 cm 
fgc =4.5cm; 0, =150° 


0, 2180 rpm CW (constant) 


[on 
©, i WZ 
1 
2.0 cm 


Figure P3.40 


P3.41 For the mechanism shown in Figure P3.41, 
(a) draw the velocity polygon (employ scale: 1 in = 10 
— in/sec) 
(b) draw the acceleration polygon (employ scale: 1 
in = 500 in/sec?) 
(c) specify 
(i) the sliding acceleration between points B, and 
B4 
(ii) the angular acceleration of link 2 
To,g, 7 4Üin; rpg —0.8in; fo p =4.2Sin; P=1.Sin 


8, =100rpm CW (constant) 


Figure P3.41 


P3.42 For the mechanism shown in Figure P3.42, 
@ | (a) draw the velocity polygon for the limit position 
— shown (employ scale: 1 cm = 10 cm/sec) 
(b) repeat part (a) for the other limit position 
(c) draw the acceleration polygon for the limit position 
shown (employ scale: 1 cm = 200 cm/sec’) 


(d) specify the angular accelerations of links 3 and 4 


10,0, = 8.0 cm; 10,3 = 2.5 cm 
Tgp = 9.5 em; fo p = 6.0 cm 


0, = 20 rad/sec CCW (constant) 
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G 


Vin ! 
1 1 
Figure P3.42 


P3.43 For the mechanism shown in Figure P3.43, 
2 (a) draw the velocity polygon (employ scale: 1 cm = 

Sn 10 cm/sec) 
(b) draw the acceleration polygon (employ scale: 1 cm = 


100 cm/sec?) 


Toy 7 30cm; rgp—70cm; foo, = 8.0 cm 


foc 7 40cm; ryp-20cm; fpg =8.0cm 
0, =45°; 0, =20 rad/sec CCW (constant) 


Z 


Figure P3.43 
P3.44 For the mechanism shown in Figure P3.44, = 


@ (a) draw the velocity polygon (employ scale: 1 in = 
= S in/sec) 


(b) draw the acceleration polygon (employ scale: 
1 in = 50 in/sec?) 


foc =9.75 in; p-l.5in 
2 H 
0, =315°; ©, =10 rad/sec CW (constant) 
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D P3.45 For the mechanism shown in Figure P3.45, 


(a) draw the velocity polygon (employ scale: 1 cm = 
10 cm/sec) 


(b) specify 
(i) the rotational speeds of links 3 and 4 
(ii) the velocities of the midpoints of links 2, 3, and 4 
(i.e., points D, E, and F) 
(c) draw the acceleration polygon (employ scale: 1 cm = 
400 cm/sec”) 


(d) specify 
(i) the angular accelerations of links 3 and 4 


(ii) the accelerations of the midpoints of links 2, 3, 
and 4 


10,0, = 12.0 cm; fo g = 4.0 cm 
Tgc = 14.0 cm; foc = 8.0cm 
0, =45°; 6, =30 rad/sec CW (constant) 


C 


Wr 
1 
Figure P3.45 


P3.46 For the mechanism shown in Figure P3.46, 


(a) draw the velocity polygon (employ scale: 1 cm = 
10 cm/sec) 


(b) draw the acceleration polygon (employ scale: 1 cm = 
100 cm/sec”) 


(c) specify the angular acceleration of link 3 


10,0, = 6.0 cm; Tog, = 3.0 cm; foc = 12.0 cm 


fcp = 4.5 em; 0, = 30? 
Ô, = 20 rad/sec CCW (constant) 


Figure P3.44 


Figure P3.46 
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P3.47 For the scaled mechanism shown in Figure P3.47, (a) the angular velocity of link 4 
| G | (a) draw the velocity polygon (employ scale: 1 cm = (b) the velocity of point B, with respect to point B4 
— 10 cm/sec) (c) the Coriolis acceleration of point B4 with respect to 
(b) draw the acceleration polygon (employ scale: 1 cm = point B5 
100 cm/sec?) 
(c) specify foo, = 80cm; rpg = 8.04/2.0 cm 
(i) the angular accelerations of links 3 and 5 0, = 45°; 0, =6.0 rad/sec CW 


(ii) the acceleration of link 6 


foa = 3.0cm; rg, = 4.0 cm 
Tac, = 8.0 cm; rgp = 5.0 cm 
0, =130°; 6, = 180 rpm CCW (constant) B, on 2 and 3 
B,on 4 


Figure P3.47 


aa 


P3.48 For the mechanism in the configuration shown in Figure P3.48 


Figure P3.48, determine 


J 
| EA 


ANALYTICAL KINEMATIC 
ANALYSIS OF PLANAR 
MECHANISMS 


INTRODUCTION 


This chapter presents a method of generating analytical expressions for the positions, velocities, 
and accelerations for the links in planar mechanisms. These expressions may be programmed on a 
computer to determine the numerical values ofthe kinematic quantities. Therefore, when complet- 
ing analyses at multiple configurations of a mechanism, the results may be obtained more readily 
than using the graphical techniques presented in Chapter 3. 

The method described herein is based on the use of complex numbers. A brief overview of 
complex numbers is included in Appendix B. 


4.2 LOOP CLOSURE EQUATION 


A loop is defined as a path that traverses a mechanism along links and through kinematic pairs, to 
arrive back at the starting point. Mechanisms may be classified according to the number of loops 
required to cover all links and kinematic pairs. 

Figure 4.1 illustrates two mechanisms, each having only one loop. In each case, a single loop 
passes through all links and kinematic pairs of the mechanism. Figure 4.2 illustrates two mecha- 
nisms where each requires two loops. 

Vectors in a complex plane may be used to represent a mechanism loop. However, a complex 
vector representation of a loop can be made in various ways. For example, consider the four- 
bar mechanism illustrated in Figure 4.3 (a). The link lengths are designated by ri, ra, rs, and ra, 
while the link angles (with respect to the coordinate frame) are 05, 03, and 04. Figures 4.3(b) 
and 4.3(c) illustrate two different complex vector representations of the mechanism, where R,, 
(n=1, 2,3, 4) represent the complex vectors. The representation shown in Figure 4.3(b) has all 
vectors placed head to tail. The representation shown in Figure 4.3(c) has two vectors, R; and 
Ry, pointing in opposite directions to those shown in Figure 4.3(b). Hence, the corresponding 
angles (also called the complex arguments of the complex numbers or complex vectors), 0; and 
0,, are different. 

In constructing a complex vector loop, one proceeds by assigning the direction for each vector 
in the loop. In comparing the two versions presented, one would probably select the second version 
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Figure 4.1 Examples of one-loop mechanisms. 


(a) (b) (c) 


Figure 4.3 Complex vector representation of a four-bar mechanism: (a) Mechanism. (b) Vector representation, version 1. (c) Vector representation, 
version 2. 


as shown in Figure 4.3(c), since the complex arguments correspond to those commonly employed 
in depicting angular displacements of the links of the mechanism. 

It is possible to write a loop closure equation for each vector loop to specify the condition that 
the loop must remain closed as the links of the mechanism move. To generate a loop closure 
equation, we start at a point between any two vectors in the loop. We then traverse along all of the 
vectors in the loop to arrive back at the starting point. We have the freedom to proceed in either the 
clockwise or counterclockwise direction. While traversing through a loop, we note which vectors 
are encountered and the placement of the head of each vector. The vectors are combined into an 
equation set equal to zero. 

For the vector loop illustrated in Figure 4.3(b), if we start from the origin of the real and imagi- 
nary axes and progress through the loop in the clockwise direction, we obtain 


R, +R, +R} +R, =0 or Ri +R, +R, +R, =0 (4.2-1) 


The loop closure equation associated with Figure 4.3(c) is generated as 


R,+R,+(-R,)+(-R,)=0 or R,-R,-R, +R, =0 (4.2-2) 


For Equation (4.2-2), we placed negative signs in front of Rj and R4 because while traversing 
through the loop we first encountered the heads of these vectors. 
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Figures 4.3(b) and 4.3(c) are two representations of the same mechanism. Comparing these 
two representations, vectors R, and R; are identical, while the relations between the vectors for 
links 1 and 4 are 

* * 
iL E (4.2-3) 
For the analysis ofa mechanism, it is important to define the independent variables and the depen- 


dent variables that apply to a mechanism. Inputs to a mechanism are considered to be independent 
variables. Dependent variables are produced as a result of the inputs. 


e The number of independent variables is equal to the mobility of the mechanism (see 
Section 1.5). 
e The number of dependent variables is always two, for each mechanism loop. 


The dependent variables may be either magnitudes or complex arguments of the vectors. For 
example, consider the case of the four-bar mechanism shown in Figure 4.3(c). If the independent 
variable is selected as the angle of link 2, 05, then the resulting two dependent variables would be 
05 and 04. 

As a second example, consider the complex vector representation of a slider crank mecha- 
nism as shown in Figure 4.4(a). The corresponding complex vector representation is shown in 
Figure 4.4(b). Ifthe independent variable is selected as the angular displacement of link 2, then the 
dependent variables would be the angular displacement of link 3 and the magnitude of vector Ry. 
Vector R; corresponds to the slider offset, which is fixed, and neither its length nor angle will change 
as the mechanism operates. Therefore, neither the magnitude nor complex argument of vector Ry 
is variable. Vector R, is along the slide and its magnitude indicates the position of the slider. 

Figure 4.5 shows a five-bar mechanism The mobility of this mechanism is two. If the two inde- 
pendent variables are selected as 0» and 0s, then the two remaining variable quantities are 0; and 
04, which would be the dependent variables. 

Figure 4.6 shows a six-bar mechanism. The mobility of this mechanism is one. The single inde- 
pendent variable is selected as 05. This mechanism has two loops, and thus there are a total of four 
dependent variables (two for each loop). Complex vectors are superimposed on the mechanism 


links in Figure 4.6 to identify these variables more easily. Therefore, the dependent variables would 
be 03, 04 07, and 0,. Also note that 


Ind.: 05, 0; 
(mobility — 2) 
Dep.: 605, 04 


Figure 4.5 Five-bar mechanism. 
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ImA 


0,=0=05 
Ind.: 05 
Dep.: 05, 04, 07, 0g 


ZA 


Figure 4.6 Complex vector representation of a six-bar mechanism. 


06,— 0, 


and therefore, once the analysis of the first loop has been completed, 06 can be considered as a 
known value in the analysis of the second loop. 

Figure 4.7(a) shows a four-bar mechanism with a coupler point. This mechanism may be rep- 
resented by two vector loops. One vector loop, shown in Figure 4.7(b), traverses the path around 
the four-bar mechanism. The second loop, shown in Figure 4.7(c), involves the coupler point. For 
the second loop, we let 


0,—0; 0,90? 


The dependent variables associated with the second vector loop are the magnitudes of vectors 
Rg and Ro. Note that the angular displacements of the vectors for the second vector loop can be 
easily determined if the angles in the first loop are known. The relationships between the angles 
of these two loops are 


0,=0,; 0,-0,; 0,— 0,4 90? 


Figure4.7 Complexvector representation ofa four-bar mechanism with a coupler point: (a) Mechanism. (b) First vector 
loop. (c) Second vector loop. 
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The mechanism used in a front-end loader is illustrated in Figure 4.8(a). This mechanism is 
more substantial than previous examples and can be modeled by four closed loops. One pos- 
sible complex vector representation of this mechanism is suggested in the four loop diagrams of 
Figure 4.8(b). Given this representation, the loop closure equations are 


Loopl R,-R,-R,-R,-0 
Loop2: R;-R;-R;-R4,-0 
Loop3: R+ Ro~ Rai- Ry —- Ry =0 
Loop4: R4* R;—Rg-R;-0 


The mobility ofthis mechanism is two. In practical terms, this means that two independent inputs 
are required to control the orientation and position of the bucket, which is represented by vector 
Ry. These two inputs are the length of the lift cylinder and the length ofthe dump cylinder. In the 
model, the lift cylinder is represented by vector Rj, and the dump cylinder is represented by vec- 
tor Ryo. Therefore, the two independent variables are the magnitudes of vectors R, and Ryo. Since 
four vector loops are needed to represent this mechanism, eight dependent variables are present. 

In the following two sections, analyses are performed for mechanisms that may be represented 
by one vector loop (Section 4.3), followed by those which require more than one vector loop 
(Section 4.4). 


Dump cylinder 


Bucket 


Loop 4 


Figure 4.8 (a) Front-end-loader mechanism. (b) Complex vector representation. 
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4.3 COMPLEX VECTOR ANALYSIS OF A PLANAR 
ONE-LOOP MECHANISM 


To perform a complex vector analysis of a planar one-loop mechanism, the following general steps 
are required: 


Represent the mechanism links, using complex vectors, to form a polygon. 

Generate the corresponding loop closure equation from the complex vector representation. 
Select the independent variable(s), and identify the two dependent variables. 

Generate two equations from the real and imaginary parts of the loop closure equation and 
simplify. 

5. Solve for the two dependent variables using the equations from step 4. 

6. Determine the values of the time derivatives of the dependent variables, using one of the 
following methods: 


Seo pour 


(i) Method #1: Use the solved expressions for the dependent variables, obtained in step 5, 
and differentiate them with respect to time. 

(ii) Method #2: Differentiate the real and imaginary components of the loop closure 
equation, obtained in step 4, and solve for the time derivative quantities. 


The above procedure requires the use of trigonometric identities. A listing of several such 
identities is provided on page 611. 


4.3.1 Scotch Yoke Mechanism 


Consider the analysis of the Scotch yoke mechanism shown in Figure 4.9(a), where the input 
motion is the rotation of link 2. 
In order to analyze this mechanism, the six-step process outlined above will be applied. 


Step 1: A complex vector representation ofthis mechanism is given in Figure 4.9(b). 
Step 2: The corresponding loop closure equation is 


R,—R4-R,-0 (4.3-1) 


Step 3: Since the input motion is the rotation of link 2, the independent variable is the angular 
displacement 0,, and the dependent variables are the magnitudes of the vectors R; and R3. 
Step 4: The two equations can be developed by using the relationship of complex vector R; to 
link values rj and 0; where 


R;- 1;(cos0; + isin®;),j =1,2,... (4.3-2) 
| By, on2 
B4 on 4 
R3 [3 
SR 
4 R, 
Cf? 7 
1 
(a) (b) 


Figure 4.9 (a) Scotch yoke mechanism. (b) Complex vector representation. 
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Applying Equation (4.3-2) to Equation (4.3-1), we obtain 
r,(cos®, + isin0,) — r,(cos0, + isin0,) — 7,(cos®, + isin0,) =0 (4.3-3) 
Recognizing that 0; = 0 and 0,— 90°, Equation (4.3-3) may be simplified to 
n cos, — 7, +i(r, sin8, —r,)-0 (4.3-4) 
The real component of Equation (4.3-4) is 
ñ =n cos; (4.3-5) 
and the imaginary component is 
r= r, sind, (4.3-6) 


Step 5: The independent variable is the angular displacement 05, and the dependent variables 
are rj and rz. That is, Equations (4.3-5) and (4.3-6) have been arranged to express the depen- 
dent variables in terms of the independent variable and a specified link dimension. 


Step 6: The time derivative quantities of the dependent variables may now be determined. 
Since the two dependent variables are expressed explicitly in terms of known quantities, both 
methods described above are identical. 

Taking time derivatives of Equations (4.3-5) and (4.3-6), where we recognize that ry is 
constant, and therefore 7, = 0, gives 


i =-n 6, sin, (4.3-7) 
and 
ne nÔ, cos, (4.3-8) 
The second time derivatives are 
# — — r,02 cos®, — 1,0, sinO (4.3-9) 
and 
5, — — 17,0; sin, + 1,0, cos0, (4.3-10) 


A special case is obtained for Equations (4.3-9) and (4.3-10) if we consider a constant input rota- 
tional speed, by setting 


ó, =0 


It is possible to compare expressions for the calculated quantities obtained using the graphical 
and the analytical techniques. For this example, 


lå |= |vs, l; |5 |= [v5,5, l li | [25, [; [5 [5 165,5, | 


4.3.2 Inverted Slider Crank Mechanism 


Consider the analysis of the inverted slider crank mechanism shown in Figure 4.10(a). The input 
motion is the rotation of link 2. 


Step 1: A vector representation of this mechanism is given in Figure 4.10(b). 
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Im A 
B, on 2 and 4 
B; on 3 


Figure 4.10 (a) Inverted slider crank mechanism. (b) Complex vector representation. 


Step 2: The corresponding loop closure equation is 


Ry -R SR, = 0 


(4.3-11) 


Step 3: Since the input motion is the rotation of link 2, the independent variable is the input 


angular displacement 05, and the dependent variables are r4 and 03. 


Step 4: Using Equation (4.3-2), we obtain 


n (cos, + isin0,) — r,(cos0, + isin0,) — n (cos0, + isin0,) =0 


Recognizing that 0, — 0, Equation (4.3-12) becomes 


r, cos0, — r, cos0, — r, + i(r, sinO, — r,sin0,) =0 


The real component of Equation (4.3-13) is 
r,cos0, —7,cos0,—r = 0 


and the imaginary component is 


n sinO, — r,sin0,— 0 


(4.3-12) 


(4.3-13) 


(4.3-14) 


(4.3-15) 


Step 5: Given the dependent variables r and 03, and rearranging Equations (4.3-14) and 


(4.3-15) to bring these dependent variables onto one side, we obtain 


r,cos0, —r,cos0, —n 


n sin®, =r, sinO, 


Squaring and adding Equations (4.3-16) and (4.3-17) and employing the identity 


cos?0 + sin?0 = 1 
we obtain 
r B r? + r — 2nr, cos0, 
and therefore 
1/2 


(24.2 
n = (r +r, = 2hr cos®, ) 


where only the positive value of the square root was retained. 


(4.3-16) 


(4.3-17) 


(4.3-18) 


(4.3-19) 
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Note that the dependent variable r3 in Equation (4.3-19) is expressed in terms of the indepen- 
dent variable and the given dimensions of links 1 and 2. It is essential to rearrange the equations 
given in Equations (4.3-16) and (4.3-17) prior to squaring and adding; otherwise, we would end 
up with additional cross terms, making it impossible to solve for the dependent variable. 

Dividing Equation (4.3-17) by Equation (4.3-16) gives 


tan®, = (me (4.3-20) 


rcos0, —n 


or 


sinb, 
3 
cos®, — (2) 
5 
Equation (4.3-21) is expressed in terms of the independent variable 05 and the given link 


dimensions. An asterisk has been added to the left-hand side of Equation (4.3-21) to signify 
that the equation includes an inverse trigonometric function, and when calculating this expres- 


0% = tan! 90? < 0; < 90? (4.321) 


sion using a calculator or computer, only the principal values of angles are supplied. The ranges 
of principal values of inverse trigonometric functions are arcsine, -90° to 90°; arccosine, 0 to 
180°; arctangent, -90° to 90°. Asa result, the value obtained using Equation (4.3-21) may not 
correspond to the actual angular displacement of the link. Therefore, when using Equation 
(4.3-21), it becomes necessary to check the value obtained against a known result. Forinstance, 
if we select 


n-lO0cm; n= 1.0cm; 0,-60? 
the corresponding geometry ofthe mechanism is shown in Figure 4.11. In this instance, we should 
obtain 


0, = 120? 


However, from Equation (4.3-21), we have 

0; =—60° 
Thus, the value of angular displacement obtained by using Equation (4.3-21) is incorrect for the 
given link lengths and 0,, calling for an adjustment. Since 


tanO = tan(0 + 180°) 


we adjust Equation (4.3-21) to obtain 


0, =180°+ 0; 


Figure 4.11 Special geometry of an inverted slider crank mechanism. 
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which will provide the correct value for the angular displacement in the selected geometry. For 
other configurations of the mechanism shown in Figure 4.11, it can be shown that 


_ J0; +180° if0?«0, <180° 
* |ø% —180° ifi80?«0, «360? 


for the values of 03 is to be in the range 180? < 0, < 180°. In general, when evaluating an expression 
for a dependent variable that involves an inverse trigonometric function, it is necessary to check 
the equation against a known geometry and make adjustments as required. 

For this example, checks to determine whether or not an adjustment is needed for the expres- 
sion of 0, can be avoided by employing the inverse trigonometric function tan2~!(x, y) that keeps 
track separately of the signs of the numerator and the denominator in the ratio. From Equation 
(4.3-21) we obtain 


0,= tan2 ! E 9, — (+ ino} — 180? < 0, «180? (4.3-22) 


"5 


Step 6: We will now determine the time derivative quantities of the dependent variables. We 
will employ both methods mentioned earlier in this chapter. 


Method *1 (Use the solved expressions for the dependent variables and differentiate 
them with respect to time.) 
Taking the time derivative of Equation (4.3-19) gives 


qe (ri +r -2nr, cos, ) /? CAA sin0,0, ) (4.3-23) 


Substituting Equation (4.3-19) and simplifying, we obtain 


> nh . ^ 
h = ++ sin0,0, (4.3-24) 
3 


Equation (4.3-24) is an expression for the time derivative of one of the dependent variables in 
terms of the independent variable as well as one of the two dependent variables. This is acceptable, 
since we can solve for the dependent variable first, using Equation (4.3-19), and then determine 
the time derivative quantity. 
Likewise, for the second time derivative, we can show that 
. 5 nh (a2 Eus 
i, = " t FA cos0, + 0, sinO, ) (4.3-25) 


To determine the first time derivative of 05, we use Equation (4.3-21) and employ 
1 l1 du 


—tan u= a 
dt lc u^ dt 


After simplification we obtain 


1- [Jeo 0, 
0, 20; -0 ; B (4.3-26) 
1+ B - (1 Jose, 
/5 5 


Differentiating Equation (4.3-26) with respect to time, we get 
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F zů to 2 (4.3-27) 
es) EU e(t) E 
r, n LE) T, 


For Equations (4.3-26) and (4.3-27), positive values of 0, and 6, correspond to the coun- 
terclockwise direction. 

A special case of Equations (4.3-25) and (4.3-27) is obtained if we consider a constant input 
rotational speed by setting 6, =0. 


Method #2 (Differentiate real and imaginary components of the loop closure equation 
and solve for the time derivative quantities.) 
We return to the real and imaginary components of the loop closure equation, differentiate with 
respect to time, and solve for the time derivatives of the dependent variables. 

We take the time derivative of Equations (4.3-16) and (4.3-17): 


—r, sin 0,0, + 7; cos 0, = —r, sin0,Ó, (4.3-28) 


r,cos 0,0, + sin 0, = r, cos 0,0, (4.3-29) 


To solve Equations (4.3-28) and (4.3-29) for 7, and to eliminate Ô}, we take 
Equation (4.3-28) x cos0, + Equation (4.3-29) x sin®, 


and obtain 
f (cos? 0, + sin? 0,) = nÔ, (—sin®, cos, + cos0, sin0,) (4.3-30) 
Employing the identities 
cos? 0 + sin" 0- 1; sin(0, — 0, ) = sin0, cos, — sinO, cos0, 


Equation (4.3-30) becomes 


h = nÔ, sin(0, — 0,) (4.3-31) 
Similarly, 
: ò 
0, = - Z cos(0, — 0,) (4.3-32) 
3 


For the second time derivative quantities, we differentiate Equations (4.3-28) and (4.3-29) with 
respect to time and solve, to obtain 


ne» [ 6; cos(0, —@,) + 6, sin(0, — 6;)] + n3 (4.3-33) 


: . 27,0 
6, = 2 [62 sin(0; — @,) + 6,cos(0, - @,) ] - = 


E 13 


(4.3-34) 


In comparing the two methods for determining time derivative quantities, we see that the first 
method, although more direct, has the disadvantage of generating complicated derivative quantities. 

These two methods appear to provide very different expressions for time derivatives of 
the dependent variables. This is apparent in comparing Equations (4.3-24) and (4.3-26) with 
Equations (4.3-31) and (4.3-32). However, the calculated values using these equations will be 
identical. 
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It is possible to compare expressions for calculated quantities obtained by use of the graphical 
and the analytical techniques. For this example, we have 


a ee o JJI sS 

l= Paal l= a. 

In calculating dependent variables and their time derivatives, the Coriolis acceleration is not 
directly obtained. However, the Coriolis acceleration may be calculated from the time derivatives 
of the dependent variables. Using Equation (2.6-8), we have 


C ` ^ ae 
less, | - lzi, s, 85] = ZAA 


EXAMPLE 4.1 ANALYSIS OF INVERTED SLIDER CRANK MECHANISM 


For the mechanism shown in Figure 4.12(a), use a complex number approach to determine, 
for the position shown, 


(a) the rotational velocity of link 4 
(b) the Coriolis acceleration of point B; with respect to point B; 


foo, 7^ 30cm; rop =% =8.0 cm; 0, = 60; ô, = 30 rad/sec CW 


SOLUTION 


2.0 cm 
By on 2 


B; on 3 


(a) (b) 


Figure 4.12 Inverted slider crank. 


The complex vector representation is shown in Figure 4.12(b). The loop closure equation is 
R3 +R, —Rs—R4—R, =0 (4.3-35) 
However, since 
RER (4.3-36) 
Equation (4.3-35) reduces to 
R, -R -R =0 (4.3-37) 
The real component of Equation (4.3-37) is 


5,cos0, —r,cos0, — n =0 (4.3-38) 


(Continued) 
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EXAMPLE 4.1 Continued 


The imaginary component of Equation (4.3-37) is 
r,sinO, —r,sinO0, =0 (4.3-39) 
The independent variable is 9, , and the dependent variables are 0, , and r2. 
Solve for dependent variable 0, and eliminate r, by taking 
Equation (4.3-38) x sin0, — Equation(4.3-39) x cos0, 
which gives 


r, cos0, sinO, — r, cos0, sinO, — r sinO, 


.3-40 
-n sinO, cosO, + r} sinO, cos0, = 0 a 


Simplifying and rearranging Equation (4.3-40) and also solving for 04 we obtain 
£ inĝ _1( 3-0sin 60° 
0, - 6, + sin! | 1222. |= 60? + sin? (me) 2789? (43-41) 
T4 8.0 
From Equation (4.3-39) and also solving for rọ, we have 


sin, : sin 78.9? 
= m 


h=% aro > = 9.07cm (4.3-42) 

The time derivative of Equation (4.3-38) is 
—r)Ó, sin®, + ñ cos®, + r8, sin0, — 0 (4.3-43) 

The time derivative of Equation (4.3-39) is 
70, cosO, + ?, sin, + r}, cos, =0 (4.3-44) 


To solve for the rotational speed of link 4, we take 
Equation(4.3-43) x sin0, — Equation(4.3-44) x cos0, 


which gives after simplification 


"E | 9.07(-30) 


E rad/sec = —35.9rad/sec , 
r,cos(0, —0,) | 8.0cos(60° — ss] (4.3-45) 


To solve for the time derivative of the second dependent variable, we take 
Equation (4.3-43) x cos0, + Equation (4.3-44) x sin®, 
which gives after simplification 


i = 1,0, sin(0, — 0,) =[8.0(—35.9)sin(60° — 78.9°)] cm/sec 


= — 93.0 cm/sec (43-46) 
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EXAMPLE 4.1 Continued 


The solutions to the problem are as follows: 


(a) The rotational velocity of link 4 is 


0, = —35.9 rad/sec = 35.9 rad/sec CW 
e magnitude of the Coriolis acceleration of point B3 with respect to point D; is 
(b) The magnitude of the Coriolis acceleration of point B3 with resp point B; i 
Uk. |= 2|, S 2| S (2 x 93.0 x 30.0 cm/sec”) cm/sec? = 5580 cm/sec” 


The direction of this relative acceleration is illustrated in Figure 4.12(b). 


4.3.3 Four-Bar Mechanism 


Consider the analysis of the four-bar mechanism shown in Figure 4.3(a). The input motion is the 
rotation of link 2. 


Step 1: The vector representation ofthis four-bar mechanism is shown in Figure 4.3(c). 
Step 2: The loop closure equation may be written as 
Ry +R4= R+ R; (4.3-47) 


Step 3: Since the input motion is the rotation of link 2, the independent variable is the input angu- 
lar displacement 9). Then the two dependent variables are angular displacements 05 and 04. 

Step 4: Substituting Equation (4.3-2) into Equation (4.3-47) and extracting the real and 
imaginary components, the real component is 


1, cos, + r4 cos, = r cosO, + r, cosO, (4.3-48) 
and the imaginary component is 
r,sin®, + r sinO, = n sin®, + r sin0, (4.3-49) 


Step 5: Given that the dependent variables are 05 and 04, we now solve Equations (4.3-48) 
and (4.3-49) for 0, and 04. Rearranging Equations (4.3-48) and (4.3-49) and also recogniz- 
ing 0; = 0, we have 


r, cos0, = n — r, cos0, +r, cosO, (4.3-50) 
n sin®, = —r, sinO, + r, sin®, (4.3-51) 


Squaring and adding Equations (4.3-50) and (4.3-51) gives 


r5 =r? +r2 +r? — 2n, cos0, cos0, — 2nr, cos0, + 2nr, cos0, — 27r, sin®, sinO, (4.3-52) 


Rearranging gives 
cosO,(cos0, — h ) + sin0, sinO, =—h,cos0, +h; (4.3-53) 
where 
] 

DAD 2 DES 

f, f, n tr nh +r; 
h =; h =; hy (4.3-54) 

h TA 2ryr, 


J 


Equation (4.3-53) is in terms of one of the dependent variables, 04. However, it appears in 
the argument of both the sine and cosine functions. To derive an explicit expression for the 
dependent variable, we employ the identities 
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2tan( $) 1— tan? (5) 
— cos0 = — dá 
1+ tan? (£) 1+ tan? (£) 

2 2 


in Equation (4.3-53). After simplification, we obtain 


sin® = 


6 6 
dtan? (5) + pian +) +e=0 (4.3-55) 
2 2 
where 
d=-h + (1—h,)cos0, + h; (4.3-56) 
b= —2sin0, (4.3-57) 
e= h — (1 +h, )cos®, + hs (4.3-58) 


Equation (4.3-55) is a quadratic equation of tan(04/2). Solving for 0, gives 


if 
-b + (b? — 4de) 
0, =2 tan? 
¿= Atan z (4.3-59) 


Similarly, 05 may be found by eliminating 0, from Equations (4.3-48) and (4.3-49). The resultis 


= —b+ (0° — ac) 

0, = 2 tan tem (4.3-60) 
where 
a=—h, * (14- h;)cos0, +h, (4.3-61) 
c=h, + (17 h,)cos0; + hy (4.3-62) 
2 2 3,2 

f, -ri orior tr 

pe y ppa 28-5 (4.3-63) 
r5 2nr, 


Equations (4.3-59) and (4.3-60) indicate that there are two values of 05 and 0, for a given set 
of link lengths and value of 0. The existence of two possible configurations of the mechanism for 
a given input angular displacement was also encountered when completing a graphical position 
analysis ofa four-bar mechanism in Section 2.2.2. Figure 4.13 showstwo configurations ofa mecha- 
nism having the same input angular displacement. The angular displacements of links 3 and 4 are 


/ 
N // Cross link 
/ 

/ geometry 


Figure 4.13 Two possible configurations of a four-bar mechanism for a given input angular displacement. 
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(6), =2t ap cm 
444 > an 


2a 


-b — (b? — 4dcy? (4.3-64) 
2d 


(6,5, = zz 


and 


tent Ae ate 
3/2 


2a 
(4.3-65) 


2d 


(0,), = 2tan! E o = ade)? | 
4/2 > 


In using Equations (4.3-59) and (4.3-60), one must select either the positive or negative sign. The 
proper selection is achieved by first calculating both angular displacements, and then selecting the 
one that matches a known geometry of the mechanism being analyzed. Equations (4.3-59) and 
(4.3-60) may be applied to all types of four-bar mechanisms. 


Step 6: We proceed to determine time derivative quantities of the dependent variables. In 
this example, we will restrict ourselves to the second method (i.e., differentiating the real and 
imaginary components, and then solving for the derivative quantities). Taking the time deriva- 
tives of Equations (4.3-50) and (4.3-51) gives the following two linear equations in terms of 
and ô; and 0,: 


—r)0, sinO, — 1,0, sin®, = —r,0, sinO, (4.3-66) 


1,0; cos®, + 7,8, cos0, = r,0, cosO, (4.3-67) 


For Equations (4.3-66) and (4.3-67), the values of 0; and 0, can be considered as known, since 
they may be found using Equations (4.3-59) and (4.3-60). To solve for 83, we take 


Equation (4.3-66) x cos0, + Equation (4.3-67) x sin, 
to obtain 
nÔ, (sin®, cos, — sinO, cos0,) + rj, (sin, cos®, —sinO, cos0,) 2 O  (4.3-68) 
Employing the identity 
sin(0; — 0,) = sin0; cos0; — sin; cos0; 


and rearranging, we obtain 


B nô, sin@, — 04) 


9, = cere We 
= r, sin(0, —0,) (4.3-69) 
Similarly, 
r9, sin(0, ~ 9;) 
3 r} sin(0, — 0.) (4.3-70) 


To obtain expressions for 6, and ð, , we differentiate Equations (4.3-66) and (4.3-67) with 
respect to time and solve, yielding 
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-r Ô? cos(0, — 0,) — nð, sin(0, —0,) — 02 cos(0, — 0,) + ,07 


r,sin(0, — 0,) (43-71) 


7 1,0; cos(0, — 0,) — 1,6, sin(0, — 0,) — 1,0; + 7,67 cos(0, — 0,4) 
4 r, sin(0, — 0,) (43-72) 


EXAMPLE 4.2 ANALYSIS OF A FOUR-BAR MECHANISM 


Figure 4.14(a) depicts a four-bar mechanism having 


n =8.0cm; n =3.5cm; r,-10.00cm; r,-9.0cm 


0, =15°; 0, =36.7rad/sec (constant), therefore 6, = 0 
Determine the angular displacements, angular velocities, and angular accelerations of links 3 and 4. 


04 @ 0, —15*) = 81.0° 


4 1807 
9 65 @ 0,—15*) = 53.0° : 
5 4 
oO 
REL 
e 1 
et ou f l | J 
(e 180 360 
i 6 (degrees) 
es 40-1 
3 > 2 
EUR : 
+ 07 t 1 
a 180 360 
E 04 (8 0, — 15?) = —18.7 rad/sec 
ES —40-i 7-64(80,—15*) = —25.0 rad/sec 
i 05 (degrees) 
S 2,000 A ó, @ 0,— 15?) = 1700 rad/sec? 
$ M 0, @ 0, — 15*) = 908 rad/sec? 
3 » 1 
m 
i d 
:D > 
:6 —2,000 L 0, (degrees) We 
(b) 


Figure 4.14 Angular function plots of a four-bar mechanism. 


SOLUTION 
Using Equations (4.3-54) and (4.3-63), we first calculate 
8.0 
h = +=——=2286; h,-0800; h, =-1.361 
t, 3.5 


Then, using Equations (4.3-57), (4.3-61), and (4.3-62), we obtain 


a=—h, + (1+ h, )cos0, +h, 
= — 2.286 + (1 + 0.800)cos15? — 1.361 = —1.908 
b=-0.518; c=0.732 
(Continued) 
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EXAMPLE 4.2 Continued 


Using Equations (4.3-64) and (4.3-65), we obtain 


(6) -ran 2 HL 


2a 


-(-0.518) - ((—0.518)? — 4(-1.908) x 0.732)” S 
2 x (-1.908) 


il 


—2tan = 53.0? 


(6,), =-75.2° 


from which we select by viewing the given geometry of the mechanism 
0; = (83); = 53.0? 
Similarly, the angular displacement of link 4 is 
0,2 (84); =81.0° 
Using Equation (4.3-69), the angular velocity of link 3 is 
ò, " AA mn, P 0,) 
r, sin(0, —0,) 


3.5 x 36.7 sin(15.0? — 81.0?) 
10.0  sin(81.0 — 53.0?) 


rad/sec = —25.0 rad/sec 


Similarly, using Equation (4.3-70), we find 


0, — —18.7 rad/sec 


Using Equations (4.3-71) and (4.3-72), the angular accelerations of links 3 and 4 are 93 = 


0, = 908rad/sec?; 6, — 1700 rad/sec? 


A positive value of either rotational speed or angular acceleration is in the counterclockwise 
direction, whereas a negative value corresponds to the clockwise direction. 


Figure 4.14(b) depicts plots of functions of angular displacement, angular velocity, and 
angular acceleration throughout one cycle of motion. 


4.3.4 Slider Crank Mechanism 


Consider the slider crank mechanism shown in Figure 4.4(a), for which the input is the rotation 
of link 2. 


Step 1: The complex vector representation is illustrated in Figure 4.4(b). 
Step 2: The loop closure equation is 
R,-R,-R,-R4-0 (4.3-73) 


Step 3: Since the input motion is the rotation of link 2, the independent variable is 05, and the 
two dependent variables are 05 and r4. 


Step 4 and Step 5: Substituting Equation (4.3-2) into (4.3-73), extracting the real and imagi- 
nary components, and recognizing that 0; = 90? and 0, — 0, we obtain 


r,cos0, —r,cos0, - r, =0 (4.3-74) 
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n sin®, —r,sin0, —r, =0 (4.3-75) 


Equation (4.3-75) contains only one of the dependent variables, 05, and therefore it is possible 
to solve for it explicitly as 


" -r * r,sin x 
03 = | : - : ) 90? « 0; < 90? (4.3-76) 
3 


We consider the special case, where 
5-70; n-10; n =1.0; 0,- 60? 
In this instance, we should obtain 
0, = 120? 
However, Equation (4.3-76) provides 
0; = 60° 


The value of the angular displacement as provided by Equation (4.3-76) is thus incorrect, and an 
adjustment is necessary. Since 


sin® = sin(180° — 0) 


we let 


"m o osa ht 5 sin, 
0, = 180° — 0; = 180 sin (4.3-77) 


% 


Dependent variable 0, may now be calculated, and values may be substituted into the following 
expression, obtained by modifying Equation (4.3-74), to determine r4: 


r, = r, cos0, — r cos0, (4.3-78) 
Note for this example that it was not necessary to combine the real and imaginary compo- 
nents of the loop closure equation to generate equations that explicitly define the dependent 


variables. 


Step 6: Taking the time derivative of Equations (4.3-74) and (4.3-75) gives 
—r)O, sin®, + rÔ; sin0, — 7, =0 (4.3-79) 


1,9, cos0, — 7,8, cos0, =0 (4.3-80) 


Solving Equations (4.3-79) and (4.3-80) for the first time derivative of the dependent variables 
gives 


"= (4.3-81) 
cos0, 
, _ nÊ, cos0 
Qood (4.3-82) 
1, cos0, 


Differentiating Equations (4.3-79) and (4.3-80) with respect to time, along with solving for the 
second time derivative of the dependent variables, yields 
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7 1,0; cos(0, — 0) + 1,0, sin(0, — 6,) + nô? 


cos 0 
: (4.3-83) 
1,05 sinO, + ,Ó, cos, + 1,0; sin®, 
Wr r, cos0, (43-84) 


EXAMPLE 4.3 ANALYSIS OF A SLIDER CRANK MECHANISM 


Figure 4.15(a) depicts a slider crank mechanism. The link lengths and motion of the crank are 
n =3.Sin; r = 9.0in 
0, = 50°; 6, =52.4rad/sec (constant), andtherefore 0, =0 


Determine the angular displacement, angular velocity, and angular acceleration of link 3 
and the displacement, velocity, and acceleration of link 4. 
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Figure 4.15 Function plots of a slider crank mechanism. 


(Continued) 
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EXAMPLE 4.3 Continued 


SOLUTION 
Comparing the mechanism shown in Figure 4.15(a) with that illustrated in Figure 4.4, we let 


pm —2.0in 
Using Equation (4.3-77), the angular displacement of link 3 is 
gtq gu P 
—n +n sinb, ) 


0, = 180° — a 
do 
2.0 + 3.5sin 50° 


= 180° — sin! 
9.0 


) = 148.7° 


Using Equation (4.3-78), the displacement of link 4 is 
gtq D 
r, = r, cos0, — r, cos@, = (3.5cos 50? — 9.0cos 148.7?) in = 9.940 in 


Using Equations (4.3-81)-(4.3-84), the velocities and accelerations of links 3 and 4 are 


0, -153rad/sec; i, = —212in/sec 


0, = 814rad/sec^; f, = —4170in/sec? 


Figure 4.15(b) depicts plots of functions of displacement, velocity, and acceleration 
throughout one cycle of motion. 


4.4 COMPLEX VECTOR ANALYSIS OF A PLANAR MECHANISM 
WITH MULTIPLE LOOPS 


For planar mechanisms having multiple loops, it is possible to generate a loop closure equation 
for each vector loop and solve for the two dependent variables of each loop from the real and 
imaginary components. In all cases where there are two or more loops, we solve for dependent 
variables one loop at a time. 

The following general steps are required to perform a complex vector analysis ofa planar mecha- 
nism with multiple loops and having one prescribed input motion: 


l. Inspect the mechanism and subdivide it into a number of complex vector loops. Each loop 
will create a polygon, where each side of the polygon must be represented by its own com- 
plex vector. 

2. Number each vector in the loops. 

3. Begin with the loop associated with the given input motion to the mechanism. Identify the 
independent variable in that loop. Next, identify the two dependent variables in that same 
loop. 

4. Generate the corresponding loop closure equation for the loop identified in step 3. 

S. Generate two equations from the real and imaginary parts of the loop closure equation 
from step 4 and simplify. 

6. Solve for the two dependent variables from the equations from step 5. 

7. Proceed to solve adjacent loops, using quantitative information obtained from the previ- 
ous loop(s), by means of the common angles or lengths of vectors that are shared between 
loops. This is done by repeating steps 3 through 6, until all the loops and their dependent 
variables are solved. 
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8. Determine the values of the time derivatives of the dependent variables, using one of the 
following methods: 
(i) Method #1: Use the solved expressions for the dependent variables, obtained in step 6, 
and differentiate them with respect to time. 
(ii) Method #2: Differentiate the real and imaginary components of the loop closure equa- 
tion, obtained in step S, and solve for the time derivative quantities. 


This procedure is illustrated by examples. 


4.4.1 Inverted Slider Crank Mechanism with a Circle Point 


Consider the point C shown in Figure 4.16(a). It is constrained to move on a circular arc about 
the base pivot of link 3 and is referred to as a circle point. For a prescribed angular motion of 
link 2, we will determine expressions for its Cartesian components of displacement, velocity, and 
acceleration. 


Step 1 and Step 2: For this mechanism, two vector loops are created as shown in Figures 4.16(b) 
and 4.16(c). 


Step 3: Since the input motion is the rotation of link 2, we will begin with the analysis of loop 1, 
shown in Figure 4.16(b). Here the independent variable is 05, and the two dependent variables 
are 05 and r3. 


Step 4: The first loop closure equation is 

R,—R4-R;,-0 (4.4-1) 
Step 5: Two equations can now be developed. Recall the relationship of complex vector R; to 
link values r; and 0; 


R; -r(cos0; +isinO;), j=1,2,... (4.4-2) 


Applying Equation (4.4-2) to Equation (4.4-1), we obtain 


r,(cos0, + isin0,) — r,(cos0, + isin®, ) 


(44-3) 
— n (cosO, + isin0,) 20 
Recognizing that 0; = 0, Equation (4.4-3) becomes 
r, cos0, — r cos0, — r -- i(r, sinO, — r,sin0,) =0 (4.4-4) 
The real component of Equation (4.4-4) is 
r,cos0, —r,cos0, -n =0 (4.4-5) 
Im, Im) 
(y) (y) 
3 
\ 
D 
EN 
2 
R7 
R4 
05—0 
6, R, 3704 
> ij > 
ZA Re Wm F5 um RE 


Figure 4.16 Inverted slider crank mechanism with a circle point: (a) Mechanism. (b) First vector loop. (c) Second vector loop. 
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and the imaginary component is 


n sin8, — n sin0, =0 (4.4-6) 


Step 6: Given that the dependent variables are r4 and 03, along with rearranging Equations 
(4.4-5) and (4.4-6) to bring these dependent variables onto one side, we obtain 


r cos0, = r, cos0, — 1, (4.4-7) 


n sin®, = n sin, (4.4-8) 
Squaring and adding Equations (4.4-7) and (4.4-8) and employing the identity 
cos @ + sin? 0 =1 
we obtain 
r2 =r? +15 —2nn, cos0, (4.4-9) 
and therefore 


n = (ri +r} — 257, cos®, )” (4.4-10) 


where only the positive value of the square root was retained. 

Additionally, the expression for 0; must be developed. It should be noted that the approach 
to solve for 0, has already been covered in Section 4.3.2. Specifically, 03 is solved with Equation 
(4.3-22), to obtain 


0,-tan2! E = Bl zi — 180? < 0, «180? (4.4-11) 


n 


Step 7: Repeat Steps 3 through 6, for the second vector loop. The second loop closure 
equation is 
R, +R, +R; -R -R =0 (4.4-12) 
The real and imaginary components of this equation are 
n +1, cos®, + r; cos(8, — 90°) -r 20 (4.4-13) 
r, sin@, + r,sin(O, — 90°) - r 20 (4.4-14) 
In the second vector loop, rg and r; are the dependent variables. Also 
0,=0; 0, =90° 


Angle 0, may be considered as known when analyzing the second vector loop. By inspection 
we have 
0, =8, (44-15) 
Solving equations for the two dependent variables of the second loop, and simplifying, we 
obtain 


f; =, +1, cos0, +r; sinO, (4.4-16) 


r, -r,sin0, — r; cos0, (4.4-17) 
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Equations (4.4-16) and (4.4-17) also correspond to the Cartesian components that locate the 
position of point C, that is, 


Xc=%5 Youn (4.4-18) 
The position vector of point C is therefore 
Te = xci + ycj (4.4-19) 


Step 8: Differentiating Equations (4.4-16) and (4.4-17) with respect to time gives the 
Cartesian components of velocity as 


i, = žc = 0;(—r, sin®, + r; cos0,) (4.4-20) 


i = je = Ô; (r cos; + r; sin0,) (4.4-21) 
The velocity of point C may be expressed as 
Vc T &ci +jcj (44-22) 
Further, the Cartesian components of acceleration are 


i= io = 63 (—7, cos0, — r; sin0,) + 6, (7r, sinO, — r; cos0,) (4.4-23) 


E, = yc = 02 (—r, sin0, + r; cos0,) + Ô, (r, cosO, + rs sin0,) (4.4-24) 


The acceleration of point C is 
üc- Xci t cj (4.4-25) 


The above analysis was completed using the rectangular form of a complex number. The other 
form of a complex number is the polar form. (See Appendix B, Section B.4.) Any result may be 
written in either form. For example, we will determine expressions for the position, velocity, and 
acceleration of point C in polar form. Referring to Figure 4.17, the position vector of point C may 
be expressed as the sum of three complex vectors 


Ro =R; +R, +R, (4.4-26) 


Substituting the polar form of a complex number for the three vectors on the right-hand side of 
the equation, we obtain 


ig i0 ig 
Rc =ne g tne MES ne 3 (4.4-27) 


Im À 


Figure 4.17 Position vector of a circle point in polar form. 
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Recognizing that 
T T 
ES m 0; =0 (4.4-28) 


and therefore Equation (4.4-27) becomes 


i0, 4 Tip 


Ro=ntne (4.4-29) 
which is the polar form of the position of the point C. 
The velocity of point C is 
d 
Vo=—(Re) (4.4-30) 
dt 
Substituting Equation (4.4-29) in Equation (4.4-30), we obtain 
- i0 - i(0.— 
Vo=ir,O,e ° + ir Ose (0,752 
- i6 4.4-31 
= 0469 (r, + ir.) ( ) 
which is the polar form of the velocity of the point C. The acceleration of point C is 
d 
Ac? —(Vc) (44-32) 
dt 
Substituting Equation (4.4-31) in Equation (4.4-32), we get 
Ad Ry is 
Ac = (i65 +8, )e ° (r; t ir) 
225 [rö - AA +i (rô? + 7,65) (4.4-33) 


which is the polar form of the acceleration of the point C. 

Comparing Equation (4.4-31) to Equations (4.4-20)—(4.4-22) and also comparing Equation 
(4.4-33) to Equations (4.4-23)-(4.4-25), we see that the polar forms of the expressions are far 
more compact. 

We may also express the position vector of point C in polar form as 


id 
Re =[Rcle * (4.4-34) 
where, using Equation (4.4-18), the magnitude and complex argument of the vector are 
|Rc| (x6 + ye)", Op, = tan2 (xcs yc) (44-35) 


Similarly, polar forms of the velocity and acceleration vectors may be expressed as 


n=l (4.4-36) 
where 
Wel= Ge 35), Oy, = tan2™ Gc, Fc) (4.4-37) 
and 
Ac [Ac|e ^ (4.4-38) 
where 


Ac] = GG * 37, 4, = tan2™ Hes Fe) (4.4-39) 
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EXAMPLE 4.4 ANALYSIS OF A TWO-LOOP MECHANISM 


For the mechanism shown in Figure 4.18(a), determine the velocity and acceleration of link 6 
for the position shown. Use a complex number approach. 


foo, 7100 cm; fog =40cm; rgp = 9.0 cm 
To,p= 70cm; rog =S.0cm; rg; = 8.0 cm 


0,- 505; Ô, = 30rad/sec CCW; 6, = 200 rad/sec? CW 


Figure 4.18 Two-loop mechanism. 


SOLUTION 
The mechanism is represented by two vector loops in Figure 4.18(b). We start loop 1 
because the input motion is associated with one of the vectors of that loop. Loop 1 is a 
four-bar kinematic chain (Section 4.3.3). Therefore, we employ the equations from that 
section with 

n =10.0cm; n =40cm; n-90cm; 1,=7.0cm 


0, = 505; ô, = 30 rad /sec; 0, =—200 rad/sec? 


to determine 


0, =84.4°; Ô, =8.26 rad/sec; 0, = 569 rad/sec? 


We note from the vector representation that vectors 4 and 8 share the same angular motion. 
The vectors of loop 2 are the same as those for a slider crank mechanism with an offset (Section 
4.3.4) and having vector 8 as its input. Therefore, we revise the vector numbers of Section 4.3.4 
and employ 


t, = 2.0 cm; r, = 5.0 cm; r; = 8.0 cm 


0; =0, = 84.49; 0,-0,-826rad/sec; 0, — 0, = 569 rad/sec? 


to obtain 


—r, + r sinO 
0, = 180° — d =158° 
Ts 


t 18s sin(0; = 0,) 


[^ = — 42.7 cm/sec 
cos0; 
. 130 cosð 
0, = == = — 0.543 rad/sec 
1; cos@. 


(Continued) 
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EXAMPLE 4.4 Continued 


DOR -rÒ cos(0, — 0,) + Os sin(0, — 0,) + rô? 


A = —2842 cm/sec” 


cos0; 


Therefore, the velocity and acceleration of link 6 are 


Tp = 42.7 cm/sec @180°; Tp = 2842 cm/sec” (9180? 


4.4.2 Four-Bar Mechanism with a Coupler Point 


Consider the four-bar mechanism shown in Figure 4.7(a). We will determine the Cartesian com- 
ponents of the displacement, velocity, and acceleration of coupler point C in terms of the angular 
motion of link 2. 

For this mechanism, two vector loops are created as shown in Figures 4.7(b) and 4.7(c). The 
loop closure equations are 


RyQtRQ-R,-R,—0 (4.4-40) 
and 
Rs + Ro + R; - Ro - Rg=0 (4.4-41) 


The first vector loop is the same as that presented in Section 4.3.3. Results from that analy- 
sis may now be employed to determine expressions for the dependent variables of the second 
vector loop. 

For the second vector loop, we have 


0, =0; 8, =90° (4.4-42) 


and 
=n; 0,-0,; 0,-0,; 9, =0, + 90° (4.4-43) 
Therefore, 05, 05, and 07 are now known. The dependent variables of the second loop are the 
magnitudes of vectors Rg and Ro. 
Taking the real and imaginary components of Equation (4.4-41), isolating the dependent vari- 


ables ofthe loop onto the left-hand side ofthe equations, and employing Equations (4.4-42) and 
(4.4-43), we obtain 


rj = r, cos0, + r cos0, — r sinO, (44-44) 


ry =n sin®, + r; sin, + r, cos0, (44-45) 
Equations (4.4-44) and (4.4-45) are also related to the Cartesian components of the position 

of point C, that is, 
Xc — Tg Veoh (44-46) 


Differentiating Equations (4.4-44) and (4.4-45) with respect to time gives the horizontal and 
vertical components of velocity as 


h = ho = 10, sin, — 6. (rs sin®, + r, cos0,) (4.4-47) 
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fy = yc = 1,8; cos0, + 0, (rs cos0, — r, sin®) (4.4-48) 


Differentiating Equations (4.4-47) and (4.4-48) with respect to time yields the following expres- 
sions for the horizontal and vertical components of acceleration: 


a Ne -n8j cos, — nô, sinO, 
= 63 (rg cos0, — r, sin®;) — 0, (r; sin®, + r, cos0,) (4.4-49) 
ic -n0 sin, + nô, cos0, (4.4-50) 


E 05 (rs sin®, + r, cos0,) + .(r, cos0, — r; sin®,) 


EXAMPLE 4.5 ANALYSIS OF A FOUR-BAR MECHANISM WITH A 


COUPLER POINT 


Figure 4.19(a) depicts a four-bar mechanism with a coupler point having 
n =80cm; r,—-3.5cm; r =10.0 cm 
r,=9.0 cm; n =3.0cm; r= 4.0 cm 
0, =15°; 6, = 36.7 rad/sec (constant) 


Determine the displacement, velocity, and acceleration of coupler point C with respect to the 
given coordinate system. 


ycQ 9,— 15? 


y 7 


eg 360 
-----7 We 
05 (degrees) 


jcQ 6 15? 


Weis 

9 á F (ee 

> E Xc@ 0, — 15? MO c s 
NE " 4360 
E if 

e 

ES 


-=Á =- 


05 (degrees) 


—1 0 = 
(b) 
Figure 4.19 Function plots of the coupler point of a four-bar mechanism. 
SOLUTION 
Some of the required quantities were determined in Example 4.2. Using Equations (4.4-44) 
and (4.4-46), we obtain 


xc =n cos0, + r; cos0, — r sinO, 


= (3.5 X cos15? + 3.0 X cos53? — 4.0 x sin 53°) cm = 1.99cm 


(Continued) 
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EXAMPLE 4.5 Continued 


Similarly, 
Jc =S.71cm; xq = 86.6 cm/sec; y =159 cm/sec 
Xc = — 8050 cm/sec’; yc = — 5470 cm/sec” 


From Equations (4.4-19), (4.4-22), and (4.4-25) we have 


To =xçi + ycj = (1.997 + 5.71j) cm = 6.05 cm @ 70.8? 


Vc = (86.6 i +159 j ) cm/sec = 181 cm/sec @ 64° 


Il 


Tc =(-80507 — $4707) cm/sec” = 9730 cm/sec” @ 214? 


Figure 4.19(b) shows plots of functions of components of displacement, velocity, and 
acceleration of the coupler point throughout one cycle of motion. 


TE It is possible to add links to a path-generating four-bar mechanism so that all points on one of 
MODEM UE the links move with the same shape of path as the coupler point, and therefore the link remains 
Mechanism parallel to itself. This is called a parallel-motion mechanism. Figure 4.20 is an illustration of such a 


mechanism. There is a four-bar mechanism, with a coupler point, consisting of links 1 through 
4. The additionallinks are numbered 5 through 8. The additional links may be modeled as two vec- 
tor loops. Since points CDFE and O4DFO; form parallelograms, links 1, 7, and 5 remain parallel to 
one another. Since link 1 does not rotate, the orientation oflink 5 stays constant as the mechanism 
moves. Another mechanism having parallel links is given in the following example. 


Rigid body 
QE 


Figure 4.20 Parallel-motion mechanism [Video 4.20]. 


EXAMPLE 4.6 ANALYSIS OF AN UMBRELLA 


ey Figure 4.21(a) is an illustration of an umbrella. Figure 4.21(b) shows an umbrella with the 
(ürssibrssilta membrane cover removed to reveal the mechanisms employed to deploy the membrane. 
Figure 4.22 is a side view of the one of the several mechanisms employed. The umbrella is 
brought from a closed to an open position by moving the slider link 4 upward. A schematic ofa 


(Continued) 
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EXAMPLE 4.6 Continued 


similar mechanism is illustrated in Figure 4.23. The slider can move upward with respect to the 
sliding shaft to move other links of the umbrella upward and outward during use. 

For the mechanism shown in the Figure 4.23, determine the coordinates of point B as a 
function of the position of A; when moving it from point G to point H. 


fpg = 35.0 cm; rfo g =16.0 cm =r; g 
feo =13.0 cm = rpg; Tgr = 3.0 cm = top 
fog = 30.0 cm; rfo g = 5.0 cm 


Membrane 
cover 


Sliding shaft 


neos (Link 7) 


Base shaft 
(Link 1) 


(a) (b) 


Figure 4.21 Umbrella [Video 4.21]. 


rom (Link 3) 


(Link 2) 


Slider link 
(Link 4) 
(Link 5) 


Tip 


Sliding shaft (Link 6) 


(Link 1) 


E 
(c) 
Figure 4.22 Single linkage of umbrella from fully open to fully closed: (a) Fully open. (b) Partially open. (c) Fully closed. 


(Continued) 
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EXAMPLE 4.6 Continued 


Not to scale 


Figure 4.23 Mechanism used in an umbrella. 


SOLUTION 
Figure 4.24 shows a complex vector representation of the mechanism illustrated in 
Figure 4.23. Three vector loops are employed. From the given information we conclude 


hn =r; =16.0 cm; r4 =r —-30cm; rf; =r =n =13.0cm 
n -130cm; ño = 35.0cm; 5.0 cm <n < 30.0 cm (44-51) 
The independent variable is rj. The dependent variables are 
Loop]: 05,0, 
Loop2: 6,, 9, 


Loop3:7,,1; 


Analysis of Loop 1[see Figure 4.24(a)] 
The loop closure equation is 


R,+R;—R,=0 (4.4-52) 
Recognizing 0, = 90°, the real component is 
r, cos0, — n cos0, = 0 (4.4-53) 
Since r, = r4, we find 


cos0, —cos0, or le. = l6, | (4.4-54) 


Furthermore, from the arrangement and directions of the vectors in the loop, we 
conclude 


0, 2-0, (4.4-55) 


The imaginary component of equation (4.4-52) is 
n trnsin0, — 1, sin®, =0 (4.4-56) 


Combining Equations (4.4-51), (4.4-55), and (4.4-56), we obtain 


Ə, = 0; m (=| (4.4-57) 


2r, 


(Continued) 


176 CHAPTER 4 ANALYTICAL KINEMATIC ANALYSIS OF PLANAR MECHANISMS 


EXAMPLE 4.6 Continued 


Figure 4.24 Complex vector representation of mechanism used in an umbrella: (a) Loop 1. (b) Loop 2. (c) Loop 3. 


Analysis of Loop 2 [see Figure 4.24(b)] 
It would be possible to go through a detailed analytical analysis of loop 2. However, since the 
vectors form a parallelogram, we immediately spot 


0, 20, and 0, =6, 


and in relation to the other vector loops, 


0,20,-0,-0, 0, = 0, =0, = 9; = Ojo (4.4-58) 


(Continued) 
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EXAMPLE 4.6 Continued 


Analysis of Loop 3 [see Figure 4.24(c)] 
The loop closure equation is 


Ry + Ry — Rio — Ro — Rg =0 
The real and imaginary components provide the horizontal and vertical components of 
point B, yielding 
Xp —n; = 59 cos, + ry cosO, + ry cos, 
Jg ^ 7h = no Sin Ojo + r sin®, + r sinO, (4.4-59) 
Combining Equations (4.4-51), (4.4-58), and (4.4-59), and simplifying, we have 
My = (fe 1 fo + Gp cose, 


Yg = (fg + i = fo) sin®, (4.4-60) 


Using Equations (4.4-51) and (4.4-60), Figure 4.25 provides a plot of the coordinates of 


point B. 
| 5 
=o L 
10 
D 115) 
= 
E -20 F 
zw 20 
25 
=L 
| 4=30 cm 
L 1 n I I I ji I 
30 40 50 60 
Xp (cm) 
Figure 4.25 


EXAMPLE 4.7 ANALYSIS OF A TWO-LOOP MECHANISM 


For the mechanism shown in Figure 4.26(a), point A on link 2 is driven upward at a rate of 
10 cm/sec. For the configuration shown, use a complex number approach to determine 


(a) the angular velocity of link 4 
(b) thelinear velocity of point E 


foc 7 60cm; fop =8.0 cm; rg; —30cm; fpg = 9.0 cm 


(Continued) 
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EXAMPLE 4.7 Continued 


4.0 cm 
(variable 
quantity) 


4.0 cm 
(variable 
quantity) 


(a) (b) 


Figure 4.26 Two-loop mechanism. 
SOLU INNO! 
The mechanism is represented by two vector loops as illustrated in Figure 4.26(b). 
n = 60cm; r, = 40cm (variable); r, = 3.0 cm 


r, = 80cm; r= 9.0cm; f, =10.0 cm/sec 


(a) Loop 1 (Ind: rz; Dep: 0;, 03) 
Loop Closure Equation: R, + R, —R, =0 


Realcomponent: r, cos0, + r} cos0, —1,cos®, — 0, since cosO, =0, 


r cos0, =r, cos0, (4.4-61) 


Imaginary component: n sinO, + n sin®, — n sin®, =0, since sin, — 1, 


n sinO, — r, t r,sin0, (4.4-62) 


(44-61) aP (4.4-60) : r? — gl try + 2r sinb, 


2. 23 ae) 
" les 
0, 20, = sin 1 2 m ‘} solve: 0, = 27.3? 
BE 


n +7, sin®, 


(4.4-62):0, = 0; = a ) solve: 8, = 63.6? 


n 
d n oer 
4 9): —n0, sin®, = — 7,0, sin0, (44-63) 
d : . : 
4*9): 7,8, cos0, — 7, + 1,0, cos0, (44-64) 


(Continued) 
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EXAMPLE 4.7 Continued 


(4.4-63) x cos0, + (4.4-64) x sin0,: 


0 =—71,8, sin0, cos®, + ñ sinO, + 7,0, cosO, sin0, 


. d 
solve: 0 = —5.04 um 


| f5sinO, 
=-—2—1_,; 
r,sin(0; — 0,) sec 


and therefore 


1 d 
; solve: 0, = —1.29 = 
n cos0, sec 
rad 


since: ô, = 6; therefore ô, = 1.29 — CW 
sec 


: f, + rÔ, cosO 
(44-64): 6, =2 =? > 


(oa) Looja 2 (nels Or Beos Os, Ta 
Loop closure equation: R} -R;-R;=0 


Real component: r4 cos 04 — rs cos 05 — rg cos O6 = 0, since cos 05 = 1, 


r4 cos 04 — rs cos O5 — r6 = 0 (4.4-65) 


Imaginary component: r,sin®, — r; sin®, — r; sin 0; = 0, since sin 0; = 0 


(4.4-66) 


r4 sin 04— rs sin 0;= 0 


* — i 0 * 
(4.4-66):0; = sin (e) solve:0; = 52.8? 


Is 
byinspection, 0, —180? — 0; = 127.2? 


T (44-65): — 1,8, sin®, + r0; sin®; — 7, = 0 
—1,0, sinB, — i; = —r,Ó, sin, (44-67) 


S (44-66): 1,8, cos0, — 7,8, cos0, = 0 
148, cosQ, = 1,0; cos®, (44-68) 


(44-67) x cos0, + (4.4-68) x sin0,: 
-n, sin®, cos®, — f cos0, + 7,04 cos0, sin0; = 0 


9 AJ sin(0; x90) 
A= 


cm 
5 ; solve 7; 215.3 — 


cos0; sec 


and therefore 
Vg = 15.3 cm/sec @ 0? 
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PROBLEMS 


Complex Analysis, Velocity (a) the rotational velocity of link 3 
Pad For the medhanisor howa ka Picure PAT, detet: (b) the sliding velocity of peg P with respect to the slot in 
i Lan PR link 3 
mine the rotational speed of link 2 and the sliding 
velocity of link 3 with respect to link 2 if v, — 2.0 To,p = 4.042 cm; To,o, = 80 cm 
a in e direction shown. Use a complex num- ó, = 30 rad/sec CCW 
er approach. 
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Figure P4.3 


P4.4 Forthe mechanism shown in Figure P4.4, determine 


(a) the speed of point C as a function of 0; 
(b) the magnitude of the relative velocity of B4 with 
respect to B; as a function of 0 


P4.2 For the mechanism shown in Figure P4.2, deter- (c) the magnitude of the sliding acceleration of B4 with 
respect to B; as a function of 0 


Figure P4.1 


mine the rotational velocity of link 3. Use a complex 


number approach. (d) the maximum magnitude ofthe sliding velocity of B4 with 
respect to B; during a complete rotation of link 2, and 

To,B = 40cm; gp = 8.0 cm the corresponding value(s) of O, where this takes place 

0, = 225; ò 2 =150 rpm CW (Hint: Use the expression from part (c) to determine 


value(s) of 0, where the sliding acceleration is zero.) 


Use a complex number approach. 


fo,B2 7 1.5 in; ô, =75 rpm CW (constant) 


m 10.0 cm 


Figure P4.2 


P4.3 Figure P4.3 shows an intermittent-motion mecha- 
nism known as the Geneva mechanism (Chapter 13, 
Section 13.10.2). The circular peg P is attached to 
link 2 and slides in the slots of link 3. Use a complex 
number approach when 0, = 160° and determine 


Figure P4.4 
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P4.5 For the mechanism shown in Figure P4.5, determine 
(a) the angular velocity of link 3 
(b) the velocity of point D3 with respect to point D, 
Use a complex number approach. 


fo, 7 40cm; 8, =135°; 0; 2120 rpm CW 


Dı on 1 
Ds on 3 


Figure P4.5 


P4.6 Forthe mechanism shown in Figure P4.6, determine 

(a) the speed of point C as a function of 05 

(b) the magnitude of the relative velocity of By with 
respect to B; as a function of 0; 

(c) the magnitude of the sliding acceleration of B4 with 
respect to B; as a function of 0; 

(d) the maximum magnitude of the sliding velocity of By 
with respect to B; during a complete rotation of link 
2, and the corresponding value(s) of 05 when this 
takes place 

(e) the maximum magnitude of the sliding acceleration 
of B4 with respect to B; during a complete rotation of 
link 2, and the corresponding value(s) of 05 when this 
takes place 

Use a complex number approach. 


fo,B, = 40cm; 0, =200 rpm CCW (constant) 


Figure P4.6 


Complex Analysis, Velocity and 
Coriolis Acceleration 


P4.7 For the mechanism shown in Figure P4.7, determine 
(a) the angular velocity of link 3 
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(b) the velocity of point A; with respect to point A; 


(c) the Coriolis acceleration of point A; with respect to 
point A; 
Use a complex number approach. 


foa, =5.0cm; @, =135°; 6, =80 rpm CW 


A» on 2 and 4 
A4 on 3 


O; 


<— 6.0 cm —>] 
Figure P4.7 


P4.8 For the mechanism shown in Figure P4.8, determine 
(a) the rotational velocity of link 3 


(b) the Coriolis acceleration of point B, with respect to 
point B4 
Use a complex number approach. 


foa = 30cm; 19,04 = 8.0 cm 


0, —135; ô, = 30 rad/sec CW 
B; on 3 
2.0 cm B,on4 
E 


Figure P4.8 


Complex Analysis, Velocity and 
Acceleration 


P4.9 For the mechanism shown in Figure P4.9, deter- 
mine the angular acceleration of link 3. Use a com- 
plex number approach. 


To,4 7 60 cm; 0, = 60° 


A 


0, = 70 rad/sec? CCW 


ô, = 90 rpm CW 


Figure P4.9 
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P4.10 Figure P4.10 depicts a skeleton diagram repre- 
sentation of an Oldham coupling.(Chapter 13, 
Section 132.3). Determine 1,13, 5,4, 5,, P, in 
terms of 1,0,,0,, 0,. Use a complex number 
approach. 


1 k r >| 1 


Figure P4.10 


P4.11 For the mechanism shown in Figure P4.11, 
determine 
(a) the acceleration of point B 
(b) the sliding acceleration of A, with respect to A4 
Use a complex number approach. 


fo a, 7 $0 cm; 0, — 48? 


A, on 4 


05— 140 rpm CW 


Figure P4.11 
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P4.12 Determine the rotational speed of link 3 of the 
mechanism given in Figure P4.12 for the position 
shown. Use a complex number approach. 


j 7 45° 


fo ,a 7 40cm; fag =10.0 cm; 


ö,=70 rad/sec? CCW_ A 
6)=50 rpm CW 


Figure P4.12 


P4.13 The nomenclature for this group of problems is 
given in Figure P4.13, and the dimensions and 
data are given in Table P4.13. For each, deter- 
mine the angular displacements, angular veloci- 
ties, and angular accelerations of links 3 and 
4. Use a complex number approach. (Mathcad 
program: fourbarkin) 


LLL 
1 1 


Figure P4.13 


P4.14 The nomenclature for this group of problems 
is given in Figure P4.14, and the dimensions 
and data are given in Table P4.14. For each, 
determine the angular displacement, angular 


TABLE P4.13 


Ti r2 T3 
(cm (cm (cm 

(a) 5 1 4 
(b) 8 2 5 
(c) 10 32 20 


(d) 5 1 6 


‘4 0, 6, 6, 
(cm (degrees) (rad/sec) ^ (rad/sec?) 
3 30 30 0 
4 60 45 0 
20 120 -50 40 

4 210 100 -40 
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TABLE P4.14 
Ti r2 r3 0; ô, 8, 
(cm) (cm) (cm (degrees) (rad/sec) (rad/sec?) 
(a) 0 5 10 30 50 0 
(b) 0 3 4 60 45 0 
(c) 2 3 6 120 -50 40 
(d) -2 4 10 150 100 -4 


velocity, and angular acceleration of link 3, and 
the displacement, velocity, and acceleration of link 
4. Use a complex number approach. (Mathcad 
program: slidercrankkin) 


Figure P4.14 


Complex Analysis, Multiple Loops 


P4.15 For the mechanism shown in Figure P4.15, 
determine 
(a) the velocity of point C 
(b) the sliding velocity of point B with respect to the 
base link 
Use a complex number approach. 
foa = 6.0 cm; fag = 12.0 cm; fag = 9.0 cm 


0, =315°; 6, =180 rpm CW 


(d) the equations for the components of velocity of 
point C in terms of given parameters and quantities 
determined in parts (a), (b), and (c) 


Use a complex number approach. 


fo a = 6.0 cm; rag =12.0 cm; rge = 9.0 cm 
0, =315°; 0, =180 rpm CW 
fo,ąa =6.0cm; r,y =12.0 cm 


10.0 cm >] 


Figure P4.16 


P4.17 For the mechanism shown in Figure P4.17, 
determine the velocity of point C. Use a complex 
number approach. 


foa 7 l.S in; rag =1.Sin; rgc =1.0 in; rap = 4.0 in 
0, =45°; 0, =150 rpm CCW 


Figure P4.15 


P4.16 For the mechanism shown in Figure P4.16, 
determine 
(a) the angular velocity of link 3 
(b) the velocity of point B; with respect to point By 


(c) the Coriolis acceleration of point B4 with respect to 
point B, 


Figure P4.17 


P4.18 For the mechanism shown in Figure P4.18, 
determine 
(a) theangular velocity of link 3 
(b) the velocity of point C 
Use a complex number approach. 


'o,p 7 40cm; rgo —15.0 cm 
0, =225°; 0, = 50 rad/sec CCW 
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each, determine the linear displacement, linear 
velocity, and linear acceleration of point C. Use 


a complex number approach. (Mathcad pro- 
gram: fourbarcpkin) 


P4.20 The nomenclature for this group of problems is 
given in Figure P4.20, and the dimensions and 
data are given in Table P4.20. For each, determine 
the linear displacement, linear velocity, and linear 
acceleration of point C. Use a complex number 
approach. (Mathcad program: slidecrankcpkin) 


Figure P4.18 


P4.19 The nomenclature for this group of prob- 
lems is given in Figure P4.19, and the dimen- 
sions and data are given in Table P4.19. For 


C 


Figure P4.20 


P4.21 For the mechanism shown in Figure P4.21, 
determine 
(a) theangular velocity of link 3 
(b) the velocity of point C 
(c) theangular acceleration of link 3 
(d) the acceleration of point C. 
Use a complex number approach. 


TL 
1 1 fo g 7 $0 cm; rgo; = 20.0 cm 


Figure P4.19 0,—330*; 0, = 40.0 rad/sec CCW (constant) 


TABLE P4.19 


Yi T5 T3 T4 Ys f6 05 6, 6, 
(cm (cm) (cm (cm (cm (cm (degrees) (rad/sec) ^ (rad/sec”) 
(a) 1 0.2 0.4 1 0.2 0.5 30 30 0 
(b) 5 1 4 3 -2 0 60 45 0 
(c) 8 2 10 6 12 -1 120 -50 40 
(d) 0.2 1 0.4 0.9 0.2 0.4 210 100 -40 


TABLE P4.20 


Yi TY, r3 fs r6 0, 6, 6, 
(cm (cm) (cm (cm (cm) (degrees) (rad/sec) (rad/sec?) 
(a) 0 5 10 -4 0 30 30 0 
(b) 0 2 6 2 4 60 45 0 
(c) 2 4 8 12 0 120 -50 40 
(d) 2» 3 y 5 E 315 100 -40 
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Tog =5.0 cm; feo = 60cm; fgp = 10.0 cm 
0, =40°; 0, =15.0 rad/sec CW 


C 


Figure P4.23 


P4.24 For the mechanism shown in Figure P4.24, deter- 
mine for the position shown 


Figure P4.21 (a) the rotational speed and direction of link 3 
(b) the velocity of point C 
P4.22 For the mechanism shown in Figure P4.22, Use a complex number approach. 
determine 


To,s 7 20cm; rg; — 10cm 


(a) the angular velocity of link 3 : 
a id 0, 230*; 0, 2200 pm CCW 


(b) the velocity of point C 
Use a complex number approach. 
fo, 7 30cm; rg; =10.0cm; fo p, 70cm 


0, =30°; 6, =15.0 rad/sec CW 


4.0 cm 


Figure P4.24 
Figure P4.22 
P4.25 For the mechanism shown in Figure P4.25, determine 
P4.23 For the mechanism shown in Figure P4.23, (a) the angular velocity of link 3 
determine (b) the velocity of point C 
(a) the angular velocity of link 3 (c) the angular acceleration of link 3 
(b) the velocity of point C (d) the acceleration of point C 


Use a complex number approach. Üsea complies number approach; 
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P4.27 For the mechanism shown in Figure P4.27, deter- 


top =S.0cm; rg; = 20.0 cm 
E mine the angular position, velocity, and accelera- 


0, =240°; 6, = 40.0 rad/sec CW; 
29 oe ee oe i tion of link 6. Use a complex number approach. 
0, = 300 rad/sec“ CCW 


7 =10.0 cm; fo g = 4.0 cm 
0,0, 0B 
P4.26 Forthe mechanism shown in Figure P4.26 tgp = 9.0 cm; foD = 7.0 cm 


f = 6.0 cm; fo g = 5.0 cm 
12.0 cm 0,0; I O,E 


Tgr = 8.0 cm; To,F = 5-0 cm 


0, = 50°; 0, =30 rad/sec CCW (constant) 


D, on 1 and 4 
. D,0n3 


4.0 cm 


Figure P4.25 


0, 23005 1,3 = 5.0 cm 


Figure P4.27 


(a) Determine the Coriolis acceleration of D, with 
respect to D; if P4.28 For the mechanism shown in Figure P4.28, deter- 
mine the position, velocity, and acceleration of link 


a ie eo ea) 6. Use a complex number approach. 


Use a complex number approach for part (a). foo, =10.0cm; fo g = 4.0 cm 
(b) Determine the Coriolis acceleration of D, with Tgp = 9.0 cm; Top = 7.0 cm 
respect to D; if fog = 5.0 cm; Tgp = 12.0 cm 


Ô, = 80.0 rad/sec CCW (constant) 0, = 505; 0, = 30 rad/sec CCW (constant) 


200 
(c) Determine the Coriolis acceleration of D, with z 


respect to D; if 


0, = 80.0 rad/sec CW (constant) 


(Hint: For parts (b) and (c), use the result from 
part (a) as a guide.) 


12.0 cm Figure P4.28 


D, on 1 and 4 
D, on 3 


Figure P4.26 


GEARS 


INTRODUCTION 


This chapter covers both friction and toothed gear systems. The following sections present a math- 
ematical model for analyzing friction gears, descriptions of various types of toothed gears, and 
common manufacturing methods for gears. 


5.2 FRICTION GEARING 


A simple means of transmitting rotational motion from one shaft to another is by use of a pair of 
friction gears, as shown in Figure 5.1(a). Here, transmission relies on the friction force between 
the cylinders in contact. 

A free-body diagram of each cylinder is shown in Figure 5.1(b). Tangent to both cylinders is 
a force of magnitude 


Cin.) / 
w7 T; 


Driver Driven 


(a) (b) 
Figure 5.1 Friction gears: (a) Friction gear set, (b) Free-body diagrams. 


F=|F| (5.2-1) 


In the arrangement shown, gear 2 is the driver gear, and gear 3 is the driven gear. Power is sup- 
plied to the system through the shaft connected to gear 2, and power is removed from the system 
through the shaft attached to gear 3. The torque driving gear 2 is in the same direction as its rota- 
tional speed. The magnitude of that torque is 


IT] = Fr, (5.2-2) 
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Torque applied to gear 3 is in the opposite direction to its rotation. The magnitude of that torque is 
|73|= Fr, (52-3) 


Combining Equations (5.2-2) and (5.2-3), we obtain 


c - " (5.2-4) 
If no slippage occurs, then we have 
7,|0,|=n]0| (52-5) 
The magnitude ofthe speed ratio, e, is 
le 5 " (5.2-6) 
Combining Equations (5.2-4) and (5.2-6), we get 
|7,0,|=|T,05| (82-7) 


However, multiplication of a torque by a rotational speed yields power (Appendix C, Section 
C.10.3). Therefore, Equation (5.2-7) states that assuming no slippage between the friction gears, 
no power is lost in the transmission. 

Frictional forces tangent to the cylinders are obtained by imposing a normal force of magnitude 


N=|N| (5.2-8) 


Since for the friction model 


FSUN (5.2-9) 


Lower Constant Output 

output Mm input speed = 

speed €— speed input speed s 
(a) (b) 


Higher 
output speed ~~ 


(c) 
Figure 5.2. Continuously variable traction drive [Video 5.2]. 


Video 5.2 
Continuously 
Variable Traction 
Drive 


Video 5.4 
Continuously 
Variable Belt 
Drive 
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in which the coefficient of friction, p, is generally less than unity, N must therefore be greater than F. 
Theserelativelylarge normal forces must be supportedby the bearings, asindicatedin Figure 5.1(b), 
and must be taken into account in a design. 

One definite advantage of using friction gearing is the ease of generating a continuous range of 
speed ratios. Consider the system shown in Figure 5.2. Changes in speed ratio are accomplished 
by altering the orientation of the idler wheel, link 3, and thereby varying the radii of contact with 
links 2 and 4. In the illustration, three positions ofthe idler friction wheel are shown that produce 
three distinct speed ratios. If the input cone 2 is driven at a constant rate, then the output of cone 
4 may have a varying rotational speed. 


Figure 5.3 shows an alternative system that can produce a continuous range of speed ratios. 
This system employs a variation ofthe open-loop friction drive (Figure 1.17). In this case, a range 
of speed ratios is obtained by allowing the belt to contact the pulleys at different radii, accom- 
plished by adjusting the positions of the two halves of the pulleys. Two positions are shown in 
Figures 5.3(a) and 5.3(b), resulting in two distinct speed ratios. Figure 5.4 shows additional illus- 
trations ofa similar system. 


Input 
Output 
Input 
Output 
(b 
Figure 5.3 Continuously variable belt drive: (a) High-speed ratio, (b) Low- 


speed ratio. 
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Video 5.5A 
Straight Spur 
Gears 


Video 5.5B 
Helical Spur 
Gears 


Straight spur gears (Figure 5.5(a)): These gears have straight teeth, parallel to the axis of rotation. 
They are relatively easy to manufacture. 

Helical spur gears (Figure S.5(b)): The teeth of a helical spur gear are at an oblique angle with 
respect to the axis of rotation. Compared with straight spur gears, there is a longer line of contact 
with a meshing gear, resulting in increased strength and durability. Helical spur gears are com- 
monly used in automotive transmissions and machine tools. Figure 13.16 (Chapter 13) shows 
helical spur gears employed in a power drill. 

The helix angle, v, for helical spur gears is illustrated in Figure 5.6. Right-hand and left-hand 
varieties are shown. A pair of meshing helical spur gears with parallel axes of rotation must include 
agear with left-hand teeth and another with right-hand teeth. The helix angles must be equal. 
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Video 5.7 
Miter Gears 
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Figure 5.5 Spur gears: (a) Straight spur gears [Video 5.5A], (b) Helical spur gears [Video 5.5B]. 


~ A 
E. ! 
(a) (b 


Figure 5.6 Left- and right-hand helical gears: (a) Right hand, (b) Left hand. 


A specific type of a helical spur gear, called a miter gear, employs a helix angle of 45°. For miter gears, 
the centerlines of the axes of rotation can be perpendicular to one another, as shown in Figure 5.7. 
In this instance, two left-hand gears have been employed. 


Video 5.8A 
Herringbone 
Gears, Narrow 


Video 5.8B 
Herringbone 
Gears, Wide 
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Figure 5.7 Miter gears [Video 5.7]. 


Paes H oih 


(a) 
Figure 5.8 Herringbone gears: (a) Narrow [Video 5.8A], (b) Wide [Video 5.8B]. 


(a) (b) 
Figure 5.9 Bevel gears: (a) Plain [Video 5.9A], (b) Spiral [Video 5.9B]. 


Because of the orientation of the teeth on a helical spur gear, there is a component of the load 
from meshing gears directed along their axes of rotation. Devices that incorporate helical spur gears 
often employ thrust bearings to support these axial loads. Meshing straight spur gears do not have 
an axial component of the load because here the gear teeth are parallel to the axes of the rotation. 

Herringbone gears (Figures 5.8(a) and 5.8(b)): Herringbone gears are equivalent to two heli- 
cal gears with left- and right-hand teeth. This causes the axial load produced on one side to be 
counterbalanced by that produced on the other. Herringbone gears are well suited for heavy-load 
applications such as large turbines and generators. 

Plain bevel gears (Figure 5.9(a)): These gears permit transmission of motion between two shafts 
angled relative to each other. 
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Video 5.9A 
Plain Bevel Gears 


Video 5.9B 
Spiral Bevel Gears 


Video 5.10 
Hypoid Gear Set 


Video 5.11A 
Worm and 
Wheel Gears, 
Right-Hand 
Worm 


Video 5.11B 
Worm and Wheel 
Gears, Left-Hand 
Worm 


Video 5.12A 
Worm and Wheel, 
Double-Start 
Worm, 
Right-Hand 
Worm 
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Spiral bevel gears (Figure 5.9(b)): The teeth of spiral bevel gears are cut obliquely so that the length 
of the line of contact between meshing gears is longer compared to plain bevel gears, thus providing 
greater tooth strength and durability. 

Hypoid gears (Figure 5.10): A hypoid gear set resembles spiral bevel gears. However, the teeth 
are cut such that the axes of rotation of the two gears in mesh do not intersect. The smaller input 
gear is called the pinion that meshes with and drives the ring gear. A common use of hypoid gears 
is in the differential assembly (see Chapter 6, Section 6.6) of rear wheel drive vehicles. They allow 
reduction in height of body styles by lowering the drive shaft to the rear wheels. 

Worm and wheel gears (Figures 5.11 and 5.12): A worm gear is similar in shape to a screw thread 
and mates with a gear called the wheel. Power is always supplied to the worm. In fact, worm and 
wheel gear sets are typically self-locking (i.e., motion cannot be transmitted by driving the wheel 
gear). Worm and wheel gear sets provide high reductions of speed in a compact space. For each 
worm and wheel gear set shown in Figure 5.11, one rotation of the worm gear will cause the wheel 
to advance one tooth. Therefore, the magnitude of the speed ratio is 


1 


le| = (5.3-1) 


N wheel 
where N wheel is the number of teeth on the wheel. 

The gear set shown in Figure 5.11(a) incorporates a right-hand worm, and in Figure S.11(b) 
a left-hand worm is employed. Although the magnitudes of the speed ratios of both gear sets are 
the same, for the same input motion of the worms, the direction of the rotation of the wheels is 
opposite. 

Figure 5.12 shows two other versions of worm and wheel sets. Each incorporates a double-start 
worm. Both left- and right-hand worm gears are illustrated. For both cases shown, for each rotation 
of the worm gear, the wheel advances two teeth. Therefore, the magnitude of the speed ratio is 


Figure 5.10 Hypoid gear set [Video 5.10]. 


Wheel 
gears 


(a) (b) 


Figure 5.11. Worm and wheel gears: (a) Right-hand worm [Video 5.11A], (b) Left-hand worm [Video 5.11B]. 


Video 5.12B 
Worm and Wheel, 


Double-Start 
Worm, Left-Hand 
Worm 
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Start 1 
(a) (b) 


Figure 5.12 Worm and wheel, double-start worm: (a) Right-hand worm [Video 5.12A], (b) Left-hand 
worm [Video 5.12B]. 


Start 2 


2 


le|= 5.3-2 
N heel ( ) 


Worm gears can be designed to have as many as four starts. 


5.4 FUNDAMENTAL LAW OF TOOTHED GEARING 


For meshing gears, it is usually critical to maintain a constant ratio of speeds. Slight variations in 
the ratio would lead to unwanted vibrations and noise, caused by fluctuating loads and speeds. 
This section presents the requirement for the shape of gear teeth necessary to maintain constant 
speed ratio. 

Figure 5.13 shows two members, links 2 and 3, in contact at point Q. The links are pivoted 
about points O, and O3. The line of centers contains O, and O3. Rotational speeds of the links are 
designated as w and w3. By inspection, w and w3 must be in opposite directions if contact is to be 
maintained as the links rotate. The point of contact, Q, is actually composed of two points: Q, on 
link 2, and Q on link 3. 

When point Q is on the line of centers (Figure 5.13(a)), there is a rolling action between the 
links. In this case, there is no relative sliding at Q since 


Yo, = Vos 
Common . 
normal Relative 
Common sliding 
normal velocity 
velocity MY component 
component í 
Common 
To, = Va, ngen Q, Qz, Q; 


Q, Qə, Q; 


tine of cente 


3 Py 3, K 


Figure 5.13 Two members in contact. 
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Figure 5.13(b) shows an alternate configuration of the links where point Q is not on the line of 
centers. In this instance, there is both relative sliding and turning, and point Q is the location of 
a two degree of freedom pair. The common tangent and common normal to the surfaces at Q are 
indicated. The common normal intersects the line of centers at K. 

The ratio of rotational speeds between links may be readily found using the concept of instan- 
taneous centers (Section 2.10). As indicated in Figure 5.13(b), two of the instantaneous centers, P, ; 
and P, 3, are at the points O, and O;, respectively. Based on Kennedy’s Theorem (Section 2.11), 
the third instantaneous center coincides with K. For this system we may write 


Vp | re o. 2| 7 7,7, l5] (5.4-1) 
which is equivalent to 
fo,K jo, |= 'O.K [ON (5.4-2) 
and 
oe lo, 
o, "04K (5.4-3) 


Equation (5.4-3) indicates that the magnitude of the speed ratio for two links in contact is equal 
to the ratio ofthe lengths ofthe line segments that are along the line of centers. The lengths ofthe 
line segments involve the location of K and the axes of rotation of the links. 

The above may be applied for the specific case where the links are meshing gears. Also, we may 
deduce the condition to maintain a constant speed ratio between a pair of meshing gears, known 
as the fundamental law of toothed gearing. The law may be stated as follows: To maintain a constant 
speed ratio between a pair of gears, the common normal at the point of contact between meshing 
teeth must always intersect the line of centers at a fixed point. 

This fixed point is also called the pitch point. Even though the location of the point of contact 
may change, the fundamental law of toothed gearing can still be satisfied as long as the location of 
the pitch point remains fixed. 


5.5 INVOLUTE TOOTH GEARING 


Video 5.15 
Generation of an 
Involute Profile 


Having established the fundamental law of toothed gearing, it is now possible to search for those 
shapes of teeth which will provide a constant speed ratio between meshing gears. This section 
presents gear teeth that have involute form, which is by far the most common shape of gear teeth. 

Figure 5.14(a) shows two counter rotating cylinders, also referred to as base circles, of radii ry; 
and rj;. Their rotational speeds are w, and w; in the directions shown. A piece of string is wrapped 
around both base circles, similar to that ofthe cross belt friction drive shown in Figure 1.19. A bead 
is attached to the string between the base circles. In Figure 5.14(a), the bead is located on the line 
of centers of the base circles, and Figure 5.14(b) shows the bead in an alternate position. As the 
base circles rotate, the string unwinds from base circle 2 and is taken up by base circle 3. In order 
for the string to remain taut, the unwinding and take-up speeds must be equal, that is, 


5305] 7 |o] (5.5-1) 


As the base circles rotate, the bead moves on a straight path with respect to the stationary base link. 
However, motion of the bead relative to a base circle may be observed by holding one base circle 
stationary, and then either winding or unwinding the string around the base circle, as shown in 
Figure 5.15(a). Under these conditions, the curve traced out by the bead is called an involute. At 
any position, the direction of the unwound string is normal to the involute. 

The model shown in Figure 5.15(b) consists of two base circles. In this instance, the bead traces 
out two involutes simultaneously, one with respect to each of the base circles. At all positions, the 
bead corresponds to the point of contact of the involutes, and the orientation ofthe string between 
the base circles is normal to both involutes. 


Video 5.18 
Straight Spur 
Gears 


Video 5.19 
External—Internal 
Meshing Gears 


Video 5.20 
Rack and Pinion 
Gears 
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(a) (b) 
Figure 5.15 Generation of an involute profile [Video 5.15]: (a) One-cylinder model 


(b) Two-cylinder model. 


Let us now remove the string from the demonstration model shown in Figure 5.15(b). Instead, 
as illustrated in Figure 5.16, motion is transmitted by meshing surfaces having involute profiles. 
These profiles are in contact at point A. A common normal to the involute profiles is drawn through 
the point of contact. It has the same orientation as that which the string had between the base 
circles. The common normal intersects the line of centers at the pitch point K. As the base circles 
rotate, the location of the pitch point remains fixed, even though the point of contact changes. 
Since the pitch point does not move, the meshing involute profiles satisfy the fundamental law of 
toothed gearing: that is, they generate a constant speed ratio. 

Involute profiles are incorporated in gear teeth to generate a constant speed ratio between 
a pair of meshing gears. Each gear employs multiple teeth positioned around its periphery. The 
shape of both sides of every tooth is an involute. Each tooth, referred to as an involute gear tooth, 
makes use of two involutes. As illustrated in Figure 5.17, the involute on each side of a gear tooth 
is equivalent to unwrapping a string from the base circle. The beads on string 1 and string 2 trace 
out involute 1 and involute 2. Figure 5.18 shows a pair of gears with involute gear teeth. All teeth 
on a gear employ the same involute profile and have uniform height. 

For the animation provided through [Video 5.18], pairs ofteeth in turn come into and out of 
mesh and maintain a constant speed ratio as the gears rotate. Figure 5.19 shows an external gear 
meshing with an internal gear. Figure 5.20 shows a rack and pinion gear set. 
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Figure 5.16 Double involute. 
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Figure 5.17 Generation ofan involute gear. 


The common normal at the point of contact for a pair of gears is also called the line of action. 
Gears incorporating involute profiles have a fixed line of action. Assuming no friction, the line 
of action also represents the orientation of interactive forces between meshing teeth. The angle 
between the line of action and a direction perpendicular to the line of centers is called the pressure 
angle, 9, as illustrated in Figure 5.16. 

Figure 5.16 shows portions oftwo pitch circles associated with the gears. These circles are cen- 
tered at O and Os, the same as for the base circles, and both pass through the pitch point. Their 
radii are r, and r4. Applying Equation (5.4-2) in this instance gives 


5|[0;|- no] (5.5-2) 
and therefore the magnitude of the speed ratio is 


(QK 
@, 


; 
=+ (5.5-3) 
13 
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(a) 


Figure 5.18 (a) Straight spur gears [Video 5.18], (b) enlargement in vicinity of meshing teeth. 
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Figure 5.19 (a) External-internal meshing gears [Video 5.19], (b) enlargement in vicinity of meshing teeth. 
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Figure 5.20 (a) Rack and pinion gears [Video 5.20], (b) Enlargement in vicinity of meshing teeth. 
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C 


Figure 5.21 Variation of pressure angle. 


Equation (5.5-3) is identical to Equations (5.2-6), which was obtained by considering a pair of 
friction gears of radii r, and r3, for which there was no slippage. Thus, a pair of toothed gears is kine- 
matically equivalent to friction gears with radii equal to the pitch circles. Either side of Equation 
(5.5-2) represents the magnitude of the pitch line velocity, vp. 
Using Figure 5.16, the relation between radii of the base and pitch circles is 

ty = 7, COS (5.5-4) 
The shape of an involute for a gear tooth isa function of its base circle diameter and is independent 
of the center-to-center distance between a pair of meshing gears. As an illustration, Figure 5.21 shows 
two base circles with a string wrapped around both of them. Two center-to-center distances, c; and 
c5, are shown. For each, the line of action and pressure angle are different. However, the involute 
profiles generated for each base circle are identical. Thus, as long as contact is kept between gear 
teeth, even if the center-to-center distance is changed, a constant speed ratio will be maintained. 


5.6 SIZING OF INVOLUTE GEAR TEETH 


Circular pitch and diametral pitch are two means used to designate the size of straight spur gears 
incorporating an involute profile, using the U.S. Customary system ofunits. 

Circular pitch, py is the curvilinear distance measured along the pitch circle, from a point on 
one tooth to the corresponding point on an adjacent tooth. It is illustrated in Figure 5.22 and is 
expressed as 


nd 2nr 
=-= (5.6-1) 
P: N N 
where d is the pitch circle diameter and N is the number of teeth on the gear. The value of circular 
pitch is stated with units of inches. 
Diametral pitch, P, is the number of gear teeth per unit length of pitch circle diameter, and is 
expressed as 


P= 


N 
F (5.6-2) 


Diametral pitch is stated with units ofin !. 
Combining Equations (5.6-1) and (5.6-2), we obtain 


Pp,-n (5.6-3) 


5.6 SIZING OF INVOLUTE GEAR TEETH 


Addendum 
circle 


" M 


—. Outline of 
meshing tooth 


Fillet radius Clearance 


Clearance 


circle Dedendum circle 


(a) 


Circular pitch 


Tooth Tooth 
thickness space Pitch line 


V. [Addendum 
/ | Dedendum 
(b) 
Addendum 
Dedendum 


Pitch circle 
PA 


Figure 5.22 Spur gear terminology: (a) External gear, (b) Rack, (c) Internal gear. 
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Module is the term used to indicate the size of involute gear teeth in the SI System. It is defined 
as the pitch circle diameter, in millimeters, divided by the number of teeth on the gear. Module is 


expressed as 


B. um 


m= —-— 
N N 


(5.6-4) 


Two gears in mesh must have the same diametral pitch, circular pitch, and module. This require- 
ment is often simply stated that gears in mesh must have the same pitch. Meshing gears must also 


have the same pressure angle. 
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From Equations (5.6-1), (5.6-2), and (5.6-4), we have 


d=2 ee N .6- 
putet (5.6-5) 


Thus, fora given pitch, the number ofteeth on a gearis proportional to its pitch circle radius. Using 
Equation (5.5-3), we conclude 

ms 
0, 


= 6-6 
PON (5.6-6) 


Equation (5.6-6) states that the magnitude of the speed ratio for a pair of gears in mesh equals the 
inverse of the ratio of the numbers of teeth on the gears. The topic of speed ratio will be considered 
again in Chapter 6 for a variety of gear trains. 

Proportions of a gear tooth are shown in Figure 5.22(a). Included in this figure are 


e addendum, a: the radial distance between the pitch circle and a circle (also called the adden- 
dum circle) drawn through the tops of the gear teeth 

e dedendum, b: the radial distance between the pitch circle and a circle (also called the deden- 
dum circle) defining the bottom land between teeth (Note: we require b > a). 

e clearance, b — a: the difference between the dedendum and the addendum 


Figures 5.22(b) and 5.22(c) show the addendum and dedendum associated with a rack and an 
internal gear. A rack has a pitch line, rather than a pitch circle. 

Values of addendum, dedendum, and pressure angle have been standardized in order to facili- 
tate interchangeability of gears. The addendum and dedendum may be expressed in terms of either 
circular pitch, diametral pitch, or module. Table 5.1 provides a summary of standardized values in 
terms of diametral pitch. Using the U.S. Customary system of units, there are three standardized 
values of pressure angle (i.e., 14.5°, 20°, and 25°). Today, 20° is the most common. 

Straight spur gears have two standard forms when 9 = 20°: stub and full-depth. Values are pro- 
vided for both forms. Full-depth teeth have a larger value of addendum than stub teeth. 

Figure 5.23 illustrates teeth on racks with six values of diametral pitch, using the proportions 
listed in Table 5.1 for full-depth teeth and o = 20°. 

The proportions in Table 5.1 show that the value of the dedendum is greater than the adden- 
dum. The clearance, defined as the difference between the dedendum and the addendum, also cor- 
responds to the distance between the top land of one tooth and the bottom land of a meshing tooth. 


TABLE 5.1 STANDARD PROPORTIONS OF GEAR TEETH AS A FUNCTION OF 
DIAMETRAL PITCH 


Addendum Dedendum Whole Depth Clearance 

a b a+b b-a 

Full-depth tooth(ọ = 14.5°) 1.0 1.157 2.157 0.157 

P (PO (PO (PO 
Stub tooth (o = 209) 0.8 L0 1.8 0.2 
P P P P 

Full-depth tooth (@ = 20?) 1.0 1.25 2.25 0.25 

P P P P 

Full-depth tooth (o = 25?) 10 125 225 0.25 

P 
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For the SI System, the most common form of tooth is full-depth with 20° pressure angle. The cor- 
responding values of the addendum and dedendum expressed in terms of the module are 


a= 1.0m; b=1.25m (5.6-7) 
Typical standard values of the module are 
m = 1.0, 1.25, 1.5, 2, 2.5, 3, 4, 5, 6, 8, 10, 12, 16, 20, 25, 32, 40, 50 mm 


Figure 5.24 illustrates teeth on racks with three values of module for full-depth teeth and q = 20°. 

As indicated in Figure 5.22(a), the tooth thickness and tooth space are measured along the pitch 
circle. The tooth thickness is nominally one-half of the circular pitch, and thus the tooth thickness 
and tooth space between two teeth of a gear are equal. 
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Figure 5.23 Sizes of gear teeth for typical values of diametral pitch (full depth, o = 20°). 
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Figure 5.24 Sizes of gear teeth for typical values of module (full depth, o = 20°). 
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In this instance, if the pitch circles of two meshing gears touch at the pitch point, then contact 
can simultaneously occur on both sides ofa gear tooth with the meshing gear. Obviously, the thick- 
ness cannot be greater than the tooth space or the gears will not mesh. 


EXAMPLE 5.1 


A spur gear, having 30 teeth and a diametral pitch of 6 in“, is rotating at 200 rpm. Determine 
the circular pitch and the magnitude of the pitch line velocity. 


SOLUTION 
From Equation (5.6-3), the circular pitch is 
T T A 
Pe J E: = 0.524 in 


To find the magnitude of the pitch line velocity, v, = rw, we first have to determine the pitch 
circle diameter of the gear. From Equation (5.6-2) 
N 30 


sace m 
in 


The angular velocity of the gear in terms of radians per second is 


Q 2209 E xan td 1 min rad 
min rev 60 sec sec 


x 
| 
N 
e 
NO 
acs 


and finally the magnitude of the pitch line velocity is 


d d i 
vp=r0 2 —@ =2.$ in x 20.94 = = 52.4 — 
2 sec sec 


EXAMPLE 5.2 


Two spur gears are in mesh. Driven gear 3 has a magnitude of rotational speed that is 
one-quarter that of driver gear 2. Gear 2 rotates at 500 rpm, has a module of 1.5 mm, and has 
24 teeth. Determine 


(a) the number of teeth of gear 3 
(b) the magnitude of the pitch line velocity 


SOLUTION 
(a) From Equation (5.6-4) 


d,=mN,=1.5X24=36mm; n =18 mm 
From Equation (5.5-2) 


AE 50» -4r, - 4x 18mm = 72 mm 
NS 


4 


(Continued) 
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EXAMPLE 5.2 Continued 


d,=144 mm 


The number of teeth on gear 3 is then 


dy _ 144 _ 


N,=— 
3 m 1.5 


96 


where, as required, the same value of module has been used for both gears. 


(b) The magnitude of the pitch line velocity is 


"=n |0,|= 18 mm x s00 x EES = 9422 = l| 


sec 


5.7 BACKLASH AND ANTIBACKLASH GEARS 


The limiting condition that permits proper meshing between two gears is when the tooth thick- 
nesses and tooth spaces are equal. For this reason, the tooth thickness of a gear is often manufac- 
tured to be slightly less than the tooth space. Backlash is the difference between the tooth space 
and tooth thickness as measured along a pitch circle. Figure 5.25 illustrates the backlash for a pair 
of meshing gears. Although an insignificant amount of backlash is often incorporated into a design, 
excessive backlash would cause impacts between teeth, especially if a reversal of rotation occurs. 
This can give rise to increased noise and tooth loading. 


Pinion (driver) 


Backlash_ 
aec 


—— 


Figure 5.25 Backlash. 


An antibacklash gear, shown in Figure 5.26(a), is designed to either reduce or eliminate back- 
lash. A close-up of the gear teeth is shown in Figure 5.26(b). The gear is composed of two halves 
that can move rotationally relative to one another about the same central axis against the action 
of spring forces. The teeth of the two halves are staggered when the gear is not in mesh. Dashed 
lines on the top of a tooth on the two halves indicate the stagger. Through meshing, the stagger is 
either reduced or eliminated. The relative rotation between the two halves is accomplished through 
forces applied by the meshing teeth. 

Figure 5.27 shows a pinion that meshes with two gears. One is a regular gear, and the other 
is an antibacklash gear. In Figure 5.27(a), the gears are separated. As the animation of [Video 
5.27] proceeds, the two gears are brought into mesh with the pinion (Figure 5.27(b)). The teeth 
on the two meshing regular gears do not have simultaneous contact on both sides of a gear tooth. 
However, for meshing of the pinion and antibacklash gear, contact is maintained on both sides, 
even when the directions of rotation are reversed. 


Video 5.27 
Antibacklash Gear 
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Figure 5.26 (a) Antibacklash gear ,(b) Close-up of antibacklash gear. 


(c) 


Figure 5.27 Antibacklash gear [Video 5.27]: (a) Separated gears, (b) Gears 
assembled, (c) Close-up of meshing gears. 


5.8 GEOMETRICAL CONSIDERATIONS IN THE DESIGN OF 
REVERTED GEAR TRAINS 


The topic of gear trains will be covered in detail in Chapter 6. For the time being, we will study 
geometrical considerations that relate to the design of one form of a gear train, called a reverted 
gear train. 
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Figure 5.28 Reverted gear train. 


Reverted gear trains are characterized by having their input and output axes of rotation collin- 
ear. A typical reverted gear train is illustrated in Figure 5.28. Gear 2 is mounted on the input shaft, 
and gear 5 is mounted on the output shaft. Gears 3 and 4 are rigidly connected through a shaft and 
have a common axis of rotation. They mesh with gears 2 and S, respectively. The center-to-center 
distance, c, between gears 2 and 3 is equal to that between gears 4 and S, that is, 


m 4h (5.8-1) 


where dy, d3, d4 and ds denote pitch circle diameters. If the teeth are characterized by their module, 
then substituting Equation (5.6-4) in Equation (5.8-1) and simplifying, 


m,N,+m,N,=m,N,+m.N; (5.8-2) 
Gears in mesh must have the same pitch. For the gear train shown in Figure 5.28, we require 


m= m, and m, m m; (5.8-3) 


2 


and Equation (5.8-2) becomes 


m, (N, + N; )2 m, (N; +N; ) (5.8-4) 


Similar expressions to Equations (5.8-2)-(5.8-4) may be generated in cases where the teeth are 
defined by their circular pitch and diametral pitch. 

In the instance when the sizes of all gear teeth are equal (e.g, m = m4), Equation (5.8-4) 
simplifies to 


N,+N,=N,+N, (5.8-5) 


EXAMPLE 5.3 


Table 5.2 provides information that pertains to the reverted gear train shown in Figure 5.28. 
All gears have teeth with 20? pressure angle and are full-depth. Determine 


(a) the circular pitch of gear 2 

(b) the base circle radius of gear 3 

(c) the pitch circle diameter of gear 4 

(d) the addendum circle diameter of gear 5 

(e) the center-to-center distance, c, between gears 2 and 3 


(Continued) 


206 


CHAPTER 5 GEARS 


EXAMPLE 5.2 Continued 


TABLE 5.2 PARAMETERS OF THE REVERTED GEAR 
TRAIN SHOWN IN FIGURE 5.28 


Gear No. No. of Teeth Diametral Pitch (in!) 
2 30 6 
3 48 — 
4 = 8 
S 72 — 
SOLUTION 


We begin by determining the missing information in Table 5.2. Since gears 2 and 3 are in 
mesh, and gears 4 and 5 are in mesh, 


P—P — 6m) ad P cip — Sine 
Also, substituting Equation (5.6-2) in Equation (5.8-1), 


No NS N, N 
URINE ANC MET 
2P, Op 2P, 2P, 


30 48 N, 7/2) 
ED "Wand EDU er 
2x6in 2x6in 2x8in 2x8in 


from which 
N,= 32 


Based on the above, the solutions are as follows: 


(a) From Equation (5.6-3) we have 


T T 
== = 0.524 in 
Poa P, 6in? 


(b) From Equations (5.5-4) and (5.6-2) we get 


d, N, 48 
1,4,— ra cos Q = —cosQ = cos@ = cos20° = 3.76 in 
ewe hk 2P, Woo 


From Equation (5.6-2) we obtain 


N 2 
dic 2 — = 4.00 in 
P, 8in 


(d) From Equation (5.6-2) and Table 5.1, the addendum circle diameter of gear 5 is 


N 1 p 2) 
54 7—= 7 + ;7925in 


d,t2a,— 
ERU MES gan 


8in- 


(e) From Equations (5.8-1) and (5.6-2) we have 


d N 
Qo hb Nr N3_ 30 48 


= + = 6.50 in 
2 2 2B 2P, 2X6in™ Gia 
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5.9 MANUFACTURING OF GEARS 


Avariety of methods are used to manufacture gears. They include molding, milling, and generating 
processes. This section presents some of the main methods used to produce gears. 

For a given size of gear teeth (i.e., prescribed value of diametral pitch or circular pitch or 
module), the shape of an involute depends on the number of teeth on the gear. Figure 5.29 
shows shapes of teeth on gears having 6, 20, and 45 teeth. The tooth on the gear having the 
larger number of teeth has a straighter face. In the limit, as the number of teeth increases to 
infinity (i.e. a rack), the shape of the side of the gear teeth is a straight line. The dependence of 
the shape of an involute on the number of teeth on the gear must be taken into account in the 
manufacturing operation. 


5.9.1 Form Milling 


Video 5.32 
Milling of a 
Straight Spur 
Gear 


(a) 
Figure 5.29 Typical shapes of gear teeth: (a) 6 teeth, (b) 20 teeth, (c) 45 teeth. 


JN Pitch circle 


Teeth ofstraight spur gears and racks may be cut using form milling. Teeth are produced by repeat- 
edly passing a milling cutter across the face of a gear blank (i.e., workpiece). Such a milling cutter 
is shown in Figure 5.30. During each cut, the workpiece is held stationary. Figure 5.31 shows a 
schematic ofa form milling operation. The setup for the form milling ofa straight spurgear is shown 
in Figure 5.32. An indexing head rotates the workpiece between cuts by the angle to be subtended 
by a gear tooth. For a rack, the workpiece is translated between cuts. 

This procedure is relatively slow compared to other methods presented below. Also, accuracy of 
the machining process depends on the correctness of the form cutter. Since the shape ofteeth is a 
function ofthe number ofteeth on a gear, there must be a series of cutters for each tooth pitch and 
pressure angle. In fact, to be totally accurate, a different cutter would be needed for each number 
of teeth. However, generally a set of eight cutters is employed for all gears having the same pitch 
and pressure angle, which leads to approximations of the shape of teeth. 
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Figure 5.30 (a) Milling cutter, (b) Cross section of cutter tooth. 
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Form milling cutter 


Figure 5.31 Form milling. 


Figure 5.32 Milling ofa straight spur gear [Video 5.32]. 


5.9.2 Generating Processes 


Hobbing 


Video 5.34 
Straight Spur 
Gear and Hob 


Hobbing is one of the fastest, most versatile methods of making rough and/or finish cuts of gear 
teeth. A typical cutter, also called a hob, is illustrated in Figure 5.33(a). The cross section ofa row 
of cutter teeth of a hob is illustrated in Figure 5.33(b). The hob pitch, pp is the spacing between 
the cutter teeth. Figure 5.34 illustrates a hob and the side view of a gear. As the hob rotates, the 
workpiece (i.e., gear) simultaneously turns in a carefully coordinated manner. For each revolution 
ofthe hob, the gear turns about its axis the angle to be subtended by one tooth. Relative motion of 
the hob and workpiece generates the involute shape. Figure 5.35 shows two series of accumulated 
images of the positions of the cutter teeth with respect to the workpiece; the first series shows the 
cutter teeth advancing and generating an involute profile on one side ofa gear tooth, and the second 
series shows the cutter teeth receding while producing an involute profile on an adjacent tooth. 
In addition to the relative rotational motion described above, the hob is slowly driven across 
the face ofthe workpiece creating involute profiles over the entire face ofthe gear. Figures 5.36(a) 
and 5.36(b) respectively show the relative positions ofthe hob and gear before and after a cutting 
operation. A corresponding animation which includes both relative rotational motions and trans- 
lation of the hob across the face is shown through [Video 5.34]. In actual operation, prior to the 


(a) 


Hob pitch, pp Pressure angle, c 
k—Hob mes 
thickness 
Gear tooth 
dedendum 
/ Pitch line 
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Figure 5.33 (a) Gear hob (b) Cross section of hob teeth. 


5.9 MANUFACTURING OF GEARS 209 


Y d 
v 4 
N d 
be - 
we =— 
— ee 
a bu 


Figure 5.34. Straight spur gear and hob [Video 5.34]. 


Figure 5.35 Hobbing operation—relative motion between hob and gear blank. 


(a) (b) 
Figure 5.36 Straight spur gear and hob [Video 5.34]. 


cut, the gear starts as a circular disc, also called the gear blank, without any teeth. A picture ofthe 
Video 5.37 g : ; -— 
poss hobbing ofa straight spur gear is shown in Figure 5.37. 
Straight Spur In the hobbing of a gear, spacing between gear teeth is dictated by the hob. For a straight spur 
Gear gear, the hob will generate a gear with 


P= Ph (5.9-1) 
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Section B-B 
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Figure 5 


.37 Hobbing of a straight spur gear [Video 5.37]. Figure 5.38 Cross section of a helical spur gear. 
A single hob may be used to produce any size of straight spur gear having a given circular pitch 
and pressure angle. 
A hob can also be used to produce a helical spur gear. In this instance, the hob is rotated by the 
Mena me helix angle, y, from the position used to cut a straight spur gear (see Figure 5.38). A typical setup 
d du for cutting a helical gear is shown in Figure 5.39. A picture of the hobbing of a helical spur gear is 


shown in Figure 5.40. 


(a) 
Figure 5.39 Helical spur gear and hob [Video 5.39]. 


Figure 5.40 Hobbing of a helical spur gear [Video 5.40]. 


For a helical spur gear, the hob generates teeth by having its spacing defined by the normal 
pitch, Pw as indicated in Figure 5.38. The relationships between the normal pitch, hob pitch, pj, 


and circular pitch, p, of a helical spur gear are 
Video 5.40 Eee pur g 


Hobbing ofa 
Helical Spur Gear Pn = Ph = pecos Y (5.9-2) 


Video 5.42A 
Shaping of a 
Straight Spur 
Gear, External 
Gear 


Video 5.42B 
Shaping of a 
Straight Spur 
Gear, Internal 
Gear 


Shaping 


Video 5.43A 
Shaping of a 
Straight Spur 
Gear 


Video 5.43B 
Shaping of an 
Internal Gear 
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As an example, the hob pitch of the hob shown in Figure 5.33(a) is 0.375 inches. Therefore, using 
Equation (5.6-1), the pitch circle diameter ofa straight spur gear (i.e., p, = pn) having N = 62 teeth is 


Np, _ 62X 0.375 in 
T 


d= = 7.400 in (5.9-3) 


If we now wish to employ the same hob to cut a helical spur gear having the same pitch circle diam- 
eter. In this instance, spacing between teeth cut by the hob is the normal pitch, that is, 


Pn = 0.375 in (5.9-4) 


Using Equation (5.9-2), the circular pitch is greater than the normal pitch, and therefore for the 
same size of gear, we will have fewer teeth. If N = 60 on the helical spur gear, and it is to be the same 
size as the straight spur gear, then the circular pitch is 


td TX 7.400 in 


= 0.3875 in 5.9-5 
P= zi (5.9-5) 


Combining Equations (5.9-2), (5.9-4), and (5.9-5), we obtain 


- a(( 037 
y 7 cos !| 2” |= cos (25 | =4s7 
p 0.3875 


[4 


Hobbing is generally limited to producing external gears. However, hobbing may be completed 
with special spherical hobs to produce internal gears having large diameters. 


Shapingis another type of generating process. A shaping operation is shown in Figure 5.41, where 
the cutter reciprocates with respect to the workpiece. The cutter and workpiece are indexed 
between each cutting stroke. Relative motion between the teeth of the cutter and workpiece 
ensures that the required involute profile is generated. 

Two other illustrations are shown in Figure 5.42 for the cutting of an external and internal gear. 
The same cutter is used for both. Motions ofthe animations provided through [Video 5.42A ] and 
[Video 5.42B ] have been exaggerated to illustrate rotation of the gear between strokes of the cut- 
ter. Figure 5.43 shows pictures of the cutting of a straight spur gear and an internal gear. 


Cutter 


Gear blank 


| 


Figure 5.41 Shaping ofa straight spur gear. 
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(a) (b) 


(a) (b) 
Figure 5.43 Shaping of gears: (a) Straight spur gear [Video 5.43A], (b) Internal gear [Video 5.43B]. 


Planing 
Planing is a cutting operation used to manufacture bevel gears. Figure 5.44 illustrates a schematic 
for cutting a plain bevel gear. This operation involves two reciprocating cutters that shape both 
Video 5.45 sides of a tooth simultaneously. The two cutters are mounted ona cradle (not shown in the figure). 
PM Fs For machining each tooth, the cradle gives the cutters the same relative motion with respect to 
the workpiece as a meshing gear. Figure 5.45 shows a setup for the cutting of a plain bevel gear. 


(a) 
Figure 5.44. Schematic of a planing operation. 


Rotary Broaching 


Rotary broaching of plain bevel gears has some similarities to form milling of straight spur gears. 
Figure 5.46(a) shows a setup for a rotary broaching operation. It includes a rotating cutter. A sepa- 


Videos a7, rate picture of the cutter is shown in Figure 5.46(b). There are two distinct portions of cutter teeth 


Rotary Broaching 
Operation 


on the periphery: a portion where the cutter teeth progressively increase in depth, and a portion 


in which the cutter teeth have constant depth. 
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Figure 5.45 Planing ofa plain bevel gear [Video 5.45]. 


Figure 5.46 (a) Rotary broaching of straight bevel gear, (b) Cutter. 


Another illustration ofrotary broaching is shown in Figure 5.47. Starting from the configuration 
shown in Figure 5.47 (a), the gear blank is swung into position (Figure 5.47(b)). While holding the 
gear blank stationary, a slot is cut in the gear blank. This is accomplished with the teeth ofincreasing 
depth (Figure 5.47(c)). Then, the gear blank is translated vertically upward (Figure 5.47(d)). As 
the cutter continues to rotate, the gear blank moves downward while at the same time the cutter 
teeth, with constant depth, cut the slot (Figure 5.47(e)). This relative motion permits the bottom 
of the slot to be cut in a straight line. A portion of the periphery of the cutting wheel has no teeth. 


Gear 
blank 


(d) 
Figure 5.47 Rotary broaching operation [Video 5.47]. 
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This permits the gear blank to be indexed in preparation for cutting of the next slot. While the gear 
blankis being indexed, the cutter is rotated to the position for the start of another cutting operation. 
The operation is repeated until all slots are cut and the machined gear is then swung back into its 
starting position (Figure 5.47(f)). 


EXAMPLE 5.4 


Table 5.3 provides information that pertains to the reverted gear train shown in Figure 5.28. 


TABLE 5.3 PARAMETERS OF THE REVERTED GEAR 
TRAIN SHOWN IN FIGURE 5.28 


Gear No. No. of Teeth Type of Gear 
2 30 Straight spur 
3 48 — 
4 29 = 
S 47 Helical spur 


All gears were manufactured using a hob cutter having 20? pressure angle, 0.375-inch hob 
pitch, and full depth. Determine 


(a) the base circle radius of gear 3 

(b) the center-to-center distance between gears 2 and 3 

(c) thecircular pitch of gear 4 

(d) the helix angle of gear 5 

(e) the pitch circle diameter of gear 4 

(f) the addendum circle diameter of gear 4 (i.e. the diameter of the gear blank) 


SOLUTION 


By inspection, gear 3 is a straight spur gear, and gear 4 is a helical spur gear. 
(a) For gears 2 and 3 we have 
Pa Po3 = 0.375 in = p, 


From Equation (5.6-3) we get 


From Equations (5.5-4) and (5.6-2) we obtain 


= oe ee 20° = 2.69 in 
X 8.38 in 


d N 
1j47 cos = —-cosQ = —cos 
D 2P 


(b) From Equations (5.8-1) and (5.6-2) we have 


d dj, N,, Ns 30 48 


Sar = zu = 
2 2 2P, 2P, 2X8.38in 2 X 8.38 in 


= 4.65 in 


(Continued) 
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EXAMPLE 5.4 Continued 


(c) Employing the result from part (b) and then combining Equations (5.8-1) and (5.6-1), 


we obtain 
cues ote oe Napa Nees OON LS 
2 2 2n 21 2n 2n 
Noting that 
Pa Pes 
we obtain 
p.47 0.384 in 
(d) For gears 4 and 5, we recognize that 
Pna= Pus 


From Equation (5.9-2) we have 


Pn4a= Pc4COSW 4— Ph 


0.375 = 0.384cosy, 


and therefore 
y4=12.7° = V; 
(e) From Equation (5.6-1) we get 
N 29 x 0.384 in 
d= Pa- =3.54 in 
T T 


(f) Fora given hob, the addendum obtained for a helical spur gear is the same as that for a 
straight spur gear. Therefore 


1 1 


a4,= 4a, =—=——in 


P, 8.38 


Using the results of part (e), the addendum circle diameter of gear 4 is 


2 
d,+2a,= (ss + ax) in = 3.78 in 
8.38 


EXAMPLE 5.5 DESIGN OF A PAIR OF SPUR GEARS 


Design a pair of external —external spur gears that will generate a magnitude of the speed ratio 
of 0.4. The center-to-center distance between the gears is to be 65 mm. The gears are to be cut 
using a hob with module 1.25 mm. 


(Continued) 
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EXAMPLE 5.5 Continued 


SOLUTION 
The magnitude of the speed ratio is 


N 
=—4=04 or N,-04N, (5.9-6) 
N, 


0; 
0, 


Combining Equations (5.8-1) and (5.6-4), the center-to-center distance is 


d; _ Nm, zt Nam; 
p pi p 


d; 


c = 65mm = — + 


Noting that 


Wp Us 
Combining this result with Equation (5.9-6) we obtain 


2c=130mm =m,(N,+ N,)=m,(N,+04N,)=m,(14N,) (5.9-7) 


For a given pitch circle diameter and hob, the largest number of teeth are cut on a straight 
spur gear. In this instance, solving Equations (5.9-6) and (5.9-7) with module of the hob 
mj = m» = 1.25mm 


N,=29.7; N,=74.3 


This result is unacceptable because gears must have integer numbers of teeth. We now 
search for an acceptable solution for a pair of helical spur gears and use the above result as the 
upper limits of the numbers of teeth. In the following table, we consider various possibilities 
and employ Equation (5.9-6). 


N3 N,=0.4N3 
74 29.6 

73 29.2 

7f) 28.8 

71 28.4 

70 28 


For the result that has an integer number of teeth for both gears 
N,=28; N,=70 


and employing the required center-to-center distance, the circular pitch is determined 
to be 


N, +N, _ 28+70 


[4 


2T 2T 


c=65mm= DG Pe = 4.167 mm 


(Continued) 
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EXAMPLE 5.5 Continued 


Using Equation (5.6-5), the hob pitch and normal pitch of the gear teeth are 
Di p,7 MT —1.25mm X T = 3.927 mm 
and therefore, using Equation (5.9-2), the helix angle of both gears is 
2 _1( 3.927 
y=cos | Pa |= cos (352) =19.6° 
P. 4.167 


This example illustrates that the helix angle may be used as a design variable to achieve a 
desired center-to-center distance between a pair of meshing gears. 


5.10 CONTACT RATIO 


In the transmission of rotational motion through two meshing gears, it is essential that at any time 
one or more pairs of teeth be in contact. Otherwise, there would be instances when there is no 
smooth transfer of motion. 

For a pair of meshing gears turning at a constant rate, contact ratio is the average number of pairs 
of gear teeth in contact over time. Theoretically, the value of contact ratio must be greater than 
1.00. However, 1.40 is generally accepted as the practical minimum value. 

Figure 5.48 shows a pair of meshing straight spur gears. Gear 2 is the driver gear, and gear 3 is 
the driven gear. Initial contact, labeled as point A in Figure 5.48(a), occurs when the outer tip of 
the driven gear tooth touches the driver gear. Final contact, labeled as point B in Figure 5.48(c), 
occurs when the outer tip of the driver gear tooth contacts the driven gear. For both of these 
configurations there is a second pair of teeth in contact. Thus, prior to and after the noted teeth 
come into and out of mesh, there is another pair of teeth in mesh, which ensures continuous and 
uniform transmission of motion. Figure 5.48(b) illustrates another configuration where the point 
of contact is at the pitch point. At this instant, this is the sole point of contact between the gears. 

At any instant in time, there is an integer number of pairs of gear teeth in mesh. For the gears 
shown in Figure 5.48, during a portion of the cycle, one pair of gear teeth is in mesh, whereas at 
other times there are two pairs. Figure 5.49 shows the function of the number of pairs of gear teeth 


Figure 5.48 Two spur gears in mesh: (a) Initial contact, (b) Contact at pitch point, (c) Final contact. 
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in mesh over time for the gear set illustrated in Figure 5.48. The time average of the curve, which 
is the contact ratio, is 


1X 0.47T + 2 X0.53T 
m= =1.83 
T 


Figure 5.50 shows a different pair of gears in mesh. In this instance, for the initial and final points 
of contact for the noted pair of teeth, there are three points of contact between the gears. For other 
configurations (not shown), there are two points of contact. This gear set has a higher value of 
contact ratio than that shown in Figure 5.48. 

Figure 5.51 shows an external-internal meshing gear set. The external gear is the driver gear. 
Configurations for the initial and final points of contact are illustrated. 

Figure 5.52 combines the initial and final configurations of an external-external meshing pair of 
gear teeth in the same drawing. The initial and final points of contact are labeled A and B, respec- 
tively. Length rapis referred to as the length of action and is given symbol Z. During meshing action, 
the point of contact moves along the straight line from A to B. Points S and S' lie at the intersection 


Time period for 
one pair in contact 


70.53 v | 
q —— 


Time 


Number of tooth pairs in contact 


Figure 5.49 Illustration of contact ratio. 


Figure 5.50 Two spur gears in mesh: (a) Initial contact, (b) Final contact. 


(a) (b) 
Figure 5.51 External-internal meshing gear set: (a) Initial contact, (b) Final contact. 
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O3 (driven) 


l'a Base circle 


Pitch circle 
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Line of centers 


, 
Base circle 


$ O, (driver) 
Figure 5.52 Two spur gears in mesh [Video 5.52]. 


of the pitch circle and side of a tooth of gear 2, when this gear makes initial and final contact with 
meshing gear 3. Points T and T’ have similar definitions pertaining to gear 3. Arcs SS’ and TI" 
are the arcs of action and must be equal for the pair of meshing gears. The corresponding angular 
displacements of the gears between the configurations of initial and final contact may be broken 
into two parts as shown in Figure 5.52. Quantities a, and a3 are the angles of approach, and B, and 
5 are the angles of recess. The contact ratio may be expressed in terms of the arc of action and the 
circular pitch as 


arcofaction (05 t B,)r, — (o B.)r, 
"me = = (5.10-1) 


: Pe P: P: 


An alternative expression for contact ratio can be found by recognizing that the transmission of 
rotation between involute gears in mesh is equivalent to a cross belt friction drive. Taking this 
into consideration and referring to Figure 5.52, the angle turned by either base circle while tooth 
contact moves from A to B can be obtained by dividing the length of action by the corresponding 
base circle radius. For either gear, this angle may be expressed as 


ae (5.10-2) 
The angle subtended by one gear tooth is 


2T 
TT 5.10-3 
x (511043) 
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An expression for contact ratio is then found by taking the ratio of the angles given in (5.10-2) 


and (5.10-3), yielding 
| | Z 10- 


where 


= 20, 
P= N (5.10-5) 


Quantity p, is called the base pitch. The form of the equation for base pitch is the same as for 
circular pitch, Equation (5.6-1), except that the base circle radius has replaced the pitch circle 


radius. 
The length of action, Z, is found by examining Figure 5.52, where 


Z — rag — fak + Tg (5.10-6) 
and 


AK 7 l'Ap — 'Kp 9. "kg — cB "cK (5.10-7) 


To obtain ray, we determine lengths r4p and rgp. In right triangle O43DA we have 


foa c a ta; fo p= z= "coso (5.10-8) 
and therefore 
ran= 69, - (rop) Y [s a)? — 5 cos? oY (5.10.9) 
Also 
tc fn (5.10-10) 


Combining Equations (5.10-7)-(5.10-10), we obatain 
ufa finta -r-r sino (5.10-11) 
Similarly, 
rep 7 [(r4 +a} - 55 r, sing (5.10-12) 
Combining Equations (5.10-6), (5.10-11), and (5.10-12), we get 
Z=[(r,+ a -r YA [n a ^r] -Cr+ r sing (5.10-13) 
For a rack and pinion set, the rack is equivalent to a sector of a gear of infinite radius, and therefore 


Equation (5.10-13) cannot be used. In this instance, if the pinion is link 2, it can be shown that 
the length of action is 
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a 


Z=[(r,+ af -rpl -r sing + — (5.10-14) 
sinQ 
For an external- internal pair of meshing gears, for which gear 3 is the internal gear, the length of 
action is 
Z -[(r* af -r - [( - aY ^ rh]5 + (n, — n) sing (S.10-15) 
Video 5.52 
Tiro Spur Goars [Video 5.52] provides an animated sequence of a pair of external-external gears in mesh from the 
in Mesh P 
initial contact to the final contact. 


EXAMPLE 5.6 CONTACT RATIO FOR MESHING GEARS 


Figure 5.53 shows two pitch and addendum circles for two full-depth straight spur gears in 
mesh. From the information provided, determine the contact ratio. 


SOLUTION 

The pitch circle radii (Equation (5.6-2)) are 
d, N, 24 
2p SIDE 


N 
n =2.400in; n= S5 = 3.200 in 


Driven gear 3, 


ue 
32 teeth P= Sim t, 


full depth 
n 


Addendum, a 


@ = 20° 


Line of 
action 


Driver gear 2, 
24 teeth 


Figure 5.53 


(Continued) 
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EXAMPLE 5.6 Continued 


The gear tooth addendum for both gears (Table 5.1) is 


10m 
= = 0.200 in 
P Sin 


The base circle radii (Equation (5.5-4)) are 
Tyo, = 1, COS —2.4cos20? in = 2.255 in; r,,— 17, cos = 3.007 in 
The addendum circle radii are 
r, + a= (2.400 + 0.200 in) = 2.600 in; r} + a= 3.400 in 
The length of contact (Equation (5.10-13)) is 


Zz-|(r, + a = rr [Cr a rs — (r, t r,) sing 
= ([2.600? — 2.255? + [3.4007 — 3.0077] — (2.400 + 3.200) sin20°} 
= 0.966 in 
The base pitch (Equation (5.10-5)) is 


2m, _ 2T X 2.255 in 


= = = 0.590 in = 
Po= Poz N, 24 Peis 


The contact ratio (Equation (5.10-4)) is 


5.11 INTERFERENCE AND UNDERCUTTING OF GEAR TEETH 


Based on Equation (5.6-5), the number of teeth on a gear is proportional to its pitch circle radius. 
Also, according to Equation (5.5-4), an involute gear with a given pressure angle has a base circle 
radius that is proportional to the pitch circle radius. Furthermore, the dedendum and whole depth 
are prescribed functions of either the diametral pitch or module (see Table 5.1 or Equation 5.6-7). 
It can then be shown that, for a given pressure angle and depending on the number of gear teeth, 
the base circle radius may be either greater than or less than the dedendum circle radius. This is 
illustrated below. 

Figure 5.29 shows three gear teeth. All have the same pitch, pressure angle, and whole depth. 
However, because each tooth is from a gear having a different number of teeth, the position of the base 
circle relative to the tooth profileis distinct from one to the next. Figure 5.29(a) illustrates a tooth from 
a gear having only six teeth. In this instance, the base circle is larger than the dedendum circle. Since 
an involute can only be generated outward from a base circle (see Figure 5.15), the portion of tooth 
profile inside of the base circle is not an involute. In Figure 5.29(a), this portion of the tooth profile 
is drawn simply from the circle as a radial line to the center of the gear, with a fillet at the base of the 
tooth. Figure 5.29(b) illustrates a tooth on a gear having 20 teeth. Here, there is a reduced portion of 
the tooth profile inside of the base circle, which is not an involute. Figure 5.29(c) shows a tooth on 
a gear having 45 teeth. Now, the base circle is smaller than the dedendum circle, and therefore the 
entire profile of the tooth may be manufactured with an involute profile. 

The meshing of a pair of involute gears was shown to be equivalent to a string wound between 
two base circles (Section 5.5). The bead on the string traces out two involutes, each with respect 
to its base circle. These involutes match the profiles of the involute gear teeth. 
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Figure 5.54 shows two base circles and a string (i.e., line of action) wrapped between them. 
Points E and F are at the intersections of the base circles and the line of action. They represent 
the limits between which two involutes can be generated. For a corresponding pair of gears, these 
are the limits within which meshing between two involute profiles can take place. These points 
are called the meshing limits. Outside of these limits, it is impossible to have meshing between 
two involute profiles. Also shown in Figure 5.54 is the pitch point, K, located on the line of action 
between the two meshing limits. 

A rack is equivalent to a gear of infinite radius. For a rack and pinion set, there is only one 
meshing limit to be considered. Figure 5.55 indicates the range over which meshing can take place 
between an involute on the pinion and the rack. 

Figure 5.56 illustrates a pinion having eight teeth meshing with a rack. The teeth are full-depth, 
with a 20° pressure angle (see Table 5.1). The base circle of the pinion is greater than its dedendum 
circle. Ifthe portion of tooth profile inside of the base circle is a radial line to the center of the pinion, 
as shown, it would be impossible for the gears to mesh properly. Two regions are depicted in this 
figure where there is overlapping (i.e. interference) of the teeth on the pinion with those on the rack. 


Base 
circle 


Base 
circle 


Allowable range 
z of meshing 


Figure 5.55 Meshing limit for rack and 
Figure 5.54 Meshing limits for two gears. pinion. 
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Figure 5.56 Rack and pinion with interference. 
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Pinion (driver) 


Figure 5.57 Rack and pinion with interference. 


Figure 5.57(a) shows an enlargement of Figure 5.56 in the vicinity of meshing between a pair 
of teeth. Starting from the configuration shown in Figure 5.57(b), examine the path of point A on 
the rack with respect to the pinion. As shown in Figure 5.57(b), point A initially contacts point H 
on the pinion. Figure 5.57(c) shows the path of A with respect to the pinion as a dashed line during 
meshing. Since it is inside the boundary of the pinion, it therefore reveals the amount of interfer- 
ence that would take place. The dashed line shows the permissible outline of one side of a pinion 
tooth to avoid interference. Undercutting is the required removal of material on the pinion that 
will prevent interference. Figure 5.57(d) shows one side of a pinion tooth that has been undercut 
to eliminate its interference with one corner (point A) of the rack tooth. However, point D on the 
rack would also cause similar interference with the pinion teeth. Therefore, both sides of the pinion 
teeth must be undercut. Figure 5.58 shows a pinion that has been undercut to prevent interference. 

For the undercut pinion shown in Figure 5.58, the thickness of the teeth at the flank is less than 
that at the base circle. Furthermore, a small portion of the involute outside of the base circle has to 
be removed. Each gear tooth is essentially a cantilever beam, and motion is transmitted by means 
of the interactive forces between gear teeth along the line of action. It follows that decreasing thick- 
nesses of the gear teeth near their bases has the detrimental effect of reducing the strength of the 
gear. Obviously, undercutting in design is to be avoided. 

The interference shown in Figure 5.56 may be eliminated by having more teeth on the pin- 
ion by increasing the number of teeth, and/or increasing the pitch circle diameter of the pinion. 
Figure 5.59 shows an alternative means. Here, the pinion is identical to that shown in Figure 5.56. 
However, the addendum of the rack teeth in Figure 5.59 is smaller than that in Figure 5.56, that 
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Path of point A 
wrt pinion _ 


Figure 5.57 (Continued) 


is, the rack shown in Figure 5.59 does not possess the standard proportions of teeth as listed in 
Table 5.1. In Figure 5.59, the addendum ofthe rack reaches only to the meshing limit, E, which is 
on the base circle. In this instance, points of contact are never inside of the base circle, and itis not 
necessary to remove a portion of the involute to eliminate interference. If the addendum of the 
rack were greater than that shown in Figure 5.59, it would be necessary to remove a portion of the 
involute on the pinion to prevent interference. 

When a portion of an involute is cut off in order to prevent interference, expressions for the 
length of action (Equations (5.10-13)-(5.10-15)) do not apply. Also, reducing the addendum 
results in a decrease of the length of action as well as the contact ratio. 

Figure 5.60 illustrates the same rack and pinion set as shown in Figure 5.59. The outline ofa 
meshing gear is added as a dashed line. The addendum of the gear is identical to that of the rack. 
The addendum circle of the gear is tangent to the addendum line of the rack at point X. Point J at 
the corner of the gear tooth is slightly lower than point E. Points of contact between the pinion 
and the gear never reach the interference limit and always remain in the permissible range for 
meshing without requiring undercutting. It is therefore concluded that ifa pinion can mesh with a 
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Figure 5.58 Undercut pinion. 
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Figure 5.59 Rack and pinion—reduced rack. 


rack without interference, it will also properly mesh with another gear having teeth possessing the 
same specifications as the rack, and containing an identical or larger number of teeth on the pinion. 

For a given form of gear tooth, it is possible to determine the minimum number of teeth on a 
pinion that will mesh with a rack without requiring removal of a portion of the involute profile. 
The limiting case has the addendum line of the rack passing through the meshing limit. Figure 5.61 
includes the essential dimensions of such a rack and pinion set. The pitch point and meshing limit 
are denoted by K and E, respectively. Therefore 


sing = KE (5.11-1) 
r 
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Figure 5.60 Pinion meshing with a rack and gear. 
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Pinion 
(driver) 


CT 


——— 
Rack 


Figure 5.61 Geometry to prevent undercutting. 


Also 


sing=—— = bj (5.11-2) 


TKE "KE 


where a is a constant that, when divided by the diametral pitch, P, gives the addendum. Applying 
this to the standardized tooth dimensions listed in Table 5.1, for full-depth teeth, a = 1.0, and for 
stub teeth, a = 0.8. 

Multiplying Equations (5.11-1) and (5.11-2) together gives 


oo (5.11-3) 
rP 
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TABLE 5.4 MINIMUM NUMBERS OF TEETH ON A GEAR TO AVOID UNDERCUTTING 


Full-Depth Stub 
Tooth (o = 14.5°) Tooth (e = 20°) 


Full-Depth 
Tooth (o = 20°) 


Full-Depth 
Tooth (o = 25?) 


Meshing with a rack 32 14 18 12 
Manufactured using a 37 18 22. 14 
hob 


Video 5.62 
Meshing of 
Gears Requiring 
Undercutting 


Combining Equations (5.11-3) and (5.6-2) gives 


FX 
sin @ = — 11-4 
P= a (S.11-4) 
or 
20 
N= : 
sin? @ (5.11-5) 


Equation (5.11-5) can be used to calculate the smallest number of teeth on a pinion that will 
mesh with a rack without requiring the elimination of a portion of the involute. Values are listed 
in Table 5.4 for common gear tooth systems. Because values in the table were calculated for the 
pinion meshing with a rack, they can also be conservatively used as minimums for a pinion meshing 
with a gear of equal or larger size. 

Figure 5.62 shows a pinion having five teeth meshing with a larger gear. The base circle of the 
pinion is illustrated. The pinion teeth have been undercut so that there is no interference. However, 
the contact ratio is less than unity, and there is actually no contact for the configuration illustrated. 
As a result, for this pair of gears it is impossible to maintain a constant speed ratio. 

The relative motions of hob cutter teeth with respect to a gear blank (Section 5.9.2) has some 
similarities to the action of a pinion meshing with a rack. In this instance, however, material is 
being removed from the gear during the relative motions. If a hob is set up to manufacture a gear 
where the base circle will be greater than the dedendum circle, the required undercutting will 
be made during the machining process. Also, Equation (5.11-5) may be employed to determine 
the minimum number of teeth on a gear that may be cut by a hob without removing a portion of 
the involute profile. By inspection of Figure 5.33, the "addendum" of a hob cutter tooth is equal 
to the dedendum of a gear tooth being cut. Therefore, a is obtained by examining the values of 


Base Line of 
circle action 


(a) (b) 
Figure 5.62 (a) Meshing of gears requiring undercutting [Video 5.62], (b) Enlargement in vicinity of meshing teeth. 
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dedendum listed in Table 5.1. Considering full-depth teeth, the values are 1.157 for a 14.5? pres- 
sure angle, and 1.25 fora 20° and 25? pressure angle. Calculated minimums are listed in Table 5.4. 
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Video 5.63 
Generation ofa 
Cycloid 


Video 5.64 
Cycloidal Gerotor 
Pump 


Gear teeth having the shape of a cycloid, or cycloidal gear teeth, also satisfy the fundamental law of 
toothed gearing. As illustrated in Figure 5.63, a cycloid is formed by rolling circles on the inside and 
outside ofa pitch circle, and drawing the path ofa point on the periphery of the rolling circles. The 
curves inside and outside of the pitch circle are called the hypocycloid and epicycloid, respectively. 
Sizes of pitch circles for two gears in mesh may differ. However, sizes of the rolling circles for the 
epicycloid and hypocycloid of one gear must respectively match those generated by the hypocy- 
cloid and epicycloid of the meshing gear. 

Gears with cycloidal teeth are often employed in positive-displacement pumps. Figure 5.64 
shows an oil pump from an automobile engine. A pump of this form is also called a cycloidal gerotor 
pump. Another such pump is shown in Figure 5.65. It consists of two gears with cycloidal teeth, 
indicated as links 2 and 3. Both gears turn in the same direction. Link 3 is an internal gear, and both 
gears have a fixed axis of rotation. There are multiple points of contact between the gears. For the 
configuration shown, we draw the common normals through all points of contact. Since there must 
be only one constant speed ratio of the gears, then as required, all common normals intersect the 
line of centers at the same fixed pitch point. 

The directions of the common normals at the points of contact are not fixed as the gears rotate. 


This is distinct from gears having involute gear teeth, for which the direction ofthe common normal 
remains fixed. 


Pitch 
circle 


Figure 5.63 Generation of a cycloid [Video 5.63]. Figure 5.64 Cycloidal gerotor pump [Video 5.64]. 


Line of centers 


Figure 5.65 Cycloidal gerotor pump. 
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Video 5.66 
Cycloidal Gerotor 
Pump 
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y Á ie 
(a) (b) (c) 
(d) (e) (f) 


Figure 5.66 Cycloidal gerotor pump [Video 5.66]: (a) 04 = 0°, (b) 63 = 30°, (c) 0, = 60°, (d) 0, = 90°, (e) 0, = 120°, 
(£) 6 = 150°. 


Figure 5.66 shows a series of positions of the gears. The angle indicated for each configuration 
denotes the rotation oflink 3 from the selected starting point. For demonstration purposes, pockets 
between points of contact are alternately colored gray and white to distinguish one from the next. In 
actual use, all pockets carry the same fluid. During rotation, each pocket increases in size, drawing 
fluid in through an inlet port (not shown) that is located on the sides of the gears. Once a pocket 
reaches its maximum size, the source from the inlet port is cut off. Upon further rotation, the size 
of the pocket decreases, and fluid is discharged through an outlet port. 

Another application of cycloidal gear teeth is in a blower employed in superchargers. It consists 
of two counterrotating lobes as shown in Figure 5.67. The angle shown for each configuration 


I 


Ma 


(c) 


VW 


e § 


Figure 5.67 Supercharger blower [Video 5.67]: (a) 0 = 0°, (b) 0 = 30°, (c) 0 = 60°, (d) 0 =90°, (e) 0 = 120°, 
(f) 0 = 150°. 


Video 5.67 
Supercharger 
Blower 


Video 5.68 
Cycloidal Spur 
Gears 
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) Line of centers 


(a) (b) 
Figure 5.68 (a) Cycloidal spur gears [Video 5.68], (b) Enlargement in vicinity of meshing teeth. 


indicates the rotation of the right lobe from the selected starting configuration. Each lobe is in fact 
a gear having two cycloidal teeth. For the starting position illustrated, there cannot be any driving 
torque between the gears. This is because the point of contact lies on the line of centers, and the 
common normal at the point of contact coincides with the line of centers. Therefore, in addition 
to the gears shown, it is necessary to include two other gears of equal size in mesh with their same 
axes of rotation. The additional gears ensure a continuous torque transmission between the driver 
and driven shafts. 

The above two examples employing cycloidal gears make use of the entire epicycloid and hypo- 
cycloid. However, it is also possible to use only a portion of the cycloid, similar to that of a pair of 
gears using involute profiles (Figure 5.18). Such a pair of gears is shown in Figure 5.68. 


EXAMPLE 5.7 ANALYSIS OF A GEROTOR PUMP 


Figure 5.69 shows two gears from a cycloidal gerotor pump. Gears 2 and 3 rotate about the base 
pivots O, and O;, respectively. Gear 3 is an internal gear. The face width of both gears is 2.0 cm. 


r,=4.6 cm; @,=300 rpm CW 


(a) Determine the rotational speed of gear 3. 

(b) Determine the pitch line velocity. 

(c) For the given position of the pump, indicate on the figure all of the instantaneous centers. 

(d) For the given position of the pump, indicate on the figure the pressure.angle between the 
gear teeth at contact point A. 

(e) Determine the circular pitch of the teeth on gear 3. 

(f) Estimate the volume flow rate through the pump. 


SOLUTION 
(a) Rotational speed of gear 3 


N 
0 =+ —0,= 3300 rpm CW = 225 rpm CW 
N; 4 


(Continued) 
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EXAMPLE 5.7 Continued 


Figure 5.69 Gerotor pump. 


Figure 5.70 


(b) Pitch line velocity: 


2T cm cm cm 
y, =n =| 300 x x 4.6 =144—; v, =144—@0° 
Pas Ae ( 60 } sec sec’ 28. sec e 


(c) Instantaneous centers: (see Figure 5.70) 
(d) Pressure angle at A: (see Figure 5.70) 
(e) Circular pitch: 


(Continued) 
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EXAMPLE 5.7 Continued 


A 2Tr T 2T X 4.6 


dicor = 9.63 cm 


(f) Volume flow rate through the pump: 


For a positive displacement pump the pockets of fluid contained between a pair of adjacent 
contact points collapse to zero. Therefore, for the calculation of the volume flow rate, we exam- 
ine the maximum area contained between a pair of contact points (depicted between points A 
and B in Figure 5.70), then multiply that area by the face width of the gears to determine the 
maximum volume in the pocket. After that, the maximum volume in the pocket is multiplied 
by the number of pockets that collapse to zero in a given time period. These calculations are 
given below. 

maximum area in a pocket between A and B (see Figure 5.70) = 32 cm? 

maximum volume in a pocket = 32 cm? x face width = 64 cm? 


3 


k lit 
E 64 cm? x 300 zd x gex ets 57,600 m =57.6 i ES 
min rev min um 
PROBLEMS 
Sizing of Gear Teeth, Straight Spur and gear B has a pitch circle diameter of 16 in. The 


teeth h le of 14.5°. Both 
P5.1 What is the pitch circle diameter of a 50-tooth Sts have a pressure angie of 1457 Both gears:ate 


teeth. Determi 
straight spur gear having a circular pitch of 0.375 in? gi Dia 


(a) the number of teeth on gear B 

P5.2 How many revolutions per minute is a straight spur (b) the center-to-center distance between the gears 
gear turning at if it has 32 teeth, a circular pitch of 
0.75 in, and a magnitude of the pitch line velocity 
of 15 ft/sec? 


(c) the circular pitch 

(d) the outside diameter of gear B 

(e) the base circle diameter of gear B 

P5.3 How many revolutions per minute is a straight spur P5.8 Table P5.8 provides information that pertains to the 
gear turning at if it has 48 teeth, a module of3 mm, and reverted gear train shown in Figure 5.28. 
a magnitude ofthe pitch line velocity of 500 mm/sec? 


P5.4. A straight spur gear having 40 teeth is rotating at TABLE P5.8 PARAMETERS OF THE 
450 rpm and is to drive another straight spur gear REVERTED GEAR TRAIN SHOWN IN 
at 600 rpm. FIGURE 5.28 


(a) Whatis the magnitude of the speed ratio? 


Gear No. No. of Teeth Module (mm) 
(b) How many teeth must the second gear have? 

P5.5 Two straight spur gears havea diametral pitch of 5 in~}, a 2 24 4 
magnitude of speed ratio of 0.20, and a center-to-center 3 = = 
distance of 12 in. How many teeth do the gears have? 4 32 = 

5 62 6 


P5.6 Two straight spur gears in mesh have a module of 


2.5 mm, a center-to-center distance of 50 mm, and a 
magnitude of speed ratio of 0.6. How many teeth do 
the gears have? If the pinion is rotating at 1200 rpm, 
what is the magnitude of the pitch line velocity? 


All gears are straight spur with a 20° pressure angle. 
Determine 
(a) the circular pitch of gear 2 


(b) the base circle radius of gear 3 
P5.7 Two straight spur gears in mesh are designated as A 


(c) the pitch circle diameter of gear 4 
and B. Gear A has 40 teeth of 4 in! diametral pitch, 


(d) the center-to-center distance between gears 2 and 3 
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P5.9 A straight spur gear A has 24 teeth. It meshes with 


. Pitch circle diameter (mm) —  — 40 — 
an internal gear B. Both gears have a 25? pressure Add ; ; 
ENS ; endum circle diameter — 100 — — 
angle, 12-in ! diametral pitch, and full-depth teeth. (mm) 
"a do d distance between the gears is Module Gum) 20 40 OS 10 
Py ia MEE Pressure angle (degrees) 20 20 20 20 
(a) theaddendum circle diameter of gear A Number of teeth 24 m = a: 


(b) the number ofteeth on gear B 


(c) the base circle radius of gear B 


(d) the thickness of a gear tooth on gear B, measured P5.15 Each column in Table P5.15 relates to a pair of 

along its pitch circle : : 

meshing externalexternal straight spur gears 

P5.10 Determine the numbers of teeth on a pair of (see Figure P5.15). All gear teeth are full-depth. 
straight spur gears with center-to-center distance Determine the missing information. 

of 80 mm, gear teeth having module 2.0 mm and a 


magnitude of speed ratio 0.6. 


TABLE P5.15 


P5.11 Determine the numbers of teeth on a pair of 


straight spur gears with center-to-center distance (a) (b) (c) (d) 
of 4.0in, gear teeth having diametral pitch of 10 in'! 

and a magnitude of speed ratio 0.25. Circular pitch (in) E n/4 ET I 
P5.12 Design a pair of external-internal straight spur Diametral pitch (in™') 2.0 = 8.0 60 
gears that will generate a magnitude of speed ratio Pressure angle (degrees) — 20 20 20 20 
of 0.4. The center-to-center distance between the N2 24 22 = = 
gears is to be 42 mm. The external gear is to be cut N3; 30 — — — 
using a hob with module of 2.0 mm. r; (in) = — 40 — 

P5.13 Each column in Table P5.13 relates to a straight rz (in) 
spur gear. Determine the missing information. c (in) m 70 90 80 
t5] (rad/sec) 60 - 9.0 10 
TABLE P5. 13 [3| (rad/sec) = 40 l0 — 
vp (in/sec) — — — 30 

(a) (b) (c) (a) Contact ratio 


Base circle diameter (in) 
Dedendum circle diameter 


(in) 


Pitch circle diameter (in) — — 8.0 
Addendum circle diameter  — — — 85 
(in) 

Diametral pitch (in~!) 20 — 40 100 
Circular pitch (in) — 05 — — 
Pressure angle (degrees) 20 20 25 20 
Stub/Full-depth (in) Full Stub Full Full 
Number of teeth 24 36 — — 


P5.14 Each column in Table P5.14 relates to a straight 
spur gear. Determine the missing information. 


TABLE P5.14 


Figure P5.15 


P5.16 Each column in Table P5.16 relates to a rack and 
pinion gear set (see Figure P5.16). The teeth are 
full-depth and the helix angle is zero. Determine 
the missing information. 


Base circle diameter (mm) 
Dedendum circle diameter — — — 40.5 
(mm) 
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TABLE P5.16 


TABLE P5.19 


(a) (D (9) (4 (a) (b (9 (d) 
Circular pitch (in) —  — 1/4 — Circular pitch (in) 
Diametral pitch (in~!) 40 60 — 5.0 Normal pitch (in) 05 05 0.25 0.25 
Pressure angle (degrees) 20 20 25 20 Helix angle (degrees) 30 
Ns dM m Xe x Ns 24 24 24 = 
c (in) — 50 — — N; 36 36 — 40 
o5] (rad/sec) 60 — 20 10 (in) 5 
v, (in/sec) — 60 100 80 ion =~ = 
Contact ratio r3 (in) 
c (in) — $0 30 5.0 
|w2| (rad/sec) 60 — 60 — 
[3| (rad/sec) — 40 40 = 
vp (in/sec) — = = 60 


Figure P5.16 


Sizing of Gear Teeth, Helical Spur 


PS.17 Design a pair of external-external spur gears that 
will generate a magnitude of speed ratio of 0.4. The 
center-to-center distance between the gears is to 
be 8.0/7 in. The gears are to be cut using a hob with 
hob pitch of 0.25 in. 


P5.18 Each column in Table P5.18 relates to a helical 
spur gear. Determine the missing information. 


TABLE P5.18 


Normal pitch (in) 0.375 0.5 0.25 0.5 
Circular pitch (in) — 0.7 — — 
Pitch circle diameter (in) 8.0 
Helix angle (degrees) 30 — 15 — 
Number of teeth 24 30 36 40 


P5.19 Each column in Table P5.19 relates to a pair of 
meshing external-external helical spur gears (see 
Figure P5.19). Determine the missing information. 


Figure P5.19 


0» 


03 


P5.20 Each column in Table P5.20 relates to a pair of 
meshing external-internal helical spur gears (see 
Figure P5.20). Determine the missing information. 


TABLE P5.20 


(a) (D (9 (4 
Circular pitch (in) 
Normal pitch (in) 0.5 0.5 0.25 0.50 
Helix angle (degrees) 30 
Ns 24 4 24 — 
N; 80 80 — 108 
r (in) 3.0 
T3 (in) 
c (in) = 50 10 60 
|w| (rad/sec) 60 — 80 — 
[3| (rad/sec) — 40 40 — 
vp (in/sec) 90 
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Figure PS.20 


Contact Ratio 


PS.21 


P$.22 


PS.23 


PS.24 


PS.25 


PS.26 


P$.27 


Derive the expression for the length of contact for 
a rack and pinion gear set (Equation (5.10-14)). 


Derive the expression for the length of contact for 
an external-internal gear set (Equation (5.10-15)). 


A gear with a diametral pitch of 3 in^! and 20° 
full-depth involute form has 35 teeth and meshes 
with a 70-tooth gear. The larger gear rotates at 
300 rpm CW. Both gears have external teeth. 
Determine 

(a) the pitch circle diameters 

(b) the base circle radius ofthe smaller gear 

(c) the circular pitch 

(d) the center-to-center distance between the gears 

(e) the rotational speed of the smaller gear 

(f) the contact ratio 


A pinion has 32 teeth and has been manufactured 
using a hob having a 20° pressure angle, 8 in^! 
diametral pitch, and stub teeth. It meshes with a 
rack. Determine 

(a) the length of action 

(b) the contact ratio 


Determine an expression for the contact ratio 
between a pair of external gears where gear 2 is 
stub form and gear 3 is full-depth. 


Determine an expression for the contact ratio for a 

rack and pinion set when 

(a) the pinion, gear 2, has full-depth teeth, and the rack, 
gear 3, has stub teeth 


(b) the pinion, gear 2, has stub teeth, and the rack, gear 
3, has full-depth teeth 


Determine an expression for the contact ratio of an 

external-internal pair of meshing gears. for which 

gear 3 is the internal gear, when 

(a) gear 2 has full-depth teeth, and gear 3 has stub teeth 

(b) gear 2 has stub teeth, and gear 3 has full-depth 
teeth 


P5.28 Each column in Table P5.28 relates to a pair of 


meshing externalinternal straight spur gears 


(see Figure P5.28). All gear teeth are full-depth. 


Determine the missing information. 


TABLE P5.28 


Circular pitch (in) — — z/A — 
Diametral pitch (in~?) 4.0 60 — 5.0 
Pressure angle (degrees) 20 20 20 25 
N, a, 4 x 
N; 80 — 96 — 
T5 (in) 

T3 (in) 

c (in) — 7.0 8.0 9.0 
t2] (rad/sec) 60 — — 12 
|w3| (rad/sec) — 40 S0 60 
vp (in/sec) — 360 — — 


Contact ratio 


Figure P5.28 


Spur and Helical Gears 


P$.29 


Table P5.29 provides information that pertains to 
the reverted gear train shown in Figure 5.28. 


TABLE P5.29 PARAMETERS OF THE 
REVERTED GEAR TRAIN SHOWN IN 


FIGURE 5.28 

Gear No. No. of Teeth Type of Gear 
2 30 — 
3 48 Straight spur 
4 28 Helical spur 
5 46 — 
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All gears were manufactured using a hob cutter hav- 
ing a 20° pressure angle, 0.375-in hob pitch, and 
full-depth. Determine 

(a) the base circle radius of gear 3 

(b) the center-to-center distance between gears 2 and 3 
(c) the circular pitch of gear 4 

(d) the helix angle of gear 5 

(e) the pitch circle diameter of gear 4 


(f) the addendum circle diameter of gear 4 (i.e. the 
diameter of the gear blank) Pitch circle, 
gear 2 


Cycloidal Gerotor Pump 


P5.30 Figure P5.30 shows portions of two gears from 
a cycloidal gerotor pump. Gears 2 and 3 rotate 
about points O, and Os, respectively. Gear 2 has 
five teeth. The face width of both gears is 3.0 cm. 


r,-625cm; (0,—200rpm CW 


(a) Determine the rotational speed of gear 3 

(b) Specify the mobility of the pump. Explain your 
answer in terms of the number of links, and the num- 
bers and types of the kinematic pairs. 


Pitch circle, 
gear 3 


(c) For the given position of the pump, indicate on the 
figure all ofthe instantaneous centers. Determine the 
velocities of all of the instantaneous centers. 


(d) For the given position of the pump, indicate on the Figure P5.30 
figure the pressure angle between the gear teeth at 
contact point A. 


(e) Estimate the volume flow rate through the pump. 


GEAR TRAINS 


6.1 INTRODUCTION 


Video 6.3 
Mechanical Clock 


A combination of gears arranged for the purpose of transmitting torque and rotational motion from 
an input shaft to an output shaft is called a gear train. Gear trains are used to transmit torque and 
rotary motion within machines, from one location to an alternate location, and/or to change the 
rotational speed of various machine elements. 

The number of gears employed in a gear train can range from two to several dozen. Gears are 
often keyed to shafts, and they are assembled in a sturdy housing that supports the shafts, using ball 
or roller bearings. The housing is usually enclosed and provided with ample lubrication. In heavy- 
duty gear applications, the lubricant is circulated, filtered, and sometimes cooled. 

Figure 6.1 shows a gear train employed ina lathe, where an electric motor provides a single input 
rotational speed. Multiple output turning speeds of the spindle and workpiece may be obtained by 
changing the arrangement of gears in mesh. 

Figure 6.2 illustrates an old-fashioned mechanical clock that incorporates gear trains to perform 
its functions. One gear train is used to turn the hour and minute hands at the proper rates relative 
to the input rotation. Another gear train is used to transmit the winding torque into a torsional 
spring that powers the clock. Energy from the spring is gradually released to drive the gears by 
using an escapement mechanism (see Chapter 13, Section 13.7). The escapement mechanism 
also ensures that the gears are turned at a proper rate to keep accurate time. Figure 6.3 illustrates a 
three-dimensional model of a clock gear train system, showing the major components. 

A gear train has at least one input shaft and one output shaft. However, a gear train may be 
designed to accommodate multiple inputs, deliver multiple outputs, or both. A gear train is charac- 
terized byits power rating, as well as by speed ratio(s) between the input(s) and output(s). The size 
ofa gear train depends on its power rating, which can range from a fraction ofa watt, to megawatts. 

In this chapter, the main types of gear trains are described and classified. Methods of determin- 
ing the speeds of the components are also covered. 


6.1.1 Speed Ratio 


The speed ratio is a measure ofthe relative speed between two rotating components. In a gear train, 
the speed ratio of gear (i.e., component) j with respect to gear iis defined as 


. rotational speed of component j 


(6.1-1) 


Qi — 
V rotational speed of component i 


Positive ej; values indicate that both components j and i turn in the same direction. Negative ej; 
values signify an opposite direction of rotation. Equation (6.1-1) may be applied to the overall 
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Electric 
‘motor 


Figure 6.1 Gear train ina lathe. 


Figure 6.2 (a) Mechanical clock, (b) Back with cover removed, (c) Close up of gear train. 


Figure 6.3 Mechanical clock [Video 6.3]. 
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(a) (b) 


Figure 6.4 Meshing gears represented by their pitch circles: (a) External-external pair, (b) External-internal pair. 


speed ratio of the gear train. In that instance, j corresponds to the output component of the gear 
train, and i corresponds to the input component. 

Figure 6.4 illustrates the pitch circles of two gears in mesh. For the external-external meshing 
pair shown in Figure 6.4(a), the gears rotate in opposite directions, and the speed ratio is negative. 
For the external-internal pair shown in Figure 6.4(b), the gears rotate in the same direction, and 
the speed ratio is positive. 

The sign convention defined above for speed ratio can only be applied to components that have 
parallel axes of rotation. For cases where the axes of rotation are not parallel, such as with worm 
and wheel gears, miter gears, and bevel gears, only the magnitude of the speed ratio is defined by 
Equation (6.1-1), and the direction of rotation may be determined using a suitably prepared sketch. 

From Equation (5.6-6), the magnitude of the speed ratio for a pair of gears in mesh equals the 
inverse of the ratio of the numbers of teeth on the gears. For the external-external meshing pair 
shown in Figure 6.4(a), having N; and N; teeth on gears 2 and 3, respectively, the directions of 
rotation are opposite. The speed ratio of gear 3 with respect to gear 2 is 


QO; N, 
en = — =-— 6.1-2 
ce (6.1-2) 


For the external-internal meshing pair shown in Figure 6.4(b), the speed ratio is 


0, N 
ep = =+- (6.1-3) 
0, N; 


It is usually desired to design a gear train to provide a specific speed ratio. In instances where the 
magnitude ofthe specified speed ratio is a fraction involving small whole numbers, for example 2/3, 
there is a wide selection of the arrangement of gears and numbers of teeth that may be employed. 
Possible combinations to achieve a 2/3 speed ratio could be 20 and 30 teeth, or 40 and 60 teeth, 
etc. Since gears must have integer numbers of teeth, some speed ratios are either impossible or 
impractical to obtain exactly. For instance, a magnitude of speed ratio involving a fraction of two 
large prime numbers, such as 123/177, would require meshing gears with 123 and 177 teeth to 
provide the exact speed ratio. Alternative gear trains, however, can be developed ifa small deviation 
of speed ratio is allowed from the desired value. For example, two gears with 36 and 25 teeth provide 
a magnitude of speed ratio of 0.6944, which is very close to the specified value of 123/177 = 0.6949. 


6.1.2 Classification of Gear Trains 


Gear trains may be classified into two groups: ordinary and planetary (or epicyclic), (Figure 6.5). In 
an ordinary gear train, axes of all gears are stationary relative to the base link, which is normally the 
housing (i.e., the base link) of the gear train. In a planetary gear train, the axis of at least one gear 
moves along a circular path relative to the base link. These two groups of gear trains are described 
further in the following sections. 
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Gear Trains 


m~ 


Ordinary Planetary 


[——1 | [— —] 


Simple Compound Single-stage Multiple-stage 


Figure 6.5 Classification of gear trains. 


6.2 ORDINARY GEAR TRAINS 


There are two types of ordinary gear trains: simple gear trains and compound gear trains. 


6.2.1 Simple Gear Trains 


Video 6.6A 
Simple Gear 
Train 


In a simple gear train, two or more gears are in mesh such that they form a consecutive sequence 
from input to output. Furthermore, there is only one gear mounted on each axis of rotation. Two 
examples of simple gear trains are shown in Figure 6.6. 

The speed ratio for any two gears in mesh ofa simple gear train can be obtained using an expres- 
sion similar to either Equation (6.1-2) or (6.1-3). Thus, for the gear train shown in Figure 6.6(a), 
the speed ratios of gears 2 and 3, and of gears 3 and 4, are 

0, N, 


£407 — — —— and  e449 ————— (6.2-1) 
0, N, O3 N, 


respectively. If gear 2 is the input and gear 4 is the output, then by employing Equation (6.2-1) we 
obtain the speed ratio of the gear train: 


o, N,)( NN, 
€ 4/9 = — = e473 X 63 = = (6.2-2) 
4/2 0, 4/3 X €3/2 | = | N,) N, 


For the gear train shown in Figure 6.6(a), we have 
N,=31; N,-18 N,=31 
and using Equation (6.2-2) we get 


e42 =+1.0 


This gear train would have the same magnitude of speed ratio as when gears 2 and 4 are directly 
in mesh. However, the speed ratio is changed from negative to positive, due to the presence of gear 
3, referred to as an idler gear. 

Even when the number of idler gears in a simple gear train is increased, the magnitude of speed 
ratio will still depend only on the number of teeth in the gears mounted on the input and out- 
put shafts. Whether the speed ratio is positive or negative depends on the number of idler gears. 
Employing only external gears in a simple gear train, an odd number of idler gears produces a 
positive speed ratio and with an even number of idler gears, as shown in Figure 6.6(b), the speed 
ratio is negative, that is 


657 - —2- (6.2-3) 


In this example, gears 3 and 4 are idler gears. 
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(b) 
Figure 6.6 Simple gear trains [Video 6.6A]. 


Idler gears are usually added to a gear train for two purposes. They can be used to change the 
output direction of rotation and/or to transmit rotary motion from an input shaft to an output shaft 
that are separated by a specified distance from each other. If the distance between the input and 
output shafts is large, it may be more economical to use one or more idler gears instead of using 
large input and output gears to bridge the distance. Figure 6.7 illustrates two alternative simple 
gear trains that have the same speed ratio and center-to-center distance between the input and 
output shafts. 


6.2.2 Compound Gear Trains 


Video 6.8A 
Reverted Gear 
Train 


A compound gear train has four or more gears of which at least two are attached to the same 
shaft. Those gears attached to the same shaft are constrained to turn at the same rate and in the 
same direction. Figure 6.8 shows three examples of compound gear trains. In each example, 
gears 3 and 4 are attached to the same shaft and both are idler gears. For the gear train shown 
in Figure 6.8(a), which is also called a reverted gear train, the input and output axes of rotation 
are collinear. 

The speed ratio for a compound gear train is found in a similar manner to that used for a simple 
gear train. Consider the gear train in Figure 6.8(a), where gear 2 is attached to the input shaft, gear 
5 to the output shaft, and idler gears 3 and 4 are mounted on the idler shaft and turn at the same 
speed. Speed ratios for the meshing gears 2 and 3, and gears 4 and S, are 
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Figure 6.7 Two simple gear trains with the same speed ratio. 


5 ee 


Output 


Figure 6.8 Compound gear trains [Video 6.8A]. 


The speed ratio for the gear train is 


(Q) 0; 0 N N N,N 
T s Os al 3l 2) = 21N4 (62-4) 
0, 0,0, N.À N,) NN; 


In this instance, unlike the case of simple gear trains, the numbers of teeth of the idler gears influ- 
ence the magnitude of the speed ratio. Using a similar analysis, the speed ratio for the compound 
gear train in Figure 6.8(b) is 
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6.2.2.1 Gear Train 


CHAPTER 6 GEAR TRAINS 


| NN, 
69/57 — NN, (6.2-5) 


Idler gear 5 has no effect on the magnitude of the speed ratio, although it affects the direction of 
output speed and the distance between the input and output shafts. 
The compound gear train illustrated in Figure 6.8(c) incorporates an external-internal meshing 
pair. The numbers of teeth are 
N,=9; N,=62; N,=20 
N,-5]; Ng=15; N,=54 


a oss 
o» N,À Ns JL N, 
NNN _ 9x20 x15 
N,N,N, 62X51X54 


The speed ratio is 


= 0.0158 


This arrangement of gears is employed in the design of a winch. Figure 6.9 shows a corresponding 
photograph of the system. 


Diagram Notation 


Simple gear trains and compound gear trains are generally easy to illustrate when the number 
of gears and shafts are few. Three-dimensional diagrams such as that shown in Figure 6.8(a), 
or two-dimensional diagrams such as Figure 6.8(b), are relatively easy to sketch or draw. 
However, as the number of elements increases, and meshing occurs on multiple planes, such 
as illustrated in Figure 6.8(c), it becomes increasingly difficult to sketch the system in either 
two-dimensional or three-dimensional. To allow for better documentation of complex gear 
trains, two alternative illustration methods are now introduced, which are: cross-section dia- 
grams and skeleton diagrams. 

These illustration methods can be explained by studying a number of gear and shaft combina- 
tions that are typically used within various gear trains. Figure 6.10 provides three-dimensional 
illustrations of these typical combinations, where all illustrations are labeled (a) through (h). 
Corresponding to this are Figures 6.11 and 6.12, where illustrations of combinations (a) through 
(h) are equivalent in all three figures. For example, the gear/shaft combination of Figure 6.10(c) 
is equivalent to the cross-sectional representation shown in Figure 6.11(c), which is equivalent to 
the skeleton representation shown in Figure 6.12(c). 

Figure 6.10 provides typical gear/shaft combinations including: (a) An input shaft with a gear 
attached at the end. This combination is a common source of input torque to various types of 
gear trains. (b) A shaft with two gears, C and D, rigidly attached at each end. This combination is 
used to transmit rotation and torque between two offset planes of meshing gears. (c) A combina- 
tion similar to (b), however the combination is held by arm F, where arm F may be connected to 
another rotating link. (d) Similar to combination (b), however, there is a concentric shaft I that 
passes through the center. (e) An idler gear that is free spinning on a shaft, connected to arm 
I. Arm I may be connected to another rotating link. (f) An input shaft I, connected to an internal 
gear K, also known asa ring gear K. (g) A combination similar to (f), however, there is a concentric 
shaft I that passes through the ring gear K. (h) Two gears that are in mesh and spin freely on their 
respective shafts. The two shafts are connected to arm I, where arm I may be connected to another 
rotating link. 


6.2.2.2 Compound Gear Train Examples 


A compound gear train may be designed to provide multiple speed ratios through one output shaft 
by transmitting motion through various pairs of gears. This is illustrated in the following example. 
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6.2 


Figure 6.9 Gear train used in a winch [Video 6.9]. 


Figure 6.10 
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Figure 6.12 Continued 
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EXAMPLE 6.1 SPEED RATIOS OF A MANUAL TRANSMISSION 


Figure 6.13 shows a schematic of a manual transmission, which employs a compound gear 
train. Splines on the input shaft, and gears 1, 3, and S, that are rigidly connected to one another, 
ensure the components share the same rotational speed but do permit axial movement of the 
gears along the input shaft. The shifter allows pairs of gears to be disengaged and reengaged to 
obtain three different speed ratios. Determine the speed ratios ofthe gear train. 


UR | = 
` 


Figure 6.13 Compound gear train. 


(Continued) 
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EXAMPLE 6.1 Continued 


SOLUTION 

Each configuration is equivalent to the reverted compound gear train shown in Figure 6.8(a). 
Table 6.1 indicates those gears which are in mesh for the three different transmission configu- 
rations and the speed ratio for each. 


TABLE 6.1 SPEED RATIOS OF THE MANUAL TRANSMISSION 
GEARBOX SHOWN IN FIGURE 6.13 


Output Speed No. Gears in Mesh Speed Ratio 
1 278 N,N, 
C= N.N 

INE 

2 3,4,7,8 EE 

€8/3— 

N,N; 

3 5,6,7,8 NN, 
m N.N 

(Cee 


A manual automobile transmission incorporates a similar arrangement of gears to that pre- 
sented in Example 6.1. Figure 6.14 illustrates a typical transmission that has three forward 
speed ratios and a reverse. Gear 1 is rigidly connected to the input shaft. Gears 2 through 5, 
inclusive, are rigidly connected to the countershaft. Gear 6 has its own axis of rotation and is 
employed to generate the speed ratio for reverse motion. Splines on the output shaft and gear 8 
ensure both components share the same rotational motion, but do permit axial movement of 
gear 8 along the output shaft. By employing the shifter, gear 8 can be moved from the position 
shown in Figure 6.14 to mesh with either gear 4 or gear 6. Gear 7, being disengaged, is free to 


Shifter 


Clutch 
input Synchronizers 


Input shaft 


Spline 


Countershaft œ Output shaft 


Output 


Reverse idler gear, 6 


Figure 6.14 Manual transmission [Video 6.14]. 


Video 6.14 
Manual 
Transmission 
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rotate relative to the output shaft. When required, one of the synchronizers (see Chapter 13, 
Section 13.3.2) rigidly connects gear 7 to the output shaft. 

Figure 6.15 illustrates the configurations for all speed ratios of the manual transmission. 
While shifting between each speed ratio, the clutch (see Chapter 13, Section 13.3.1) is dis- 
engaged. For reverse (Figure 6.15(a)), motion is transmitted through gears 1, 2, 5, 6, and 
8. Gear 6 is an idler gear and is used solely to change the direction of rotation. For neutral 
(Figure 6.15(b)), no motion is transmitted to the output shaft. This is because gear 7 is free 
to rotate with respect to the output shaft, although gears 1, 2, 3, and 7 are in mesh. For the 


Power transmitted 
through reverse 
idler gear 


Power transmitted 
through this gear 


1 Direct drive 
- 4 coupling 


Power transmitted 
through this gear 


(d) (e) 


Figure 6.15 Configurations of a manual transmission [Video 6.14]: (a) Reverse, (b) Neutral, (c) First, (d) Second, 
(e) Third. 
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first forward speed ratio (Figure 6.15(c)), gear 8 has been translated along the splined por- 
tion of the output shaft and meshes with gear 4. Motion is transmitted through gears 1, 2, 4, 
and 8. For the second forward speed ratio (Figure 6.15(d)), gear 8 no longer meshes with 
any other gear, and motion is transmitted through gears 1, 2, 3, and 7. A synchronizer is used 
to connect gear 7 to the output shaft. For the third forward speed ratio (Figure 6.15(e)), 
another synchronizer is employed to provide a direct coupling between the input and output 
shafts, and the speed ratio is unity. Under these conditions, the countershaft has no influence 
on the speed ratio. 

Through use of a synchronizer, it is not necessary to engage and disengage gears 3 and 7 
when shifting into and out of the second forward speed ratio. A synchronizer therefore elimi- 
nates the possibility of clashing the teeth of these gears. It also allows the possibility of employ- 
ing helical spur gears, which are particularly difficult to engage and disengage through relative 
axial sliding. 

The manual transmission shown in Figure 6.14 incorporates a single clutch. The driver can 
change the speed ratio by pushing the clutch pedal to disengage the clutch, then moving the 
shift lever to select different gears that transmit power, and finally engaging the clutch. During 
the shifting process there are distinct intervals when no power is transmitted from the engine 
to the wheels. 


EXAMPLE 6.2 DESIGNING FOR THE NUMBERS OF TEETH OF A MANUAL 


TRANSMISSION 


Video 6.16 
Manual 
Transmission 


Figure 6.16 illustrates a manual transmission. Gears 1 and 2 are always in mesh. Instead of 
employing sychronizers, gears are moved along the splined shaft and brought into mesh with 
gears mounted on the countershaft. For the first speed ratio, gears 5 and 8 are in mesh, for the 
second speed ratio, gears 4 and 7 are in mesh, and for the third speed ratio, gears 3 and 6 are in 
mesh. A speed ratio of unity is obtained when the input and output shafts are rigidly con- 
nected. [Video 6.16] provides an animated sequence of the movements of the gears to obtain 
the different speed ratios. 

Determine suitable tooth numbers to generate the speed ratios 1/4.00, 1/2.50, and 1/1.50. 
All gears are to have at least 20 teeth. The center-to-center distance, c, between the counter- 
shaft and input/output shafts is 75 mm, and all gears are straight spur having a module of 
2.5 mm. 


Shift 
L^ forks Splined shaft 
6 7 8 
1 
ias Output 
——— — " 
CE 775) famam 
E 4 5 


Countershaft 


Figure 6.16 Manual transmission [Video 6.16]. 


(Continued) 
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EXAMPLE 6.2 Continued 


SOLUTION 
Expressions for the speed ratios are 
N N,N N,N 
first: £g = Y=; second: enn = a. ird: e= € 
27N8 2N, 2 Ng 


Because all gears are to have the same module, and meshing gears must share a common 
center-to-center distance, then by employing Equation (5.8-1) for a pair of meshing gears des- 
ignated as i and j,we obtain 


d, 4, m(N,+N,) 2S(N,*N,) 
= = mm 


c=75mm= —+— (6.2-6) 
2 33 2) 
from which 
N;+N,=60 
Therefore 
NjN5-2N34 Ne= N44 N57 N54 Ng 60 (6.2-7) 


Subject to the constraint given by Equation (6.2-7), the first desired speed ratio, eg/ı can be 
achieved exactly by selecting 


Ni = 20; N, = 40; N; = 20; Ng =40 (6.2-8) 


It is not possible to obtain exactly the desired values of the second speed ratio, e7/;, and third 
speed ratio, e¢/;. The numbers of teeth on gears 1 and 2 have already been specified (Equation 
(6.2-8)), and there are constraints on the numbers of teeth on gears that determine the second 
and third speed ratios (Equation (6.2-7)). Through a trial and error procedure of testing for 
various permissible combinations of numbers of teeth, we determine that the closest approxi- 
mations are obtained using 
N3=34; N4=27; Ng-226; N7=33 
which yields 
1 1 


e7, = ——j 
22877 


An alternate set of solutions can be found by selecting 
Ni = Alle N: =39 


The gear tooth numbers that produce values closest to the desired speed ratios, while satisfying 
the constraint for the minimum number of teeth on a gear, are 


N3=33; N4- 26; N;=20 
Ne =27; IN, = 34; Ng =40 
In this case, the speed ratios are 


1 


€ — j [4 = ——; e = 
Aoa ip 


(Continued) 
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EXAMPLE 6.2 Continued 


Therefore, we are only able to obtain approximations of the three desired speed ratios. The 
numbers of gear teeth 


N;=19; Ng=41 


for the alternate set of solutions would give a better approximation of the first desired speed 
ratio. However, this solution is not permitted because it violates the constraint of the mini- 
mum number of teeth on a gear. 


A dual-clutch transmission (DCT) can drastically reduce the intervals when no power is 
transmitted. For a DCT the driver is not required to operate the clutches. Instead, their coordi- 
nated engagement and disengagement is controlled automatically by electronics and hydrau- 
lics, similar to that used in an automatic transmission. The timing is dictated by the vehicle 
speed, the engine speed, the load torque, and the position of the accelerator pedal. The DCT is 
designed to provide smooth acceleration of the vehicle without manual shifting under normal 
driving conditions. There is usually an option for the driver to override the automatic opera- 
tion and shift the speeds when desired. 


ee Figure 6.17 shows an illustration of a DCT with three forward speeds and a reverse. Actual 
iDreik(Cihrda DCTs in use typically employ five to seven forward speeds. The design shown incorporates 
Transmission two concentric shafts, where the inner solid shaft has gears for the first and third speeds, while 


the outer hollow shaft has gears for the second and reverse speeds. Clutch A can connect the 
input shaft to the inner solid shaft, and clutch B can connect the input shaft to the outer hol- 
low shaft. The synchronizers are used to connect gears to the output shaft, when directed to 
do so by the control system. DCTs with additional speeds are obtained by adding gears on 
the concentric shafts that mesh with gears on the output shaft. Gears for the even speeds are 
added to one of the concentric shafts while the odd speeds are added to the other shaft. 
Figure 6.18(a) shows a DCT while in the second speed, with clutch A disengaged and 
clutch B engaged. One of the synchronizers connects the second gear to the output shaft 
to complete the path of power flow between the input and output. Prior to shifting to the 


Clutch B Synchronizers 


Clutch A 


idler gear 


Figure 6.17 Dual-clutch transmission [Video 6.17]. 


6.2 ORDINARY GEAR TRAINS 253 


third speed, the other synchronizer connects the third gear to the output shaft as shown in 
Figure 6.18(b). Even though the third gear was preselected and is now rigidly connected to 
the output shaft, the DCT is still in the second speed. The actual shift does not take place until 
both clutch A engages and clutch B disengages (Figure 6.18(c)), which may be completed in 
minimal time. Thus, continuous power flow is practically maintained. The synchronizer con- 
necting the second gear to the output shaft may subsequently be moved to a neutral location 
to reduce the drag resistance in the transmission. 
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(c) 
Clutch A Clutch B 


Engaged Disengaged 


Figure 6.18 Changing of speeds in a DCT [Video 6.17]. 
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6.2.3 Gear Trains with Bevel Gears 


For the gear trains presented in Sections 6.2.1 and 6.2.2, all axes of rotation are parallel. However, 
other ordinary gear trains can be designed by employing meshing gears having nonparallel axes 
of rotation. Such gear trains can incorporate bevel gears, hypoid gears, and worm and wheel sets. 

The magnitude of the speed ratio between any two bevel gears in mesh is inversely proportional 
to their number of gear teeth. For example, Figure 6.19 shows an ordinary gear train consisting of 
three bevel gears. Gear 2 is the input, gear 4 is the output, and gear 3 is the idler gear. The magnitudes 
of the speed ratios between gears 2 and 3, and between gears 3 and 4, are 


o| N, o,| N, 
ü ===; Je === 6.2-10 
lle tle Rs las eet | (62-10) 
The magnitude of the speed ratio of the gear train is 
(A) 
[esl = [e43 |x |es/2 |= ey (62-11) 
0, 
Combining Equations (6.2-10) and (6.2-11),we obtain 
N, N N 
Bsn ae (6.2-12) 
4 I3 4 


A minus sign in Equation (6.2-12) indicates that the input and output turn in opposite directions. 
The sign convention can be applied in this instance since the input and output shafts of the gear 
train are parallel to each other. 


Figure 6.19 Gear train incorporating bevel gears. 


6.3 PLANETARY GEAR TRAINS 


Ina planetary gear train, the axis of at least one gear, called a planet gear, moves on a circular path 
relative to the base link. 

An example of a planetary gear train is shown in Figure 6.20. It consists ofa sun gear, having 
N; teeth, a concentric ring gear, having N; teeth, and one or more planet gears, each with N3 
teeth. Planet gears mesh with the external teeth ofthe sun gear and with the internal teeth ofthe 
ring gear. Shafts of the planet gears are attached to the crank or planet carrier. The pitch of the 
sun, planet, and ring gears must be identical for this gear train. Figure 6.20(b) shows the side 
view of the planetary train illustrated in Figure 6.20(a), and the corresponding skeleton form is 
shown in Figure 6.20(c). 
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1 Sun gear 2 Crank or planet carrier 3 Planet gear 4 Ring gear 


(a) (b) (c) 
Figure 6.20 (a) Planetary gear train, (b) Side view, (c) Skeleton representation. 


A planetary gear train has the following advantages over ordinary gear trains: 


e It has compact space requirements, particularly when the input and output axes are 
collinear. 

* Both static and dynamic forces are balanced when multiple planets are equally spaced 
about the central axis of the gear train. 

* High torque capacity is possible, by using multiple planets. 

e Itcan provide a wide range of speed ratios. 


6.3.1 Number of Teeth on Gears in Planetary Gear Trains 


The numbers of teeth on the gears of a planetary gear train cannot be selected arbitrarily. Consider 
the planetary gear train shown in Figure 6.20; the following geometrical relationship exists between 
the pitch circle diameters: 


d+ 2d, d, (6.3-1) 


Since in this instance the pitch of all meshing gears must be equal, it follows from Equations (5.6-5) 
and (6.3-1) that 


N,+2N,=N, (6.3-2) 


or 


Nue (6.3-3) 


6.3.2 Number of Planet Gears 


For the planetary gear train shown in Figure 6.20, only one planet gear is needed to transmit motion. 
However, multiple planet gears are usually employed as in the example shown in Figure 6.21. The 
use of multiple planets allows more gears to share the transmission of loads through alternate paths 
simultaneously, which as a result increases the load capacity of the gear train without increasing its 
overall size. In practice, to improve the dynamic characteristics of the gear train, planet gears are 
usually equally spaced, so that loads are balanced about the central axis. 

The number of equally spaced planet gears, n, that can be placed between a sun and ring gear 
depends on the space available and the numbers of teeth of the gears. The following two criteria 
must be satisfied [3]: 
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1. Prevention of addendum circle overlap of planet gears: 


180° 
. 4 [ N3,+20 
sin 

N,+N, 


where a takes on values of 0.8 and 1.0 for stub teeth and full-depth teeth, respectively. 


n< (6.3-4) 


2. Meshing of gear teeth: 


N,+N 


45 integer (6.3-5) 
n 


EXAMPLE 6.3 NUMBER OF EQUALLY SPACED PLANET GEARS 


For the planetary gear train shown in Figure 6.21, determine the number of equally spaced 
d | hat may be employed. The teeth are to have full-depth. The numbers of teeth 
Planetary Gear planet gears that may be employed. Ihe teeth are to have tull-depth. Ihe numbers of teeth are 
Train 
INS 2275 N3=18; N4- 63 


Figure 6.21 Planetary gear train [Video 6.21]. 


SOLUTION 
The number of equally spaced planet gears may be found by applying Equations (6.3-4) and 
(6.3-5). Substituting the numbers of teeth in Equation (6.3-4) and employing a = 1.0 for 


full-depth teeth, 
180° 180° 
amt ET 8920 
sin | ———— | sin 
N,+N, 27 +18 


Since the number of planet gears must be an integer, according to this constraint, up to six 
equally spaced planets may be employed. From Equation (6.3-5) we get 


Nit ND 2716s) 90 


n n n 


= integer (6.3-7) 


(Continued) 
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EXAMPLE 6.3 Continued 


Substituting the values n = 1, 2, 3, 4, 5, and 6 in Equation (6.3-7), we find that the values n = 1, 
2, 3, S, and 6 satisfy the equation. Therefore, either 1, 2, 3, 5, or 6 equally spaced planet gears 
may be employed in this gear train. It is not possible to use four equally placed planet gears. 


6.3.3 Classification of Planetary Gear Trains 


Lévai [6] identified twelve basic types of single-stage planetary gear trains incorporating spur gears, 
where all axes of rotation are parallel. Their skeleton drawings are shown in Figure 6.22. For exam- 
ple, the planetary gear train shown in Figure 6.20 is Type A. Additional variations of planetary gear 
trains can be obtained by employing gears having nonparallel axes of rotation. Such examples are 
presented later in this chapter. 

Multiple-stage planetary gear trains employ a combination of single-stage gear trains. Each 
stage may be one of the types illustrated in Figure 6.22 or may employ other types of gears, such 
as bevel gears or worm and wheel. 

The mobility of each of the planetary gear trains shown in Figure 6.22 equals two. Therefore, the 
rotational speeds of all components may be determined if two of the rotational speeds are specified. 
The two input speeds may be equal or unequal, in the same direction or opposite. One of the two 
input speeds may be zero. For the gear train shown in Figure 6.20, ifthe crankis not allowed to rotate, 
all gears have fixed axes of rotation, and the planetary gear train is treated as an ordinary gear train. 


6.4 TABULAR ANALYSIS OF PLANETARY GEAR TRAINS 


In this section, the tabular method is presented to determine speed ratios and speeds of components 
of planetary gear trains. 
A tabular method of a planetary gear train involves the following general steps: 


1. Assume all components of the gear train rotate at x rpm about the central axis. This motion 
constitutes rigid-body rotation of the entire gear train, and there is no meshing movement 
of the gear teeth. 

2. Assume the crank is not permitted to move. Ignore all other motion constraints and choose a 
component of the gear train other than the crank, such as either a sun or ring gear, and rotate 
it at y rpm. Determine the rotational speeds of all other components of the gear train. By hold- 
ing the crank fixed, the planetary gear train becomes an ordinary gear train (Section 6.2). 

3. Superimpose the two motions considered in steps 1 and 2 by summing the rotational 
speeds, that is, the rotational speeds of the components are expressed in terms of x and y. 

4. Employ expressions for rotational speeds found in step 3 to determine the output speed of 
the gear train or speed ratios between the components, as required 


Figures 6.23(a) and 6.23(b) portray motions described in steps 1 and 2 as they apply to the 
planetary gear train illustrated in Figure 6.21. 

Table 6.2 summarizes the first three steps of the above procedure for the planetary gear train 
shown in Figure 6.21. The last row of the table is equivalent to the following equations: 


O,=xt yi; M,=x 
N; 


0, = Q,—x— 
x j x 
? T 4 N 


For the gear train shown in Figure 6.21, if the ring gear is held fixed, then 


N, N, 
O,=x-— y=0 or y=—x 
4 N y y N 
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Figure 6.23 Example of motions employed using the tabular method [Video 6.21]: (a) All links with same rotational 
speed, (b) Motion of links with respect to fixed crank. 


TABLE 6.2 TABULAR ANALYSIS OF THE PLANETARY GEAR TRAIN 
SHOWN IN FIGURE 6.21 


Component > Gear 1 Crank Gear 3 Gear 4 
Operation | Q1 wz w3 Q4 
All Components Turn at x rpm x x x x 
Crank is Fixed, Gear 1 Turnsatyrpm — y 0 N, ; N, j 
N, N, 
Absolute Rotational Speeds xt+y x N, N, 
x y y 
N, N, 


Furthermore, if the input motion is applied to the sun gear, and the out motion is obtained from 
the crank, then the speed ratio ofthe gear train is 


D x A (6.4-1) 


; Q, x+y ar os 


Employing the following numbers of teeth for the sun and ring gears 
N,=27; N,=63 


in Equation (6.4-1), we obtain 


N, 27 27 


= = = 0.30 
N, +N, 27+63 90 


ans 


If the input rational speed of the sun gear is €0, = 400 rpm CW , then the rotational speed of the 
crank is determined by recognizing 


©, = €)/,0, = 0.30(-400) = -120 = 120 rpm CW 
where it was considered that positive rotational speeds are in the counterclockwise direction. 


Using the above input motion while holding the ring gear fixed, and employing the prescribed 
numbers of teeth, we generate the following two linear equation in terms of variables x and y 


Q,—x- y=—400rpm and 


" N, M 4 
=x-— =x-— = 
4 NU 63^ 
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Solving these two equation, yields 


x--—120rpm : y=—280rpm 


Having determined the values of x and y, the rotational speed of any component in the gear train 
may now be evaluated. For example, the output speed is 


0,—-x--120-120rpm CW 


which is the same as previously obtained. Also, the rotational speed of a planet gear (N3 218) is 


27 
—-(-120)- — x (—280 ) = 300 =300 rpm CCW 
18 à 


The above calculation gives the absolute value of the rotational speed, that is, with respect to the 
fixed link, gear 4. The relative rotational speed of a planet gear with respect to the crank is 


N 
O planet, relative 7 003 — 005 = £ = ] x = 420 = 420 rpm CCW 
3 


A planetary gear train may be used to generate more than one speed ratio by selecting different 
components to be connected to the input, to be connected to the output, and to be held fixed. For 
example, Table 6.3 applies to the planetary gear train illustrated in Figure 6.21. The three speed 
ratios listed are in addition to that determined above. One of the speed ratios is greater than unity 
(casel), a secondis less than unity but greater than zero (case2), anda third is less than zero (case 3). 


o 
N 
E" 
fe 
(3 
o 


TABLE 6.3 SPEED RATIOS OF A PLANETARY GEAR TRAIN 
Operation Sun, «4 Crank, w Ring, w4 
all x rpm x x x 
Crank fixed, | y 0 N 
sun y rpm Ny y 
Absolute x+y x N, 

: X——-y 
rotational N, 
speeds 


(Continued) 
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TABLE 6.3 Continted 


Case Non-Zeroinput Fixed Component Output Speed Ratio 
No. Component Component 
1 Crank, 2 Ring, 4 Sun, 1 "m x " cae 
N (A) F 
1 4 fl 1 1 4 
x =0; y= x e 
N, VN y N, 1/2 F " N, 
2 Ring, 4 Sun, 1 Crank, 2 nen Be: x __N4 
x+y=0; y=-x ii Q0, N, ( ) N,+N, 
gee den 
N, 
3 Sun, 1 Crank, 2 Ring, 4 ü- Ny 
&=0 0 N, y N, 
lan = = 
0, 0 y N, 


For all of the cases presented so far, the speeds ofthe components and the speed ratios between 
the components were determined for instances that one of the components of the planetary gear 
train was held fixed. The following example deals with a condition where there are two non-zero 
input rotational speeds to the planetary gear train. 


EXAMPLE 6.4 SPEED RATIO OF A PLANETARY GEAR TRAIN 


For the gear train shown in Figure 6.24, gears 6 and 7 are mounted on the input shaft and turn 
with the same speed (w¢ = w7). These gears mesh with gears 2 and S, which are connected to 
the crank (link 2) and sun gear (gear 1), respectively, and provide the two input motions to the 
planetary gear train. The output shaft is attached to the ring gear (gear 4). Gears l and 5 also 
turn at the same rate (w; = w5). Determine the speed ratio of the gear train. 


Output 


)-—— 
Input 


Fixed 


Figure 6.24 Planetary gear train. 


SOLUTION 
The two input rotational speeds to the planetary gear train are determined by first recognizing that 
MEDIEN 
Ye NS 9 A 


(Continued) 
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The rotational speeds of the sun gear and crank are therefore 
O = 0, = Q5, X We (6.4-2) 
6 = 077X 07 (6.4-3) 
Since the arrangement of gears of the planetary gear train in Figures 6.20 and 6.24 are the 
same, Table 6.2 can also be applied in this example. Equating the input rotational speeds given 
in Equations (6.4-2) and (6.4-3) with those given in Table 6.2, we obtain 
Ne 
0 =-— 0 = x+ 6.4-4 
1 N, 6 Y ( ) 
N 
Q0,—--— 0,7 x (6.4-5) 
N, 
Solving Equations (6.4-4) and (6.4-5) for y and recognizing that 
O7 0; (6.4-6) 
gives 
Ne N; 
s=0 2- 6.4-7 
y 7 | N, x ( ) 
The value of rotational speed ofthe ring gear (gear 4) is also obtained from Table 6.2: 
Ni 
OX 6.4-8 
4 N, y ( ) 
Substituting Equations (6.4-5)-(6.4-7), we get 
N N,{ No N 
0,-0,| -— 4 —| —-— (6.4-9) 
N, ONLINE N, 
And the speed ratio of the gear train employing Equation (6.4-9) is 
0) N, N,{( Ne N 
8457 42-2 .,.-1|—6-—7 (6.4-10) 
TL N, TE RE N, 
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EXAMPLE 6.5 PLANETARY GEAR TRAIN IN A PENCIL SHARPENER 


Video 6.25 
Pencil Sharpener 


Figure 6.25(a) illustrates a pencil sharpener, and Figure 6.25(b) shows a schematic of the 
planetary gear train contained within the unit. Ring gear 4 is fixed to the body (base link). The 
hand crank is rigidly connected to the planet carrier, link 2. The cutter is rigidly connected to 
planet gear 3, which is in mesh with ring gear 4. Starting from the position shown, determine 
the position of point A; on the planet gear after the hand crank has turned 180° clockwise. 


N3=11; N,=24 


4 Figure 6.25 Pencil 


sharpener: (a) Isometric view 


Cutter 3 
[Video 6.25], (b) Schematic. 


Hand crank 
2 


Planet carrier 


Cutter 


SOLUTION 
In this chapter, the tabular method is applied to determine the rotational speeds of the compo- 
nents in planetary gear trains. In this example, a similar procedure is applied to determine the 
rotations of the links of a gear train. 

Table 6.4 is a tabular analysis of the pencil sharpener in terms of the rotations. From this 
we find that the rotation of planet gear 3, with ring gear 4 fixed, and the rotation of the hand 


crank, A0, =x, 
A04,-A0,| 1 4 
$ 2 N 3 


For a hand crank rotation of 180? clockwise (i.e., A0; = —180?), we have 


A0 8 eue (1-3) DATS 
3 = A0; N, --180 uer 


(Continued) 
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EXAMPLE 6.5 Continued 


The positive value indicates the rotation of planet gear 3 was counterclockwise. The geom- 
etry of the mechanism after turning the hand crank is illustrated in Figure 6.26, and point A; 
has moved to its new location after the motion and is now labeled as A>. 

All tables presented in this chapter for the tabular analysis of rotational speeds of the compo- 
nents in planetary gear trains may also be used to analyze their rotations. This is accomplished 
by assigning values of rotations to the variables x and y, rather than rotational speeds, and is 
permitted because the motions of all links in the gear train take place in the same time interval. 


TABLE 6.4 TABULAR ANALYSIS OF A PLANETARY GEAR TRAIN IN 
A PENCIL SHARPENER 


Component > Hand Crank | Gear3 Gear 4 
Operation | AO, AO; A04 
All Components Given Rotation x degrees ee g & 
Fix Hand Crank, Gear 4 Given Rotation N, 
d 0 E 
y degrees N, 
Absolute Rotations N, 
x Ru $a 
3 
Absolute Rotations With Fixed Gear 4 N, 
(i.e, x+y 20) x EON 0 
3 


Figure 6.26 Geometry of pencil 
sharpener after rotation of the crank. 
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EXAMPLE 6.6 SPEED RATIOS OF AN AUTOMATIC TRANSMISSION 


Determine the speed ratios of the automatic transmission illustrated in Figure 6.27. The speed 
ratios are generated as follows: 


e Reverse: Gear 5 is held fixed. 


* First speed: Gear 1 is held fixed. 
* Second speed: Gears 1 and 6 are locked together. 


Input 
— 


Figure 6.27 Schematic of automatic transmission. 


In all cases, the input is connected to gear 9, and the output is connected to crank 2. The num- 
bers of teeth are 


NIEZ N3= 15; Ny= 9; NG m S 
Ng2N;2N$,232; Ng-16 


SOLUTION: 


TABLE 6.5 TABULAR ANALYSIS OF THE GEAR TRAIN SHOWN IN 


FIGURE 6.27 
Component > Gear 1 Crank Gear 5 Gear 6 

Operation | Q1 (5 Ws W6 
All Components Turn at « rpm X X X ae 
Crank is Fixed, Gear 5 Turns at y rpm N; N; 

o Ta 

1 6 

Absolute Rotational Pe N; pe: N; 
Speeds N, Tw WII N, y 


(Continued) 
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EXAMPLE 6.6 Continued 


Table 6.5 was created for this gear train. Using this table, the ratio of speeds between gear 6 
and crank 2 is 


qe ies x 
2 Oy N 
xt Sy 
Ng 


and therefore the speed ratio of the gear train is 


095; 0&5 _ x Ns 
E mm ae = N De (6.4.11) 
6 


where it is recognized that ws = w7. 


Reverse 
Since for this speed ratio gear S is held fixed, then from Table 6.5 we have 


@,=* += 05 y=-x (6.4-12) 


Combining Equations (6.4-11) and (6.4-12), the speed ratio is 


ae Dis 


First Speed 
Since for this speed ratio gear 1 is held fixed, then from Table 6.5 we have 


N; N, 
O,=x- =0; yz —x 6.4-14 
: Ne dud N; ( ) 


Combining Equations (6.4-11) and (6.4-14), the speed ratio is 
N 
22 
L 7 ) 
a aL 
2/9 | N, ) 
x+—y 
Ne 


(Continued) 
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EXAMPLE 6.6 Continued 


= 0.544 (6.4-15) 


Second Speed 
Since for this speed ratio gears 1 and 6 are held together, then from Table 6.5 we have 


9, = 06 
Ns Ns 
T EA (64-16) 
which can only be satisfied if 
y=0 (6.4-17) 


Combining Equations (6.4-11) and (6.4-17), the speed ratio is 


=~ 2 4 _ =*=100 (6.4-18) 
N ge 


Figure 6.28 is an illustration of this gear train. 
Video 6.28 


Two-Speed 
Automatic 


Transmission 


Clutches 


Output 
Brake 


Figure 6.28 Two-speed automatic transmission [Video 6.28]. 
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EXAMPLE 6.7 ANALYSIS OF A WANKEL ENGINE 


A Wankel engine, as shown in Figure 6.29 (also described in Chapter 13, Section 13.12.3), isa 
planetary gear train for which the internal planet gear, having N; teeth, is part of the rotor. The 
sun gear, with N; teeth, is fixed. Determine the speed ratio of the crank, link 2, with respect to 
the planet gear, link 3, if 


Eee (6.4-19) 


Housing, 1 


Exhaust 


a m Spark plug 


Intake 


Rotor and 
planet gear, 3 


Figure 6.29 Wankel engine. 


SOLUTION 
Table 6.6 was created for this gear train. Recognizing that sun gear 1 is fixed, its rotational 


speed, w, is 


@,=x+y=0, y=-x (6.4-20) 


TABLE 6.6 TABULAR ANALYSIS OF THE WANKEL ENGINE 
SHOWN IN FIGURE 6.29 


Component > Gear 1 Crank Gear 3 
Operation | Q1 (25 w3 
All Components Turn at x rpm be a8 x 
Crank is Fixed, Gear 1 Turns at y rpm Ny 
y 0 N, y 
Absolute Rotational x+y K 


Speeds 


(Continued) 
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EXAMPLE 6.7 Continued 


Obtaining expressions for @, and (0, from Table 6.6, and employing Equation (6.4-20), we 
determine equations for two rotational speeds in terms of one variable, x, as follows: 


N, N, 
Q,—x; Q,—x-c —y-x|1-—- 6.4-21 
p= es) Us N” | d ( ) 


Employing Equations (6.4-19) and (6.4-21), the speed ratio of the crank with respect to the 
planet gear is 


(O x 1 1 
€ -— -— — — 
2/3 0, N, N, 32 
ders ees 
3 


that is, for each rotation of the crank, the planet gear (i.e., rotor) makes one-third ofa revolu- 
tion in the same direction. 


=3 (6.4-22) 


EXAMPLE 6.8 PLANETARY GEAR TRAIN IN A POWERED SCREWDRIVER 


Figure 6.30(a) shows the end of a powered screwdriver that incorporates a planetary gear 
train. The components of the disassembled gear train are shown in Figure 6.30(b), and 
Figure 6.30(c) illustrates a skeleton diagram of the gear train. When the motor turns at 
1000 rpm CW, determine the rotational speed of the output (i.e., crank 5) if the numbers 
of gear teeth are 


N,=6=N,; NSLS N; 


(c) 
Output 
| 
5 
7 2 
6 2 
4 3 1 


1000 rpmcw C |2 


Motor 


Figure 6.30 (a) Powered screwdriver, (b) Disassembled components, (c) Skeleton diagram of planetary gear train. 
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EXAMPLE 6.8 Continued 


SOLUTION 


The number of teeth on the ring gears is 
N,=N,+2N,=48=N, 


The planetary gear train has two stages. Gears 1, 3 and 4, and crank 2 make up the first stage. 
Gears 2, 6 and 7 and crank 5 make up the second stage. Crank 2 of the first stage and gear 2 of 
the second stage are rigidly connected. Using Table 6.2 and recognizing that for a fixed ring 


gear 4 
N N 
Q,-x—-—-y-0 or y=—x 
N, N; 
And therefore, 
Po e Am S a Ul 
Ua xty Na, Ni+N, 6-48 9 


il 


Since the numbers of teeth for the second stage are the same as for the first stage, and the ring 
gear for the second stage is fixed, we have 


Gm 7 9 


The speed ratio of the gear train is 


1 
C= ep A ES 8l 


Therefore, the rotational speed ofthe output is 
1 
Os = WX es, = 1000 x si -124rpm CW 


Additional examples of planetary gear trains with more than one stage are presented in Section 6.5. 


EXAMPLE 6.9 SPEED RATIO OF A PLANETARY GEAR TRAIN 


For the gear train shown in Figure 6.31, planet gears 3, 4, and 5 are rigidly connected to a com- 
mon concentric shaft and turn at the same rotational speed, w3 = w4 = ws. Gear 1 is connected 
to the input, gear 7 is connected to the output, and gear 6 is fixed. The planet carrier, compo- 
nent 2, is connected to neither an input nor an output. Determine the speed ratio between the 
input and the output. 


(Continued) 
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EXAMPLE 6.9 Continued 


SSSSS 
Output 


Figure 6.31 Planetary gear train. 


SOLUTION 
Table 6.7 was created for this gear train. Recognizing that ring gear 6 is fixed, its rotational 
speed, we, is 


@=x+y=0; y--x (6.4-23) 


Substituting Equation (6.4-23) in the expressions for w; and w7 obtained from Table 6.7 allows 
the rotational speeds to be expressed in terms of one variable, x, as follows: 


N,N, N,N; 
(0.—x— =x Ilai = 6.4-24 
1 N,N, J | N,N, ( ) 
N,N N,N. 
@,=x+—* S y= h- : =) (6.4-25) 
N,N, N,N, 


€ = T. RÀ (6.4-26) 


TABLE 6.7 TABULAR ANALYSIS OF THE PLANETARY GEAR TRAIN 
SHOWN IN FIGURE 6.31 


Component > Gear 1 w; Gear 6w — Gear7 w7 
Operation | 
All Components Turn at x rpm & K ae 
Crank Is Fixed, Gear 6 Turns at y rpm _ NN; y N,N; 
N,N, N,N, 4 
Absolute Rotational Speeds m NN, KY. Ake N,N; iy 


N,N, N,N, 
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When setting up the tabular method, it is not always necessary to include all components of 
the planetary gear train in the table. Unless the rotational speed of a planet gear is required, 
it need not be included in the table. However, components connected to the output(s) and 
the input(s) must always be included. This is necessary even when an input is fixed. For 
Example 6.9, since the planet carrier is not connected to either the inputs or the output, this 
component has been left out of the table. 

Figure 6.22 shows twelve basic types of planetary gear trains. Also listed in this figure are 
equations for the rotational speeds of the components obtained by performing a tabular analy- 
sis on each [7]. These equations can not only be applied to the gear trains shown, but are also 
useful in the analysis of other more complicated gear trains, which are combinations of the 
twelve basic types. The analysis of such gear trains is presented in Section 6.5. 


6.5 KINEMATIC ANALYSIS OF MULTIPLE-STAGE PLANETARY 
GEAR TRAINS* 


It is possible to apply results presented in Figure 6.22 to more complicated systems, made up 
of combinations of the basic types. Each basic type of gear train that becomes part of the more 
complicated system will be considered as one stage of the gear train. A gear train that comprises a 
combination of more than one of the twelve basic types is referred to as a multiple-stage planetary 
gear train. Figure 6.32 shows a planetary gear train that is equivalent to a combination of type K 
and type L gear trains. These basic types of gear trains that make up this system are referred to as 
stage 1 and stage 2. Table 6.8 compares the numbering schemes used for the planetary gear train 
shown in Figure 6.32, with the two basic types it comprises (Figure 6.22). 


Figure 6.32 Two-stage planetary gear train incorporating the basic planetary gear train types K and L. 


"The material presented in this section is often not covered in a first course on the mechanics of machines. It does not specifically relate to 


any to the remaining topics presented in this textbook. 
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TABLE 6.8 COMPARISON OF THE COMPONENT NUMBERS IN FIGURES 6.32 AND 6.22 


Numbering of Components of Two-Stage Numbering of Components of Individual Stages (Figure 6.22) 

Planetary Gear Train (Figure 6.32) 
Stage 1 Stage 2 
(Type K) (Type L) 

1 1 — 

2 2 2 

3 3 — 

4 4 — 

5 5 — 

6 6 — 

7 — 1 

8 — 3 

9 — 4 

10 — 5 

11 — 6 


Determining the speeds of the components of a planetary gear train with k stages requires 
solving 2k equations containing 2k unknowns. In a single-stage planetary gear train (k = 1), there 
are two equations with two unknowns, which are normally based on the inputs to the gear train. 
Solving planetary gear trains for k > 1, requires not only that equations be generated based on the 
inputs, but also that constraint equations be obtained by considering connections of components 
between stages of the gear train. A total of 2k equations need to be generated. 

For the two-stage planetary gear train in Figure 6.32, the numbers of teeth are 


N= 20; N; =25; N,= 16; N; =17; Ns=95 
N- = 20; Ng = 17; No = 22; Nio = 40; Ni, =116 


and the specified input speeds are 
(@,), = 200 rpm (6.5-1) 
(œs) =0 (6.5-2) 
where subscript 1 outside of the parentheses indicates the stage number. 

Additional constraints are obtained by equating rotational speeds of those components 
connecting the two stages. The ring gear (component 6) of stage 1 is joined to the sun gear 
(component 1) ofstage 2, giving 

(6): = (01); (6.5-3) 
and the crank (component 2) of stage 1 is coupled to the crank (component 2) of stage 2, giving 


(05), 7 (95); (6.5-4) 


Equations (6.5-1)-(6.5-4) may be expressed in terms of variables x and y using the appropriate 
equations listed in Figure 6.22, giving 


xı y; = 200 (6.5-5) 
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2, + N,N, y=0 (6.5-6) 
N4Ng j 
N,N, 
x t =x, + 6.5-7 
1 ERE 2T Vo (6.5-7) 
X= X5 (6.5-8) 


where subscripts of x and y and those outside the parentheses indicate the associated stage number. 
Employing Table 6.8, the numbers of the gears may be expressed in accordance with those 
given in Figure 6.32. Also, substituting the given number of gear teeth, Equations (6.5-6) and 


(6.5-7) become 
N,N, N,N, 20x16 
xt X-7xt A-T*Wut|--—cp 
N3Ng N,N, 25x95 


=x,+0.1347 y,=0 


NN, (= s) 
xt Nay yı 
N,Ng 25x95 


=x, + 0.1347 y = x% + y; 


(6.5-9) 


(6.5-10) 


Solving Equations (6.5-5), (6.5-8), (6.5-9), and (6.5-10) gives 


x;723,2-3114; y,-23114; y,=31.14 


The rotational speed of every component in the planetary gear train may now be calculated by 
substituting values of x, x5, y; and y; back in the appropriate equations listed in Figure 6.22. The 
speed ratio ofthis planetary gear train is 


io Qu (05); 
/ ®, (0) 
N,N N.N 
(ee "n (ene Js 
- tsha ies PUN 0,107 
xt y xt y 


In general, for a planetary gear train with k stages, a set of 2k equations can be generated and 
expressed in the form 


[A] {x} = {B} (6.5-11) 


where 
{x} = [x Yis X» Voy o Xp Xl (6.5-12) 


Equation (6.5-11) is then solved for {x}. 

The equations given in Figure 6.22 are ideally suited for obtaining solutions using a computer. 
Allthe types of planetary gear trains shown in Figure 6.22 can be stored in the computer's memory. 
Upon specification of a planetary gear train type, the computer will work with the appropriate set 
of equations. As each constraint is entered, matrix [A] and vector {B} of Equation (6.5-11) may 
be constructed. 
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EXAMPLE 6.10 SPEED RATIO OF A PLANETARY GEAR TRAIN 


Determine the speed ratio of the planetary gear train shown in Figure 6.31 by combining the 
basic types of planetary gear trains shown in Figure 6.22. 


SOLUTION 

The gear train is equivalent to combining two basic planetary gear train stages, each of type B, 
shown in Figure 6.22. Components 1, 2, and 3 are shared by both stages. Therefore, they could 
be considered as linked components between the stages. Table 6.9 compares the numbering 
schemes presented in Figures 6.22 and 6.31. 


TABLE 6.9 COMPARISON OF THE COMPONENT NUMBERS 
IN FIGURES 6.31 AND 6.22 


Numbering of Components of Two-stage Numbering of Components of 
Planetary Gear Train (Figure 6.31) Individual Stages (Figure 6.22) 


Stage 1 Stage 2 


(TypeB) (Type B) 


1 1 il 
9 2 2 
3 3 3 
4 4 - 
5 - 4 
6 5 = 
7 = 5 


The following equations are generated by considering two specified input rotational speeds, 
one of which is zero, and constraints imposed by the connected components of the planetary 


gear train. 
(01), = input = 0 (6.5-13) 
0, =(0;)=0 (6.5-14) 
(œ) = (0,); (6.5-15) 
(05), = (05); (6.5-16) 
(6,); 2 (64); (6.5-17) 
Expressing Equations (6.5-13)-(6.5-17) in terms of the unknowns given in Figure 6.22, we 
obtain 
x+y =O, (6.5-18) 
mp S| X70 or x= ^S DU (6.5-19) 


(Continued) 
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EXAMPLE 6.10 Continued 


Xy =x + y (6.5-20) 
X= X, (6.5-21) 
Ni Ni 
"pen pala token eae) (6.5-22) 
N; N; 


However, Equation (6.5-22) is a linear combination of Equations (6.5-20) and (6.5-21). 
Therefore, we only need to consider solving Equations (6.5-18)-(6.5-21) with unknowns x1, 
35, yy, and yz and then Equation (6.5-22) will be automatically satisfied. 

Combining Equations (6.5-18)—(6.5-21) in matrix form, we get 


1 1 1 
NN Xi 9, 
t [>>] DE dE (6.523) 
SM fb; ~ ]0 n 
1 1 - -1| |y | [o 
1 0 =I @ 
Solving Equation (6.5-23) gives 
N,N 
x = x, = 0, —————— (6.5-24) 
N4NgG4 N,N, 
N3No 
Spi ae en 6.5-25 
M= Y= 8m N,N;+ N,N, ( ) 
The output rotational speed of the gear train is 
N,N, N,N, 
Q,-— (0), =R -( ) y, OF 075%, Ya (6.5-26) 
N3Ns J, N4N; 
Substituting Equations (6.5-24) and (6.5-25) in (6.5-26),we obtain 
N,N N,N N,N, 
o= 1N4 _ ANNI ING (6.5-27) 


Q, NEWER (Q, ae ee a 
N3No+N,N, NN; ^ N4NS4 N.N, 


The speed ratio of the gear train is obtained from Equation (6.5-27) and yields after 
simplification 


eam = (6.5-28) 


which is identical to the result obtained in Example 6.9. 
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EXAMPLE 6.11 KINEMATIC ANALYSIS OF A TWO-STAGE PLANETARY 


GEAR TRAIN 


TIGEN Figure 6.33 (a) shows the skeleton representation of a two-stage planetary gear train. The num- 
ideo 6. 

Two-Stage bers of teeth are 

Planetary Gear 

Train N,=24; N5,-260; N3=12 


N,248; Ns=12; Ng-24 


Determine the speed ratios of all components with respect to gear 1 when 


(a) gear 2 is held fixed 
(b) gear 4 is held fixed 


Input 


Brake 
Output 


(b) 


Figure 6.33 Two-stage planetary gear train: (a) Skeleton representation, (b) Mechanism [Video 6.33B]. 


SOLUTION 
The gear train is equivalent to combining two basic planetary gear train stages, each of type A, 
shown in Figure 6.22. The sun gears of both stages share the same rotational speed, and the 
crank of stage 1 is rigidly connected to the ring gear of stage 2. 
Table 6.10 compares the numbering schemes presented in Figures 6.22 and 6.33(a). 
Using the equations given in Figure 6.22, and the numbering scheme provided in 
Table 6.10, the rotational speeds of the components may be expressed as 


9; — (0), — x * b (6.5-29) 


(Continued) 
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EXAMPLE 6.11 Continued 


TABLE 6.10 COMPARISON OF THE COMPONENT NUMBERS 
IN FIGURES 6.33(A) AND 6.22 


Numbering of Components of Two-Stage Numbering of Components of 
Planetary Gear Train (Figure 6.33(a)) Individual Stages (Figure 6.22) 
Stage 1 Stage 2 
(Type A) (Type A) 
1 1 = 
2) 2) 4 
3 3 - 
4 4 = 
S - 1 
6 - 3 
7 - 2) 
0, = (05); x, (6.5-30) 
N; N; 
o=) ) M= =e (6.5-31) 
N, il N, 
N N 
s, a ; pea (6.5-32) 
N, 1 N, 
0,-(0,); 2 x; * y; (6.5-33) 
N N 
0&7 (95) = x, ( ; = (6.5-34) 
N, D Ng 
0, — (05) x, (6.5-35) 
N, N 
7), 4] J w yp (6.5-36) 
N, 2 N, 


sie (6.5-37) 


Considering the case of j = 7 and substituting Equations (6.5-29) and (6.5-35) in Equation 
(6.5-37), we obtain 


Gm ETT (6.5-38) 


(Continued) 
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EXAMPLE 6.11 Continued 


In addition, the following equations are generated by considering the connections of the com- 
ponents between the stages: 


* Connection of the sun gears 


,=(;) or (9,),2(9,); or x+ y x; y, (6.5-39) 


* Connection of the crank of stage 1 to the ring gear of stage 2 


N 
0,-(0,)-(0,), or =x, ur (6.5-40) 
9 


Equations (6.5-29)—(6.5-40) are valid for parts (a) and (b) of this problem. We now pro- 
ceed to calculate the speed ratios when either gear 2 or gear 4 is held fixed. 


(a) If gear 2 is fixed, then from Equation (6.5-30) we get 
0, x, 0 (6.5-41) 
Solving Equations (6.5-39)-(6.5-41) for yı and y; in terms of x» gives 


(N, +Ns) 
= $55 = x 6.5-42 
^ N, 2 5/2 N, 2 ( ) 


Substituting Equations (6.5-41) and (6.5-42) in Equation (6.5-38) gives 


x 
quA — 
xt yi 
= Es sN a l (6.5-43) 
(N, +N.) N,-N, 60+12 6 
oti, 
N; 


Similar results of analyses for other components of the gear train are given in Table 6.11. 


(b) If gear 4 is fixed, then from Equation (6.5-32) we obtain 


N 
Q,-2x,— > ore (6.5-44) 
4 


Solving Equations (6.5-39), (6.5-40), and (6.5-44) for x», yı and yz in terms of x, gives 


N,N N 
x =|1+—— + 5— |x; y= +x, (6.5-45) 
N,(N,+Ns) N; 
Mos A UE 


(Continued) 
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EXAMPLE 6.11 Continued 


Substituting Equations (6.5-45) in Equation (6.5-38) gives 


_NANst+N\(N,+Ns)_ 48X12+24(60+12) 4 
(N,+.N,)(N,+N,)  (244+48)(60+12) 9 


(6.5-46) 


Similar results of analyses for other components of the gear train are given in Table 6.11. 


Video 6.33B Figure 6.33(b) shows another illustration of the same gear train. 

Two-Stage 

Planetary Gear 

uu TABLE 6.11 SPEED RATIOS OF THE PLANETARY GEAR TRAIN WITH 


RESPECT TO GEAR TIN FIGURE ©. DSA) 


Speed Ratio Part (a) (Gear 2 Fixed) Part (b) (Gear 4 Fixed) 


ĉ2/1 0 N, S 
NN, 3 
€3A SOM EM 
N, N,(N,+N,) 
€4A N21 0 
N, p 
€sA 1 1 
e6/1 N,(Ne-N;,) 1 N,NSQ(N,* N4) - NJ(NQNS- NN). 1 
N,(N,+N,) 4 N,(N,+N,)(N,+ N,) 6 
€zA N; 5d N,NSEN((N,tN,) 4 
N,+Ns 6 (N,+N,)(N,+Ns) 9 


6.6 DIFFERENTIALS 


A differential is a mechanism that permits transmission of input power to two separate output 
components that rotate at unequal speeds. A planetary gear train may be employed to create such a 


Video 6.34 mechanism and can incorporate either bevel gears or spur gears. Consider the gear train illustrated 
Di erentl GERD in Figure 6.34. A corresponding sectional top view is given in Figure 6.35. Included in these figures 
Train are four bevel gears, numbered 3 through 6, which are the gears ofa differential. 


Gear trains ofthe configuration shown in Figure 6.34 are commonly employed in drive trains of 
vehicles. Gear 1, referred to as the pinion, is the input to the gear train. Ring gear 2 is attached to the 
planet carrier. Gears 1 and 2 may be plain bevel gears as shown. Alternatively, these gears could be 
either a spiral bevel set or a hypoid gear set, as illustrated in Figures 5.9(b) and 5.10, respectively. 
Gears 4 and 6 are planet gears because their axes of rotation are not fixed. These planet gears are 
allowed to rotate with respect to gear 2 and revolve about the axis of rotation of gear 2. Gears 3 
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Output 1 


Rear of 
vehicle 


Output 2 
Figure 6.34 Differential gear train [Video 6.34]. 


Planet 
carrier 


AMOK 


NY Kn 
Output 1 


Output 2 


Figure 6.35 Top view of differential gear train. 


and 5 are attached to the same shafts as the two drive wheels and share the same axis of rotation as 
gear 2. Gears 3 and 5 are the same size, and so are gears 4 and 6. 

The differential, as part of the gear train, allows the drive wheels of a vehicle to rotate at either 
the same or unequal speeds. Four possible motions that may be generated are shown in Figure 6.36. 
In all of these cases, it is considered that there is one input from gear 1 and two outputs to gears 3 
and 5. When a vehicle travels straight ahead, as illustrated in Figure 6.36(a), both drive wheels, as 
well as gears 3 and 5, have the same rotational speed. In this case, gears 2, 3, 4, 5, and 6 all rotate 
about a common axis as though they formed a rigid body, and there is no meshing movement 
between these gears. For the three other cases shown in Figure 6.36, there is meshing movement 
between gears 3, 4, 5, and 6. When a vehicle is turning, as illustrated in Figure 6.36(b), one drive 
wheelis rotating faster than the other. In the case ofa right turn, the drive wheel connected to gear 
S moves along a larger radius of curvature than the drive wheel connected to gear 3. Hence, to avoid 
slippage of either wheel with the ground, gear 5 must turn ata faster rate than gear 3. The differential 
permits this difference of the two output speeds. Figure 6.36(c) illustrates the case where one wheel 
is stopped, while the other wheel continues to spin. Another case is illustrated in Figure 6.36(d), 
when the input gear 1 is stationary, and gears 3 and 5 rotate in opposite directions. Although this 
case is allowable, it is unlikely to occur during normal vehicle operation. 
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(c) (d) 


Figure 6.36 Motions of a differential gear train [Video 6.34]: (a) Equal outputs (no slip), (b) Cornering or partial slip, 
(c) Full slip, (d) Wheels rotate in opposite directions (zero input). 


As illustrated in Figure 6.36, the rotational speed of gear 2 is always the average of the rotational 
speeds of gears 3 and 5. This is now verified by employing the tabular method presented in Section 
6.4. Completing the first three general steps for a tabular analysis, Table 6.12 was constructed. In 
this table, gear 1 is listed along with the other gears, even though their axes of rotation are perpen- 
dicular to one another. When comparing the speed of gear 1 with those of gears 2, 3 and 5, only 
the magnitudes should be considered. 

From Table 6.12, the rotational speeds of gears 2, 3, and 5 expressed in terms of variables 
x and y are 


N 
Q,—- —x; QQ-—-x—yj QU y (6.6-1) 
2 


TABLE 6.12 TABULAR ANALYSIS OF THE BEVEL DIFFERENTIAL GEAR TRAIN SHOWN 
IN FIGURE 6.34 


Component > Gear 1 Gear 2 Gear 3 Gear 5 
Operation | 91 9 93 Ws 
Gears 4, and 6 Are Stationary with Respect to Gear 2, Ny F Ny x Ny x 
Gear 1 Turns at x rpm * N, N, N, 
Gear 1 Is Fixed, Gear 5 Turns at y rpm 0 0 -y y 
Absolute Rotational Speeds N, N, N, 
x —X x—y x+y 
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The rotational speed of gear 2 is the average of those of gears 3 and 5 because 


N N N Q4 0 
O, + ois -y}+( Zrt y) 28 nno, or @)= p Š (662) 
2 2 


When the vehicle is traveling straight ahead (Figure 6.36(a)), the two output rotational speeds 
are equal. By inspection of Table 6.12, we require y = 0, and since x = €, then 


N N 
Q0,20,2 —x-2 — 09,20, (6.6-3) 
N, N, 


When the vehicle is in a turn (Figure 6.36(b)), the two drive wheels no longer have the same 
rotational speed. Here, y takes on a finite value, and 2y is the difference of the rotational speeds of 
the two outputs. If gear 3 stops turning (Figure 6.36(c)), then 


N N 
@,=0= "UNA —y or y= NA (6.6-4) 
2 2 


The rotational speed of gear 5 is then 


N N N 
Q,— — xt y-22— x =2— ©, = 20, (6.6-5) 
N, 2 2 


That is, gear 5 rotates at twice the average speed of gear 2. 

The condition of having one of the outputs stationary can occur when one drive wheel, say, con- 
nected to gear 3, is on dry pavement, while the other, connected to gear 5, is freely spinning on a slip- 
pery surface such as ice. In this instance, minimal torque resistance is offered by the spinning wheel, 
and negligible torque can be transmitted to the other drive wheel even though it is on dry pavement. 

The problem of wheel spin on slippery surfaces can be relieved somewhat by employing a 
limited-slip differential. A schematic of such a system is shown in Figure 6.37. The arrangement of 
gears is the same as a conventional differential (Figure 6.35). However, there are additional fric- 
tion pads placed between the planet carrier (i.e. link 2 that includes the ring gear) and gears 3 and 
S. In this instance, when one ofthe drive wheels is on ice, a limited amount of torque may still be 
transmitted to the other wheel. The amount of torque that can be transmitted to one wheel when 
the other has no traction is dependent on the frictional torque generated through the friction pads. 


O1 2 [ T> Input 


Friction pad 


Output 1 Output 2 


Figure 6.37 Limited-slip differential. 
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A disadvantage associated with a limited-slip differential is that energy is lost, and wear occurs in 
the friction pads when relative motion occurs between the output gears and the planet carrier, that 
is, each time the vehicle changes direction during normal operation. 

The arrangement of gears illustrated in Figure 6.34 is employed for rear wheel drive vehicles, 
where the input connected to gear 1 is perpendicular to the two outputs, gears 3 and S. Alternatively, 
Figure 6.38 shows the arrangement commonly used in front wheel drive vehicles, where the engine 
and transmission (not shown) drive sun gear 1 of the planetary gear train while ring gear 4 is held 
fixed. This Type A planetary gear train (Figure 6.22) provides one final speed reduction prior to 
delivering motion to the differential. Component 2 is both the crank of the Type A planetary gear 
train and the planet carrier of the differential. It rotates at the average of the two output speeds of 
the differential. Gears 6 and 8 are planet gears of the differential, and gears 5 and 7 are connected 
to the two output wheels. 

A differential may also be created by using a Type I planetary gear train (Figure 6.22) for which 


N,-2N, (6.6-6) 


Employing Equation (6.6-6) in the equations provided in Figure 6.22, 


Q-xcty (6.6-7) 
Q,—x (6.6-8) 
N, N, 1 
Q.—x-c =x+ =x+ 6.6-9 
s=% N. y 2N, y 27 (6.6-9) 


Therefore, ifthe input to this gear train is supplied to gear 5, then as required, its value of rotational 
speed is the average of the two outputs, v; and w2. 

Figure 6.39 shows such a differential using spur gears. Differentials that incorporate spur gears 
instead of bevel gears have the advantage of a smaller width of the gear train. For this reason, they 
are often employed in four wheel drive vehicles, which require a differential for the front wheels, 
a differential for the rear wheels, and the option to have differential action between the front and 
rear wheel pairs. 

Figure 6.40 shows the skeleton diagram for an all-time four wheel drive gear train. Input from 
the transmission is supplied to gear 6. One differential, consisting of gears 2, 4, 5, and 6 and crank 
arm 3, allows a differential action between the front pair and rear pair of wheels. A second differ- 
ential, consisting of gears 14, 16, 17, and 18 and crank arm 15, allows differential motion between 
the two front wheels. A third differential (not shown) is employed for the two rear wheels. Gears 
11, 12, and 13 are part ofa planetary gear train that provides a speed reduction to the front pair of 
wheels. Gears 7, 8, 9, and 10 and the gears at the rear differential provide the same speed reduction 
to the rear wheels. 


FU 
“> Ga 
XE 


Figure 6.38 Front wheel drive gear train [Video 6.38]. 
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Figure 6.40 Four wheel drive gear train. 
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(a) 
Figure 6.41 Torsen differential [Video 6.41]. 


288 CHAPTER 6 GEAR TRAINS 


By moving collar C from the position shown, and locking together component 3 and gear 7, 

there can be no differential action between the front and rear pairs of wheels. In this instance, if 
neither of the front wheels were able to provide traction, power could still be transmitted to the 
rear pair of wheels. 
Video 6.41 Another type of differential is the Torsen™ differential as shown in Figure 6.41. With this dif- 
Torsen Differential ferential it is possible to provide improved driving torque to each of the driving wheels without the 
use of friction pads. Two or more planet gears are in mesh with the central helical gears, also called 
the side gears. The planet gears are interconnected by means of straight spur gears. The number of 
planet gears employed in a specific design is a function of the required torque capacity. A compre- 
hensive description of the operation of the Torsen differential was prepared by Chocholek [8]. 


EXAMPLE 6.12 ANALYSIS OF A DIFFERENTIAL GEAR TRAIN 


A vehicle is turning along a left-hand curve at 60 km/hr, with a radius of curvature of p = 30 m. 
Figure 6.42 provides additional parameters for the example including tire radius r; and tire-to- 
tire distance d. There is no slippage of the tires on the road surface. Determine the relative rota- 
tional speed of the inboard tire (i.e., gear 5) with respect to the planet carrier (i.e., gear 2) and 
the magnitude of the rotational speed of gear 1 The numbers of gear teeth are 


N,=17; = 67) N,=24=N; N,=18=N6 


d/2 


Figure 6.42 


SOLUTION 
v, = 60km/hr = 16.7m/sec 


Since the speed is proportional to the radius of curvature of the path of the tires, we obtain 


(p+) 30.0 + 0.8 
v= Vo= ae 16.67 = 17.17 m/sec 


P 


(7i) 


ys = 2— — vc = 16.17 m/sec 
P 


(Continued) 
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EXAMPLE 6.12 Continued 


Kinematics of the rolling wheels gives 


17.1 
@,= is = = 68.67 rad/sec; 0, = Is 64.67 rad/sec 


nr 0.25 ij 


Using Table 6.12, we get 
N N 
©, 2 —-x— y 268.67 rad/sec; (09, 2 —-x- y = 64.67 rad/sec 
N, N, 
Substituting the given values of the numbers of teeth, substituting the calculated values of the 


rotational speeds, and solving, we obtain 


x — 262.7 rad/sec; y — —2.0 rad/sec 
The relative rotational speed of the inboard tire with respect to the planet carrier is 


N 
Os). = 0; -0, = 64.67 rad/sec Ee = —2.0rad/sec 


2 


The negative sign of the result indicates that the relative rotational speed is in a direction oppo- 
site to the direction of the rotational speed of gear 2. The magnitude if the rotational speed of 
gear 1 is [ON =|x|= 262.7 rad/sec. Note that in the above analysis the numbers of teeth of the 
differential gears were not required. 


EXAMPLE 6.13 SPEED RATIO OF A GEAR TRAIN INCORPORATING BEVEL 


GEARS 


In the planetary gear train shown in Figure 6.43, the input speed is w, = 100 rpm CCW. 
Determine the magnitude and direction ofthe output speed w 9. The numbers of teeth are 


N> = 40; Ny = 30; Ns = 25; Ng = 120 
N; = 50; Ng = 20; No = 70; Nio = 20 


SOLUTION 
The input shaft drives the two gears of the planetary gear train. Their rotational speeds are 


N 0 
0,-20,-2 —0,- 49 100 = 133 = 133 rpm CCW 
N, 30 


(0,— (0,7 — ma- x100 = -350 = 350 rpm CW 


where it has been assumed that positive rotational speeds are in the counterclockwise direction. 
Employing the first three steps for the tabular method, Table 6.13 was constructed (note 
that if the carrier is fixed, gears 5 and 7 turn in opposite directions). 


(Continued) 
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EXAMPLE 6.13 Continued 


Figure 6.43 Planetary gear train incorporating bevel gears. 


TABLE 6.13 TABULAR ANALYSIS OF THE BEVEL DIFFERENTIAL 
GEAR TRAIN SHOWN IN FIGURE 6.43 


Component > Gear 5 Gear 7 Gear 6 
Operation | Ws (7 w6 
Gears 5, 6, and 7 Turn at x rpm X x g 
Gear 6 Is Fixed, Gear 5 Turns at y rpm p Ns 
y N, y 0 
Absolute Rotational Speeds N; 
x+y n N, y & 


Substituting values from Table 6.13, we obtain 


@5=133=x+y 
N 25 
@,=—350 = «-—+ y= -350 = x-y 
N, SO 


Solving the above two equations for x and y, we get 


x=-189; y-322 


and therefore 
w6 = x = -189 =189 rpm CW 


(Continued) 
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EXAMPLE 6.13 Continued 


The output rotational speed is then 


Ne 
Nio 


120 
(5 — D En x (-189) =1134=1134 rpm. CCW 


6.7 HARMONIC DRIVES 


Aharmonic drive in exploded form is shown in Figure 6.44. This drive incorporates a unique means 
of power transmission in which the flexibility of one of its components is utilized. Large reductions 
or increases of rotational speed are possible with such drives. Due to their relatively small, in-line 
configuration between the driver and driven components, they have been useful in a variety of 
applications, including drives of the axes in robots. 

Figure 6.45 shows another illustration of a harmonic drive. The wave generator has a surface in 
the shape of an ellipse. This elliptical shape is inserted into a flexible component, called the flex 
spline, which is deflected into the same shape. Through these deflections, external teeth on the flex 
spline mesh with a rigid internal circular gear known as the circular spline. Teeth on the flex spline 
and the circular spline simultaneously mesh at two locations, 180° apart from one another. This 
arrangement leads to a balanced torque reaction between the input and output about the central 
axis of the drive. An advantage of this form of meshing, is that a precisely machined unit can be 
made to operate with essentially zero backlash. 

Although teeth on both splines have the same pitch, the circular spline has two more teeth than 
the flex spline, that is, 


N,=N,+2 (6.7-1) 


where N, and Nyare the numbers of teeth on the circular spline and flex spline, respectively. 

The animation provided through [Video 6.45] has two distinct motions. For the first motion, 
the wave generator is the input component, the flex spline is the output component, and the cir- 
cular spline is held fixed. As the wave generator rotates, the flex spline forms a traveling deflection 
wave. Figure 6.46 shows two configurations of the harmonic drive. In Figure 6.46(b), the wave 
generator has rotated 180° clockwise from the position shown in Figure 6.46(a). Notice that the 
marking on the flex spline has shifted one tooth with respect to the circular spline as a result of the 


Circular 


Wave 
generator 


IDN 


Figure 6.44 Harmonic drive (courtesy of HD Systems, Inc. Hauppauge, NY). 
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Wave generator 


Circular 
spline 


(a) 


(b) 
Figure 6.45 Harmonic drive [Video 6.45]: (a) Exploded view, (b) Assembled unit. 


Circular spline 
Flex spline 


Wave generator 


Figure 6.46 Harmonic drive [Video 6.45]. 


rotation of the wave generator. The rotational direction of shift is opposite to that of the traveling 
deflection wave, that is, for each rotation of the wave generator in the clockwise direction, the flex 
spline rotates an equivalent of two teeth in the counterclockwise direction. Therefore, the first 
speed ratio generated is 


= es 6.7-2 
€ flw E ( ) 


where w, and w, are rotational speeds of the flex spline and wave generator, respectively, and the 
negative sign indicates that the flex spline and wave generator turn in opposite directions. 
For the harmonic drive illustrated in Figure 6.45 we have 


Ny=48; N= 50 


and thus for this unit we obtain 
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TABLE 6.14 TABULAR ANALYSIS OF THE HARMONIC DRIVE SHOWN 
IN FIGURE 6.45 


Component > Wave Flex Circular 
Operation | Generator ww Spline wf Spline w, 
All Components Turn at x rpm x x x 
Circular Spline Is Fixed, Wave Generator BE 
Turns at y y N, 7y 0 
Absolute Rotational €" E 
Speeds x+y N; y x 


Any one of the three components of a harmonic drive can be selected for the input, the output, or 
the fixed component. Once the selection has been made, the corresponding speed ratio may be 
determined using a tabular method, similar to that employed for planetary gear trains. Table 6.14 
provides such a table. Included in the table is a row for which all three components have the same 
rotational speed of x rpm. In the subsequent row, the circular spline has zero rotational speed, the 
wave generator is given y rpm, and the corresponding value of rotational speed of the flex spline 
is provided. Absolute values of rotational speeds that are a superposition of the two motions are 
also listed. 

For the second portion of the animation provided through [Video 6.45], the flex spline is 
prevented from rotating, and hence, from Table 6.14, 


oO 0 
f =x-— y — 
Ny 
Therefore 
2 Ny 
x= or = x 6.7-3 
N 7 ^ 2 ( ) 


In addition, if the wave generator is the input component, and the circular spline is the output 
component, then the second speed ratio generated is 


eee (6.7-4) 
NE = va 
c/w x+y 


Combining Equations (6.7-4), (6.7-3), and (6.7-1), we obtain 


x x 2 2 (67-5) 
€chw — = = = T 
+ N 2+N, N 
n y (s) f G 


For the harmonic drive shown in Figure 6.45 we have 


Here, the circular spline and wave generator rotate in the same direction. 
Harmonic drives may be combined in multiple stages, similar to planetary gear trains, to provide 
even smaller magnitudes of speed ratios. 
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EXAMPLE 6.14 ANALYSIS OF A TWO-STAGE HARMONIC DRIVE 


Figure 6.47 shows the cross section of a two-stage harmonic drive. The numbers of teeth are 


N,-104 N, =106; N; =108; N, -110 


D E 
Circular Circular 
spline 2 spline 1 
SSSNSSY 
EL —- X 
Output SS Input 


Figure 6.47 Two-stage harmonic drive. 


Determine the speed ratio of 


(a) circular spline 1 with respect to the wave generator if circular spline 2 is held fixed by 
brake D 

(b) circular spline 2 with respect to the wave generator if circular spline 1 is held fixed by 
brake C 


SOLUTION 

The drive is equivalent to combining two harmonic drives. The wave generators of both stages 
share the same rotational speed, and the flex splines of both stages are rigidly connected. We 
employ Table 6.14 to generate the following equations: 


* Connection of wave generators: 


xı + y1 = X2 y» (6.7-6) 
* Connection of flex splines: 
2 2) 
Uae eel eos Sen) (6.7-7) 
Ag Ng 


where subscripts 1 and 2 indicate the stage number. Equations (6.7-6) and (6.7-7) are valid for 
parts (a) and (b) of this problem. We now proceed to calculate the speed ratios when either 
circular spline 1 or circular spline 2 is held fixed. 


(a) If circular spline 2 is fixed, then from Table 6.14 we have 
0, =x, =0 (6.7-8) 


Solving Equations (6.7-6)—(6.7-8) and (6.7-1) for xı and y; in terms of y, we obtain 


y (6.7-9) 


(Continued) 
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EXAMPLE 6.14 Continued 


The speed ratio may be expressed as 


e Xi 


emu = (6.7-10) 
i Oy, Xi ar Jı 
Substituting Equations (6.7-9) in Equation (6.7-10) and simplifying, we obtain 
24N, N5) 2(108-10 1 
Gajo” iN, 4). ( ue (6.7-11) 
N.N, 106x108 1431 
(b) Ifcircular spline 1 is fixed, then from Table 6.14 we have 

Q, 2,20 (6.712) 


Solving Equations (6.7-6), (6.7-7), (6.7-12), and (6.7-1) for x; and y, in terms of y;, we obtain 


No 
iy = Mad M- » (6.7-13) 


The speed ratio may be expressed as 


— 2 A 
€, [w 


Q,, 


xt yi 


(6.7-14) 


Substituting Equations (6.7-12) and (6.7-13) in Equation (6.7-14) and simplifying, we get 


.  XN;-N.) 2004-10) — 1: (67-15) 
ee NNa 104x110 — 1430 


6.8 REACTION TORQUES AND RELATIONS IN GEARBOXES 


In a gearbox, torque is transmitted from the input to the output shaft, and if there is a difference 
in rotational speed between input and output, there will be a related change in torque. This means 
that the input and output torques are unequal, and to maintain static equilibrium, a reaction torque 
must be applied to the gearbox housing. Figure 6.48 shows the torques acting on a typical gearbox. 
The input torque and output torque are designated as T; and T,, respectively, and the input and 
output rotational speeds are w; and w,. The input and output powers (see Appendix C, Section 
C.10.3) to and from the gearbox are 


S (6.8-1) 
B--L0, (6.8-2) 


where it has been recognized that the output torque and output rotational speed must have oppo- 
site signs. 
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Output power 


Power loss 
(1 = To; 


Input 
Tw; 


1 


Figure 6.48 Torques on a gearbox. 


Due to frictional losses, the power output is less than the power input to the gear train. The 
mechanical efficiency ofthe gearbox, n, is defined as the ratio of the output power to the input power: 


T = B5 = To, 
B TO; 
or 
T,0,=—-NT,0; 
00 n per (6.8-3) 
In addition, the sum of the moments applied to the gearbox must be zero, that is, 
T.4+T+T,=0 
PSOE (6.8-4) 


where Tris the reaction torque acting on the gearbox, which is required to keep the gearbox housing 
stationary. The following example illustrates the use of the above equations. 


EXAMPLE 6.15 TORQUE ANALYSIS OF A GEAR TRAIN 


Determine the torque on the housing of the gearbox in Figure 6.21, with the ring gear fixed, 
while under the following conditions 


; N-m 
input power = P, = 30,000 — 30,000 watts 2 30 kW 
sec 


0,— 0,- 2000 rpm; N= 0.98 


SOLUTION 
The speed ratio of the gearbox was previously determined (see Equation (6.4-1)) to be 
(Q) 
oi^ = 6, = 0.30 
From Equation (6.8-1) we have 
N-m 
p 30,000 
T,=—= SC SN = 143 N-m 
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EXAMPLE 6.15 Continued 


From Equation (6.8-3) we have 


T,O, = The, = — NT; 


and therefore 


T; .98x1 
pomo don E 
Coli 0.30 


Combining the above results with Equation (6.8-4), we obtain 


T,- T,- - T, — T,= 467 143 = 324 N-m 


Since Tris positive, the torque on link 4 is in the same direction as the input rotational speed. 


PROBLEMS 


Ordinary and Compound Gear Trains 


P6.1 For the gear train shown in Figure P6.1, determine (a) 0.25 
(a) the speed ratio eg; (b) approximately 0.42 
(b) the output rotational speed, we, if the input p63 Specify the numbers of teeth for the gears shown in 
rotational speed, v, is 75 rpm CW Figure 6.13, having speed ratios of approximately 


0.8, 0.5, and 0.3. The smallest gear must have at least 
20 teeth, and the module of all teeth is 4 mm. 


N,=15; N,-25; N,=20; N,=15; Ng=15 


P6.4 Figure P6.4 (see next page) illustrates a three-speed 
transmission. Gears 4, 5, and 6 are free to spin about 
their shaft in the configuration shown, while gears 
3, 7, 8, 9, 10, and 11 are keyed to their respective 
shafts. Gear 10 is an idler gear whose center is not 
in line with those of gears 6 and 11. C, and C; are 
synchroizers that fix one free gear to the shaft each 
time, so that power is transmitted from the input 
shaft to the output shaft. The input and output shafts 
are collinear. Using gears of diametral pitch 12 in, 
and using a center-to-center distance between the 
input shaft and countershaft of 4 inches, specify the 
number of teeth of all gears to obtain the following 
speed ratios: +1, +0.5, +0.2, -0.2 (reverse), subject to 
the constraint that the minimum number of teeth in 


any gear is 16. 


Figure P6.1 


P6.5 For the gear train of Figure P6.5 (see next page), 

calculate the speed ratio and determine the speed of 
: . rotation of output gear 10, given that gear 3 is driven 
P6.2 For a reverted gear train (Figure 5.28), gears 2 26300 rpm in the direction shawn. 
and 3 have a module of 5 mm, and gears 4 and 5 


have a module of 3 mm. All gears are straight spur. 
N,-20; N,-10; N,=60; N,-72; N4-15 


Determine suitable tooth numbers for the gears if 
N,-22, N,-16; Nọ=12; Nyy=10 


the speed ratio is to be 
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——áÓ 
Input 


CHAPTER 6 


——À 
Output 


Figure P6.4 


Output 
Figure P6.5 


Ordinary and Compound Gear Trains 
(requiring material from Chapter 5) 


P6.6 


Information pertaining to the two-speed transmis- 
sion shown in Figure P6.6 is given in Table P6.6. 
All gears are to be manufactured using a hob cut- 
ter having a 20? pressure angle and 0.500-inch hob 
pitch. All gears are to have full-depth teeth, each with 
more than 15 teeth and fewer than 45 teeth. Shafts 
A and B are collinear. The desired speed ratios are 
38/156 (synchronizer connects gear 4 to shaft B), 
and 54/132 (synchronizer connects gear 6 to shaft 
B). Determine 


(a) 
(b) 


the base circle radius of gear 2 

the center-to-center distance, c, between gears 
2and3 

the contact ratio between gears 2 and 3 

the number of teeth on gears 4, 5, 6, and 7 that 
will generate exactly the desired speed ratios 


(c) 
(d) 


(e) 
(f) 
(g) 
(h) 
(i) 


the circular pitch of gear 4 

the helix angle of gear 4 

the helix angle of gear 7 

the pitch circle diameter of gear 5 


addendum circle diameter of gear 5 


GEAR TRAINS 


4 6 
Input _Ə©| |2 M 2 Out 
ete Ea 
AUN | | | Sx B 
Countershaft n Spline 
5 Si ae = 2 
V 5 SN 
1 — 7 
3 
Figure P6.6 
TABLE P6.6 
Gear No. No. of Teeth Type of Gear 
2 20 Straight spur 
3 40 — 
4 — Helical spur 
5 = = 
6 — EN 
7 = = 


P6.7 


P6.8 


Shifter 


Synchronizer 


The information in Table P6.7 (see next page) 
pertains to the two-speed transmission shown in 
Figure P6.7 (see next page). 

All gears are to be manufactured using a hob cut- 
ter having a 20° pressure angle and 0.500-inch hob 
pitch. All gears are to have full-depth teeth, each with 
more than 15 teeth, and fewer than 45 teeth. Shafts 
A and B are collinear. The first desired speed ratio is 
+6/17, and is to occur when gears 4 an 5 are brought 
into mesh. The second speed ratio is to occur when 
gears 6 and 7 are brought into mesh. Determine 


(a) 
(b) 


(c) 
(d) 


the base circle radius of gear 5 


center-to-center distance, c, between gears 2 
and 3 


the contact ratio between gears 4 and 5 while in 
mesh 


the numbers of teeth on gears 2 and 3 that will 
generate exactly the first desired speed ratio 


(e) 
(f 
(g) 
(h) 
The information in Table 6.8 (see next page) pertains 
to the two-speed transmission shown in Figure P6.6. 


the second speed ratio 
the diametral pitch of gear 4 
the helix angle of gear 2 


pitch circle diameter of gear 2 


All gears are to be manufactured using a hob cut- 
ter having a 20? pressure angle and 0.500-inch hob 
pitch. All gears are to have full-depth teeth, each 
having more than 15 teeth but fewer than 45 teeth. 
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Shift fork 
—— Output 
-— = — 
B 


Figure P6.7 
TABLE P6.7 
Gear No. No. of Teeth Type of Gear 
2 = = 
3 — Helical spur 
4 40 Straight spur 
5 20 — 
6 NS = 
7 25 Straight spur 


Shafts A and B are collinear. The desired speed ratios 
are +115/296 (a synchronizer connects gear 4 to 
shaft B) and +155/272 (a synchronizer connects 
gear 6 to shaft B). Determine 

(a) the base circle radius of gear 2 


(b) the center-to-center distance between gears 2 
and 3 


(c) the contact ratio between gears 2 and 3 


(d) the number of teeth on gears 4, 5, 6, and 7 that 
will generate exactly the desired speed ratios 


(e) the circular pitch of gear 4 

(f) the helix angle of gear 4 

(g) the helix angle of gear 7 

(h) the pitch circle diameter of gear 5 


TABLE P6.8 

Gear No. No. of Teeth Type of Gear 
2 25 Straight spur 
3 40 — 

4 — Helical spur 
5 = = 

6 -— = 

7 = = 


P6.9 The information in Table P6.9 pertains to the 
reverted gear train shown in Figure P6.9. 


TABLE P6.9 

Gear No. No. of Teeth Type of Gear 
2 20 — 

3 40 Straight spur 
4 Ll = 

5 = = 


All gears are to be manufactured using a hob cut- 
ter having a 20° pressure angle and 0.500-inch hob 
pitch. All gears are to have full-depth teeth, each 
with more than 15 teeth, and fewer than 45 teeth. 
The desired speed ratio of the gear train is +6/17. 
Determine 


(a) the dedendum circle diameter of gear 2 

(b) the center-to-center distance, c, between gears 
4and5 

(c) the contact ratio between gears 2 and 3 

(d) the numbers of teeth on gears 4 and 5 that will 
generate exactly the desired speed ratio of the 
gear train 


(e) the helix angle of gear 4 
(f) the pitch circle diameter of gear 5 


Figure P6.9 
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P6.10 The information in Table P6.10 pertains to the 


P6.11 


gear train shown in Figure P6.10: 


External gears 1, 3, and 4 are to be manufactured 
using hob cutters having a 20° pressure angle. All 


TABLE P6.11 


Gear No. No. of 


TypeofGear Hob Pitch 


gears are to have full-depth teeth. Shafts A and B Teeth (inches) 
are collinear. Determine 
(a) the base circle radius of gear 5 ] "i Straight spur, = 
(b) the addendum circle diameter of gear 5 stib teeth 
(c) the center-to-center distance, c, between 4 — Straight spur, 0.25 
gears 3 and 4 full-depth teeth 
(d) the contact ratio between gears 4 and 5 5 58 Helical spur 0.1875 
(e) the helix angle of gear 1 6 28 — — 
(f) the pitch circle diameter of gear 2 
The information in Table P6.11 pertains to the /( \ 244 
gear train shown in Figure P6.11: i T 
External gears 1, 3, 5, and 6 are to be manufactured E 
using hob cutters having a 20? pressure angle. 3 
Shafts A and B are collinear. Determine | 
(a) the base circle radius of gear 1 T 
(b) the dedendum circle diameter of gear 4 1 2 6 
(c) the center-to-center distance between gears 1 
and 5 A w> __ NSSSS 
(d) the contact ratio between gears 3 and 4 S a NSNNS 
(e) the helix angle of gear 6 eee 
TABLE P6.10 
Gear No. No. of Teeth Type of Gear Hob Pitch (inches) 
1 29 — 0.250 
2 159 — — 
3 E E — 
4 20 Straight spur 0.500 
5 100 — — 


Figure P6.10 
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P6.12 The information in Table P6.12 pertains to the 
gear train shown in Figure P6.12: 


TABLE P6.12 


Gear No. No.of TypeofGear Hob Pitch 
Teeth (inches) 
1 60 — — 
2 — Straight spur 0.500 
3 100 — — 
d 29 — 0.250 
5 159 — — 
3 
d 5 
^W 
2 = 4 
c 
1 
A = B 
Figure P6.12 
External gears 1, 2, and 4 are to be manufactured 
using hob cutters having a 20° pressure angle. All 
gears are to have full-depth teeth. Shafts A and B 
are collinear. Determine 
(a) the base circle radius of gear 3 
(b) the addendum circle diameter of gear 3 
(c) the center-to-center distance, c, between 
gears l and 2 
(d) the contact ratio between gears 2 and 3 
(e) the helix angle of gear 4 
(£) the pitch circle radius of gear 5 
P6.13 The information in Table P6.13 pertains to the 


gear train shown in Figure P6.13: 


All 


gears are straight spur with a 20° pressure angle. 


Gear 3 is an internal gear. Shafts A and B are col- 


linear. Determine 


(a) 
(b) 


the numbers of teeth on gears 2 and 5 


the speed ratio ofthe gear train 


TABLE P6.13 


Gear No.of Diametra Addendum Dedendum 
No. Teeth Pitch, P 
(in?) 
2 — 6 1.0/P 1.25/P 
3 120 0.8/P 1.25/P 
4 32 8 - = 
5 = = — L 
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Ld _ 
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Figure P6.13 


(c) 
(d) 
(e) 
P6.14 The 


the dedendum circle diameter of gear 3 
the contact ratio between gears 2 and 3 


the arc of action between gears 2 and 3 


information in Table P6.14 pertains to the 


gear train shown in Figure P6.14. 


TABLE P6.14 


Gear No. No.of Teeth ^ Type of Gear 
1 18 Helical spur 
2 = c 
3 62 — 
4 20 = 
5 64 Straight spur 
d 
ss S 
A EE 
=M 
na 


Figure P6.14 


External gears 1, 2, and 4 were manufactured 


using a hob cutter having a 20° pressure angle and 
0.500-in hob pitch. Gears 3 and 5 are internal. All 
gears have full-depth teeth. Shafts A and B are col- 
linear. Determine 


(a) 
(b) 


(c) 
(d) 
(e) 
(f) 
(g) 


the base circle radius of gear 4 


the center-to-center distance between gears 1 
and 2 


the contact ratio between gears 4 and $ 
the circular pitch of gear 1 

the helix angle of gear 3 

the pitch circle diameter of gear 3 


the addendum circle diameter of gear 3 


Planetary Gear Trains, Spur Gears 


P6.15 Using the tabular method, derive the expressions 
for the component speeds for a type I planetary 
gear train as given in Figure 6.22. 
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P6.16 


P6.17 


P6.18 


P6.19 


P6.20 


P621 
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Using the tabular method, derive the expressions 
for the component speeds in a type J planetary gear 
train as given in Figure 6.22. 


Using the tabular method, derive the expressions 
for the component speeds in a type K planetary 
gear train as given in Figure 6.22. 


Determine the expression for the speed ratio of 
each ofthe following planetary gear trains (refer to 
Figure 6.22): 

(a) typeD, w, = 0, w = input, w7 = output 

(b) type], w7 2 0, v, = input, w = output 

(c) type C, «e; 2 0, w; = input, w = output 

(d) typeL, v; = 0, w = input, w = output 


In the gear train of Figure P6.19, shaft A rotates 
at 200 rpm and shaft B rotates at 300 rpm in the 
directions indicated. Determine the speed of shaft 
C and its direction of rotation. 


N,=35; N,=25; N,=14 
N,= 46; N,=20; N,=16 


7 
=r 2 
B ZZ 
Zz ZA 
i = E F s= 
C Bh 27 
+ 
3 
5 
Figure P6.19 


For a planetary gear train type A (see Figure 6.22), 
the sun and ring gears have N, = 20 and N, = 70 
teeth, respectively. 


(a) Ifthe speed of the ring gear is 500 rpm CW, at 
what speed must the sun gear be driven if the 
crank is to rotate at 

(i) 75 rpm CW 
(ii) 75 rpm CCW 

(b) Determine the maximum number of equally 
spaced planet gears that can be employed in 
this application. 


Figure P6.21 shows an epicyclic gear train called 
Ferguson's paradox. Gears 2, 3, and 4 are loosely 
attached to their respective shafts while gear S is fixed. 


(a) Find the number of rotations the crank has 
to turn so that gear 4 rotates five times in the 
direction shown. How many times does gear 3 
rotate, and in which direction? 


(b) Determine the number of turns that gear 2 
makes about its own shaft. 


N,=15; N,=80; N, 


81; N,-82 


Figure P6.21 


P6.22 


In Figure P6.22, C and D represent brakes that can 
be used to stop the rotation of either arm E or gear 
4, one at a time. Determine the speed and direc- 
tion of shaft B when shaft A is rotating at 1000 rpm 
CW, while 

(a) brake C holds arm E fixed 

(b) brake D holds gear 4 fixed 


N= 90; N3 = 32; N; 294; Ne 


28 


Figure P6.22 


P6.23 


P6.24 


For the gear train shown in Figure P6.23 (see next 
page), gear 2 has a module of 2.0 mm with 75 
teeth; gear 5 has a module of 4.0 mm with 50 teeth; 
and gear 4 has 40 teeth. Determine the number of 
teeth on gear 3 and speed ratio of the gear train. 


Determine the three speed ratios, e?/1, es/1, and eg 

of the planetary gear train shown in Figure P6.24. 

Employ 

(a) the tabular method, and obtain results with 
one table 


PROBLEMS 


Figure P6.23 


Fixed _ 


Input Outputs 


Figure P6.24 


(b) the combination of the basic types in 
Figure 6.22 


N,=15S; N3=45; N,=105; 
Ng- 10; N, = 27; Ng = 87 


Ny, =13 


P6.25 Figure P6.25 illustrates a two-speed transmis- 
sion. The two output speeds are obtained by fix- 
ing either gear 3 or gear 7 by using brakes C and 


D, respectively. Determine the expressions for the 


two possible values of the speed ratio, eg/1. 


Figure P6.25 
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P6.26 In the gear train of Figure P6.26, gears 1 and 2 are 
cut from the same casting and revolve freely about 
the arms of the planet carrier C. Gears 5 and 6 
are also cut from the same casting and are freely 
attached to shaft A. Gears 3 and 4 are keyed to shaft 
A. For an output speed of 500 rpm in the direction 
shown, determine the sense and speed ofthe input 


shaft rotation. 
N,-44; N3=40; N,=14 
Ng-2150; N7=50 


N, = 42; 
N; = 38; 


Output 


Figure P6.26 


P6.27 In the operation of the gear train shown in Figure 
P6.27, ring gear 1 is fixed. Determine a relation 
involving Ng and N; to obtain a speed ratio of 
— 0.48 
N,=100; N,=30; N,-10 
N,285; N,-88; Ng=22 


ZZ 


Output zz 


Figure P6.27 


P6.28 Determine the output rotational speed, w, for the 
gear train shown in Figure P6.28 by 
(a) using the tabular method 


(b) considering the gear train to be a combination 
of the basic types illustrated in Figure 6.22 


w 
Output 
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N,=20; N,=25; N,=70; N,-15; N,-15 
35; N; 


200rpm CW 


N, 80; ©, 


Fixed 


w3 


Figure P6.28 


In the planetary gear train shown on Figure P6.29, 

internal gear 4 turns at 300 rpm in the direction 

shown. The diametral pitch of gear 1 is 4 in !. 

(a) Determine the diametral pitch of gear 3 and 
its pitch diameter. 

(b) Determine the speed and direction of rotation 
of the output shaft. 

(c) Ifthe input power is 20 kW, and the mechani- 
cal efficiency is 95 percent, determine the 
external torque on gear 1. 


N,=48; N,=24; N,-37; N,=127 


Figure P6.29 


P6.30 Figure P6.30 illustrates a planetary gear train. 


Points A, C, D, and E are used to keep track of the 

angular positions of links 1, 3, 4, and 5, respec- 

tively. Starting from the position shown, gear 5 

is rotated 270° counterclockwise (point E moves 

to point E’), and gear 1 is rotated 90° clockwise 

(point A moves to point A’). After completion of 

the motions of gears 1 and S, do the following: 

(a) Specify the angular position of the crank 
arm 2. 

(b) Specify the angular position of planet gear 3 
about its own axis. 


(c) Specify the angular position of planet gear 4 
about its own axis. 


P6.31 


N,=35; 


(d) Sketch the configuration of the gear train 
and indicate the positions of points C and 
D after the motions (indicate as C’ and D’, 
respectively). 


N; = 54; N; = 20; N4= 24; N; = 108 


Figure P6.30 


For the planetary gear train shown in Figure P6.31, 

all gears have straight spur teeth, full-depth, 20° 

pressure angle, and module of 3 mm. Determine 

(a) the speed and direction of rotation of the out- 
put shaft 

(b) the relative rotational speed of the planet car- 
rier with respect to gear 7 

(c) the maximum number of equally spaced 
planet gears 7 that may be employed 


N,=21; N4,-27; N,=56 


N,g=100; N,-50; Ng=180; @,=500rpm CCW 


8 
7 
= 
2 
NSS NSS 
3 = S = = = y 
“iit Wa, Output 
Wy 
LA 2 L| Planet carrier 
6 
^ Moy 
ZU 
Input 1 4 
Figure P6.31 


P6.32 Figure P6.32 illustrates a toothed planetary gear 


train. Pitch circles are given for the sun gear (link 
1), and the planet gear (link 3). Points A, B, and 
C are used to keep track of the angular positions 
of the sun gear, the crank (link 2), and the planet 
gear, respectively. 


(a) 


(b) 


PROBLEMS 


Specify the mobility of the gear train. Explain 
your answer in terms of the number of links, 
and the numbers and types of the kinematic 
pairs. 

Starting from the position shown, the sun 
gear is rotated 90 degrees clockwise (point 
A moves to point A’), while the crank is held 
fixed. Then, the crank is rotated 180 degrees 
counterclockwise (point B moves to point 
B’), while the sun gear is held fixed. After the 


C 


Planet gear 
(internal), 3 


Figure P6.32 


P6.33 
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motions of the sun gear and the crank, using 
the tabular method of planetary gear trains, 


do the following: 
(i) Specify the angular position ofthe planet 
gear 3. 


(ii) Make a sketch of the configuration of 
the planetary gear train. Indicate in your 
sketch the position of point C after com- 
pletion of the motions described (indi- 
cate as C^). 


N,=20; N,=60 


In Figure P6.33, C and D represent brakes, which 
can be used to stop the rotation of either gear 4 or 
gear 8, one at a time. All gear teeth have a 20° pres- 
sure angle, stub form. Determine 


(a) the maximum permissible number of equally 


spaced planet gears 3 


(b) the maximum permissible number of teeth on 


planet gear 6 


(c) the speed and direction of shaft B when shaft 


A is rotating at 800 rpm CW, while 
(i) brake C holds gear 4 fixed 


(ii) brake D holds gear 8 fixed 


N,=16; N,250; N;=30; Ng=80 


Input 
Output 
— 
Figure P6.33 
9 ME 
8 
y? 1 
7 
@4= 300 rpm CW T 
A 
= s : ; 
B | |2 D 
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OD 


Og = 600 rpm CW 


Figure P6.34 
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P6.34 The skeleton representation of the planetary gear 


P6.35 


train shown in Figure P6.34 includes collinear 
shafts B and D, and internal gears 5 and 9. All teeth 
are stub form, with a 20? pressure angle. Determine 


(a) wp 


(b) therotational speed of planet gear 4 relative to 
that of crank arm C 


(c) the maximum permissible number of equally 
spaced planet gears 4 


N,=25; N5-25; N3=40 

N;=80; Ns=50; No=100 

For the gear train in Example 6.5, determine 

(a) the rotation required of the hand crank if 
A9; = 90° CCW 

(b) the rotation required of the planet gear for 
a point on the cutter originally touching the 


pencil to come back into contact with the 
pencil 


Planetary Gear Trains Incorporating 
Bevel Gears 


P6.36 


If an automobile is making a right-hand turn at 
30 km/hr, determine the rotational speed of the 
planet carrier. The radius of curvature of the curve 
is 40 m to the center of the automobile, and the 
automobile tread (the distance between the two 
drive wheels) is 1.60 m. The outside diameter of 
the wheels is 850 mm. The differential gear train of 
the automobile is shown in Figure 6.35. 


N,=30; N,=60; N;=N,=30; N,=N,=20 


P637 


The driveshaft of an automobile is turning at 1500 
rpm with output 1 on the garage floor and the right 
(ie, output 2) jacked up. The bevel gear differ- 
ential of Figure 6.35 is connected to the wheels. 
Determine the speed of output 2 and the speed of 
ring gear 2. 


N,=15; N,=30; N,- N,-20; N,=N,=18 


P6.38 


Refer to the Figure P6.38. 


(a) Determine the rotation of the carrier when 
gear 1 makes 30 rotations clockwise and gear 
2 makes 12 rotations counterclockwise. Also, 
determine the angular displacement of gear 3 
about its own axis. 

(b) Ifgear 1 rotates at f rpm and gear 2 at g rpm, 

determine the rotational speed of the carrier 

in terms of f and g. 


N,=40; N,=30; N3=24 


GEAR TRAINS 


P6.39 


P6.40 


P6.41 


P6.42 


Figure P6.38 


For the planetary gear train shown in Figure P6.39, 
shafts B and C are collinear. Gears 4 and 5 are rig- 
idly connected to each other. Gears 5, 6, 7, and 8 
are plain bevel. Determine the value of 

(a) wp if w = 400 rpm CW 

(b) wy, ifwz=0 


N,=30; N3=20; N,=40 
N;=25; N= 55; Ng = 125 


For the planetary gear train shown in Figure P6.40 
* shafts A and B are collinear 

* gears 2 and 3 are rigidly connected to each other 
* gears 4 and 5 are rigidly connected to each other 
e gears 3, 4, 5, and 6 are plain bevel 

Determine the values of 

(a) eg ife; = 400 rpm CW 

(b) ej if wg = 125 rpm CW 


N,230; N,=20; N3=50 
N4,215; Ns=40; Ne=25 


Refer to Figure P6.41. Ring gear 1 is driven at 500 
rpm in the direction shown, while gear 4 is held 
stationary. 


(a) Determine the speed ratio of the gear train, 
and calculate the sense and rotational speed 
of carrier C. 

(b) If 30 kW of power is obtained at the output, 
and the drive has a mechanical efficiency of 


98 percent, calculate the torque required to 
hold gear 4 fixed 


N,2500; N,=60; N3;=60; N,=503 


For an input speed w; = 600 rad/sec of the gear 
train shown in Figure P6.42, calculate the rota- 
tional speed of the planet carrier and the output 
rotational speed, w7 
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Figure P6.39 
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Figure P6.40 
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Figure P6.41 


Figure P6.42 


N,=15; N3=42; N,=33 
N,=150; N,232; N,-100 


Planetary Gear Trains with Multiple 
Stages 


P6.43 The three-stage planetary gear train illustrated in 


GEAR TRAINS 


Input 


Output 


Figure P6.43 has the following two input rota- 
tional speeds: w; = 100 rpm CW, w19 = 6000 rpm 
CW. Determine the output rotational speed, w2 


using the tabular method. 

N,-20; N3=23;  N,-21;  Ns-25 
Ngz-115; N7=43; Ng=38; No=17 
Nip=19; Nyy =23; Ny=117; Ni3=38 
Nu-225; Nys=23; N;-28; Ny-110 
Nig=120; Nj5-10 


1 


Figure P6.43 


P6.44 A two-stage planetary gear train incorporates type 


P6.45 


A (see Figure 6.22) for the first stage and type H 
for the second. The ring gear of the first stage is 
connected to the crank of the second stage, while 
the crank of the first stage is connected to the ring 
gear 1 of the second stage. If ring gear 5 of the sec- 
ond stage is fixed, write down, but do not solve, the 
four governing equations for the motion in terms 
of x; yp x» and yz according to the equations given 
in Figure 6.22, and determine the condition for the 
mechanism to function with a nonzero mobility. 
In the two-stage planetary gear train of Figure 
P6.45, gear 6 is fixed and crank arms C and D are 
attached to the output shaft. Gears 3 and 4 form a 
compound wheel that rotates freely about the out- 
put shaft. Determine 


(a) thespeed and direction of rotation ofthe out- 
put shaft 


(b) the relative rotational speed of planet gear 2 
with respect to crank arm C 


(c) the maximum number of equally spaced 
planet gears 5 which may be employed 


Fixed 


Figure P6.45 


PROBLEMS 


N,=20; N3=72; N4=24; 
Ns =20; w= 300 rpm CW 


Harmonic Drive 


P6.46 For a harmonic drive similar to that shown in 
Figure 6.44, determine the rotational speed of the 
flex spline. 


N,-100; N,-102; 
0,—70rpm CW; œ,=0 


Mechanical Efficiency 


P6.47 Determine the torque required to hold down the 
base of the gearbox casing shown on Figure 6.48 
while under the following operating conditions: 


€; = 300 rpm; 7 = 200 N-m; 
n = 0.95; e,;; =- 0.60 


P6.48 Refer to Figure P6.48. Determine the speed of 
rotation of shaft A needed to produce the 300 rpm 
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output rotation of shaft B in the direction shown. 
If the mechanical efficiency of the gear train is 
90 percent, determine the torque T; that must be 
applied to the gearbox to convert a 20 kW input to 
output at shaft B. 


N, = 20; N; = 40; N4= 12 
Ng239; N;-16; Ng-60 


m 


Figure P6.48 
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Video 7.2 
Ballpoint Pen 


Video 7.3 
Ballpoint Pen 
Mechanism— 
Planar 


Representation 


In this chapter, the analysis and design of cam mechanisms is presented. Definitions and examples 
of various planar and spatial cam mechanisms are provided. Graphical and analytical methods are 
covered for designing planar disc cam mechanisms that determine the shape of the disc cam for a 
required output motion of the mechanism. The program entitled Cam Design is presented, along 
with instructions for its use, to help with the design of disc cam mechanisms. Two typical methods 
for the manufacture of cams are covered. 

A cam is defined as a link of a mechanism that transmits motion by direct contact with another 
link, called the follower. Generally, the cam provides the input motion to the mechanism, while the 
follower provides the output motion. The input and output motions may be either translational 
or rotational. The output motion of the follower can be used to drive other linkages of another 
machine. Some common types of cam mechanisms are illustrated in Figure 7.1, where the cam 
is colored blue, and the follower is colored gray. Figures 7.1(a) and 7.1(b) illustrate planar cam 
mechanisms where all motions are restricted to a single plane, and Figures 7.1(c) and 7.1(d) illus- 
trate spatial cam mechanisms, where motions occurs in 3D space. Cam mechanisms are often 
able to provide the required output motions with fewer links than by other mechanisms. Cams 
mechanisms are employed in a vast array of mechanical devices; some examples are presented in 
Section 1.2.4, and additional applications are described below. 

A ballpoint pen, as shown in Figure 7.2, incorporates two cam mechanisms that allows the user 
to move the writing tip from the exposed position to the retracted position, and back again, by 
repeatedly depressing the pushbutton. While in either position, the writing tip is held firmly in 
place without external interaction from the user. | Video7.2] provides an animation of the ball- 
point pen that demonstrates its operation. Through the translucent wall of the barrel we see the 
two cams mechanisms. The cams are labeled as cam A and cam B. They are cylindrical in shape and 
concentric. At first glance, the operation of this device may appear complicated because it consists 
of spatial mechanisms. Therefore, to better illustrate its operation, a planar version is provided 
in Figure 7.3. Here, the two cylindrically shaped cam mechanisms are flattened out and laid side 
by side. The rotations of the spatial cam B shown in Figure 7.2 are now lateral translations of the 
planar cam B shown in Figure 7.3. As easily seen in the planar representation, cam A is connected 
to the pushbutton. Follower A is rigidly connected to cam B. Follower B is the barrel of the pen 
and the base link. The transport arm is connected to the writing tip. The planar system shown is 
limited in operation because after just a few cycles follower A moves off to one side and all of the 
required engagements between the components no longer exist. However, in the actual spatial 
system, because the motion is rotational, the device can operate indefinitely since the same surfaces 
of the cams and their followers repeatedly come into contact. [Video7.3] provides an animation 
of the planar representation of the ballpoint pen. When the user depresses the pushbutton, cam 
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(d) 


Pushbutton 


Writing tip 


Figure 7.2 Ballpoint pen [Video 7.2]. 


Pushbutton 


Pen barrel 


Follower A 


Transport arm | 


Writing tip 
(a) (b) 
Figure 7.3 Ballpoint pen mechanism — planar representation: (a) Writing tip exposed, (b) Writing tip retracted [Video7.3]. 
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Video 7.5 
Toggle Mechanism 
Electric Switch 
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Spring. Follower Cam 


Figure 7.4 Toggle mechanism electric switch. 


A engages with follower A. Follower A and cam B are at first constrained to move vertically because 
of the interaction between cam B and follower B. However, after a certain amount of depression, 
cam B and follower B are no longer in contact, and now, because of the interaction of cam A and 
follower A, follower A and cam B are forced to move to the left. Then, when the applied force to 
the pushbutton is removed, the spring causes follower A and cam B to move laterally and vertically. 
At the same time, cam A and the transport arm move vertically and the writing tip retracts to the 
position shown in Figure 7.3(b). 

Other commonuses ofcam mechanismsare in electrical switches. Two applications are described 
here. First, the toggle mechanism electric switch is shown in Figure 7.4. A schematic representation of 
this switch is illustrated in Figure 7.5(a). The follower may toggle from one side to the other about 
the base pivot. In one of the positions, the electrical circuit (not shown) is closed (allowing electric 
flow) and in the other position the circuit is open (preventing electric flow). Starting from the origi- 
nal position shown in Figure 7.5(a) and then depressing the pushbutton causes the cam to contact 
one of the two recesses on the follower as illustrated in Figure 7.5(b). Depressing the pushbutton 
further causes the follower to toggle to the other side as illustrated in Figure 7.5(c). The spring keeps 


| A | 


| Li 


RMS SS SSS 


SS 


ISSS 


Figure 7.5 Toggle switch [Video 7.5]. 
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Pushbutton 


Heart-shaped groove, cam 
Wire, follower 
Compression spring 


Cantilever spring 


Figure 7.6 Heart switch [Video 7.6]. 


the follower in either the on position or off position after the pushbutton has retracted. When the 
pushbutton is depressed again in the next cycle, the cam enters the other recess on the follower and 
then the switch returns to the original position. Second, the heart switch is shown in Figure 7.6. It is 
operated by depressing the pushbutton against the action of the compression spring. The switch is on 
when the pushbutton stays in its lower position. The cam is the heart-shaped groove that is recessed 
in the side surface of the pushbutton. The follower consists of a wire that has a right-angle bend at 
one end. During operation of the switch, the end of the follower is constrained to move along the 
track formed by the groove. The cantilever spring ensures that the follower remains in the groove, 
and its tip remains in contact with the bottom surface of the groove. Inclines and steps on the bottom 
surface of the groove play akey role in the operation of the switch. When the pushbutton approaches 
the end ofits travel (at either the on position or the off position), the follower drops offa step so that 
the pushbutton is held in position, without external interaction from the user. 

Figure 7.7 illustrates a door knob assembly that incorporates a cam mechanism. In this applica- 
tion, the cam is rigidly connected to the door knob, and the follower is rigidly connected to the 
bolt. When the door knob is turned in either direction, the follower translates in the latch housing. 
A3D animation of the door knob assembly in [Video 7.7] demonstrates its operation. 

Cam-based mechanisms are often used within rotating wheels, to limit or brake motion in 
certain circumstances. Figure 7.8 shows a locking caster wheel that incorporates a cam mechanism. 
The operation of this mechanism is best understood by viewing the animation of [Video7.8]. 
A circular side plate is placed beside the caster wheel and is rigidly connected to the cam. The 
side plate is allowed to move vertically but prevented from rotating with the caster wheel. The 
follower is on the inner cylindrical surface of the caster wheel and contains eight recesses around 
the inner surface. When the caster wheel is on a smooth floor, the side plate is pushed up vertically 
by the floor surface so that the cam and follower do not contact, and the wheel is allowed to turn 
freely about its center and roll on the floor (Figure 7.8(b)). However, if the side plate is aligned 
with a straight groove in the floor, the side plate moves vertically downward under the action of 
a spring. The side plate moves into the groove relative to the caster wheel while the cam enters 
one of the recesses in the follower (Figure 7.8(c)). This causes the wheel to lock, preventing it 


Cam 


Follower 


Latch housing 


(a) (b) 
Figure 7.7 Door knob assembly [Video7.7]. 
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Wheel (Follower) 


Side plate (Cam) 


(a) (b) (c) 
Figure 7.8 (a) Caster wheel, (b) Unlocked configuration, (c) Locked configuration [Video 7.8]. 


from rolling. Locking caster wheels are often employed on shopping carts to fix their location with 
respect to the surface of a movator. 

The above examples illustrate the wide scope of systems that can be classified as cam mecha- 
nisms. Although some of the above examples may appear complex at first glance, they employ 


Video 7.9 


Disc Cam 
Mechanisms relatively simple mechanisms when considering the motions they provide. The remainder of this 


chapter deals primarily with planar disc cam mechanisms, such as shown in Figure 7.1 (a), as these 
are best suited for teaching the basics of the subject. Graphical and analytical methods of determin- 
ing the shapes of disc cams are presented. 


7.2 DISC CAM MECHANISM NOMENCLATURE 


Disc cam mechanisms may be classified according to their type of follower. Figure 7.9 shows six 
examples. Followers are classified according to theirshape,locationrelativeto the cam, and whether 


Translating Pivoting 


Knife 
edge 


Flat 
face 


Roller 


Figure 7.9 Disc cam mechanisms [Video 7.9]. 
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Figure 7.11 Disc cam mechanism with pivoting followers. 


Figure 7.10 Disc cam mechanism with translating followers. 


the follower motion is translational or rotational. Three of the followers shown in Figure 7.9 execute 
linear translation, and three execute rotational motion. 
Common definitions associated with disc cam mechanisms are 


e Cam profile: the surface of the cam contacted by the follower. 

* Trace point: the point of contact of the knife-edge follower, or the center of the roller follower. 
e Pitch curve: the path of the trace point with respect to the cam. 

* Base circle: the smallest circle tangent to the cam profile, with its center on the axis of the 


camshaft. 
e Prime circle: the smallest circle tangent to the pitch curve, with its center on the axis of the camshaft. 
* Pressure angle: the angle between the normal to the pitch curve and the direction of motion 


of the trace point. 


This nomenclature for disc cam mechanisms having translating and pivoting followers is illustrated 
in Figures 7.10 and 7.11. Springs (not shown) between the follower and base link are employed to 
keep the follower in contact with the cam profile. 


7.3 PRESSURE ANGLE 


With the exception of a disc cam mechanism with a flat-face translating follower, pressure angle 
changes as the mechanism moves. Figures 7.10 and 7.11 illustrate pressure angles in mechanisms 
for the given configurations. 

The value of the pressure angle is a critical parameter in design of disc cam mechanisms and 
should be kept as small as possible. The practical maximum is 30°. Even if the follower and disc 
cam were a frictionless kinematic pair, there is still a component of unwanted side thrust. This can 
be illustrated by a free body diagram shown in Figure 7.12. Figure 7.12(a) shows a disc cam and 
roller follower. Figure 7.12(b) showsthe roller with the cam and guide ofthe follower removed and 
replaced by the equivalentforces. Larger values of pressure angle cause an increase in the unwanted 
side thrust on the follower stem. For excessive pressure angles, the mechanism will tend to bind. 


CHAPTER 7 CAMS 


Follower motion 


Pressure 
angle, 


Pitch curve 


(a) (b) 
Figure 7.12 Roller follower: (a) Disc cam and follower, (b) Free-body diagram of follower. 


Some means by which the pressure angle may be reduced are 


* increasing the diameter of the base circle 

* increasing the diameter of the roller follower 

* changing the offset of the follower (see Figure 7.10) 
* changing the motion of the follower 


An illustration of the application of the above methods is provided later in this chapter by means 
of an example. 
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In designing a disc cam, one starts by specifying the required motion of the follower throughout a 
complete cycle. It may be expressed in the form 


s= f(8); 0x0x2n (7.4-1) 


A displacement diagram is a plot of follower displacement versus cam rotation. The motions of the 
follower may be grouped into the following three categories: 


Rise: the follower is moving away from the center of the disc cam. 
Dwell: the follower is at rest. 
Fall or return: the follower is moving toward the center of the disc cam. 


Figure 7.13 shows an example of a displacement diagram. It depicts portions of rise, dwell, and 
return. Rotation of the cam is usually specified in degrees. Displacement of the follower is plotted 
in terms of the amount of linear movement or rotation, for translating and pivoting cam mecha- 
nisms, respectively. 
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Cam rotation, 8 
Figure 7.13 Typical displacement function. 
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EXAMPLE 7.1 


DETERMINATION OF A DISPLACEMENT DIAGRAM 


Adisc cam mechanism is required for an automated screw machine. Starting the position shown 
in Figure 7.14, the part mounted on the platform (i.e., the follower) is to move 3.0 cm to the 
right in 0.6 sec, then remain stationary for 1.1 sec to allow a screw to be added to hole A, then 
move an additional 2.0 cm to the right in 0.4 sec, followed be another interval of 1.1 sec when 
the platform remains stationary while a screw is added to hole B, and finally return to the start- 
ing position in 0.8 sec. The compression spring ensures that contact is maintained between the 
cam and the follower. Determine 


Screw driver 


Platform | 


2.0 cm 3.0 cm 


A 
Zia Compression spring 


Figure 7.14 Screw machine. 


(a) the required rotational speed of the disc cam 
(b) plot of a suitable displacement diagram. 


SOLUTION 
The required motions of the platform are summarized in Table 7.1. 
(a) Period of time required to carry out a cycle 


T=T,+T, +T, +T, +T, 2 0.6 +1.1+ 0.4 + 1.1 + 0.8 = 4.0 sec 


TABLE 7.1 REQUIRED PLATFORM MOTIONS 


starting position 


Intervali Description of Motion of Platform Lift or Return L; (cm) Time T; (sec) 

1 Move platform to right to align 3.0 (lift) 0.6 
hole A with screwdriver 

2) Keep platform stationary 0 TLl 

3 Additional motion of platform to 2.0 (lift) 0.4 
right to align hole B with screwdriver 

4 Keep platform stationary 0 1.1 

S Move platform to left, back to 3.0 + 2.0 = 5.0 (return) 0.8 


(Continued) 
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EXAMPLE 7.1 Continued 


This period t corresponds to one rotation of the cam. Therefore, the rotational speed of the cam is 


lrev 1.0 rev sec 
=— -= x 60 —— — 15 rpm 
T 4.0 sec min 


D 


(b) The cam rotation for each interval may be calculated using 


IE 
B: = =360° 
T 


and therefore 


T 0.6 
B, = m = Face = [jy =o) [B ess [bs 9995 [= 72° 


TABLE 7.2 FOLLOWER MOTION FOR EXAMPLE 7.1 


Parameter Initial Angle Final Angle Type of Follower Amount 


for Interval for Interval Motion Follower 
Interval} (degrees) (degrees) Motion (cm) 
1 0 54 Rise 3.0 
p 54 153 Dwell 0 
3 153 189 Rise 2.0 
4 189 288 Dwell 0 
S 288 360 Return -5.0 


Table 7.2 provides a summary of the required motions of the follower and the correspond- 
ing rotations of the cam. The corresponding displacement diagram is illustrated in Figure 7.15. 
Intervals 1, 3, and 5 correspond to the two lifts and one return of the follower. The functions 
for these intervals are drawn continuous with the start and finish of the dwell intervals 2 and 
4. In forthcoming sections, a variety of the forms of the functions for lift and return will be 
considered and the role that they play on the dynamics of the cam mechanism. Also, both 
graphical and analytical methods will be presented to determine the profile of the disc cam that 
give the required motions illustrated in the displacement diagram. 


Interval 
1 2 3 4 5 
™ 
L, = 2.0 cm 
L 2 3.0 cm 
0 180 360] 9, (degrees) 
>< m4 Lt md >< | 
B, = 54° p, = 99° B,=36° B,=99° p; = 72° 


Figure 7.15 Displacement diagram. 
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7.5 TYPES OF FOLLOWER MOTIONS 


A displacement diagram is generally made up of portions of standardized functions. Some com- 
mon functions adopted for rise and fall portions of the displacement diagram are given below; all 
of which are of the form 


s* = g(0*), ox0' «p (7.5-1) 


where s* = displacement of the follower in the current portion 
9* = rotation of the cam in the current portion 


D = total rotation in the current portion 


Figure 7.16 illustrates application of a standardized function to a displacement diagram. To 
compare various types of motion, we will consider dwell of the follower just prior to, and just after, 
its motion. Also, all motions will start at 0* = 0 and end at 0" = Q. The follower lift during the current 
portion is L, and the constant rotational speed of the cam is ð. 

In the design of cam mechanisms for high-speed operation, time derivative quantities of the 
motions of the follower are important. The second time derivative of the displacement is the accel- 
eration, which is proportional to the force applied to produce the motion. It is generally desirable 
to determine extremum values of the peak accelerations, and try to reduce their absolute values. It 
is also worthwhile to reduce the time rate of change of acceleration, referred to as the jerk. Higher 
values of jerk often result in increased noise levels under operating conditions. 


7.5.1 Uniform Motion 


Uniform motion is equivalent to constant velocity. Figure 7.17 shows a portion ofa displacement dia- 
gram that incorporates uniform motion. The equations for follower motion during lift and return 
are given in the same figure. 

Expressions for the velocity, acceleration, and jerk during uniform motion are 
Lë 


E 
S = 


=constant; $'—0; $*=0,0<0*<ß (7.5-2) 


The acceleration and jerk are expressed as zero. However, it must be kept in mind that when 
0* = 0 and 0* - f, acceleration and the jerk are infinite. This is because at the start and end of 
the motion there is a step change of velocity. In theory, this would correspond to an infinite force 
and jerk. Because of this undesirable characteristic, uniform motion of the follower without proper 
blending with the adjoining motions should be avoided in high-speed applications to prevent exces- 
sive accelerations. 

To improve the dynamic characteristics, constant slope in the displacement profile is some- 
times combined with other shapes at its ends to smooth out the sharp corners. As a target, infinite 


SA 


> 
0 360° 4g 
Figure 7.16 Typical displacement function. 
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Figure 7.17 Uniform motion. 


accelerations may be eliminated. Section 7.5.3 presents a cam motion that incorporates a portion 
of uniform motion combined with smoothing segments at the beginning and end of the motion. 


7.5.2 Parabolic Motion 


Parabolic motion is also referred to as constant acceleration. Figure 7.18 shows a portion of a dis- 
placement diagram that incorporates parabolic motion for the lift and return. At the beginning and 
end ofthe motion there is a step change of acceleration and an infinite value of jerk. Equations for 
follower displacement are given in the same figure. 
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Figure 7.18 Parabolic motion. 


7.5.3 Modified 
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The displacement curve shown is made up of two parabolas. For a lift motion, the first half (rota- 
tion 0 to B/2) the follower has a constant positive acceleration, whereas the second half (rotation 
8/2 to B) has a constant negative acceleration (i.e., a deceleration). At 0 = 8/2, the displacement 
and the slope of the displacement curve are matched. 


Parabolic Motion 


Modified parabolic motion is a combination of uniform motion and parabolic motion. Figure 7.19 
showsa portion ofa displacement diagram that incorporates modified parabolic motion for the lift 
and return. At the beginning and end ofthe rotation ofthe cam, the follower motion is parabolic. 
In the central region, the follower motion is uniform. At the transition points C, and C5, between 
the uniform and parabolic motions, both the displacement and the slope ofthe displacement curve 
are matched. Thus, the acceleration remains finite at the transition points. Expressions for follower 
displacement are included in Figure 7.19. 

The expressions for displacement given in Figure 7.19 include the parameter y. It may take on values 


1<y<2 


Cases where y = 1 and y = 2 correspond to uniform motion and parabolic motion respectively 
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Figure 7.19 Modified parabolic motion. 
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Figure 7.21 Cycloidal motion. 


7.5.4 Harmonic Motion 


Harmonic motion incorporates a portion of a sine wave. A portion of a displacement diagram with 
harmonic motion is given in Figure 7.20. The equations for lift and return motions in this instance 
are listed in the same figure. 

Acceleration has a finite value at the beginning and end of harmonic motion. Because there is 
a step change of acceleration, there is infinite jerk at these locations. Other than the start and end 
points, jerk remains finite. 


7.5.5 Cycloidal Motion 


Figure 7.21 shows a portion of a displacement diagram that incorporates cycloidal motion. The 
displacement functions for lift and return are also provided. For this motion, the expression for 
acceleration can be easily shown to be zero at the start and finish. As a result, jerk remains finite 
throughout the entire motion, including the start and finish. 


7.6 COMPARISON OF FOLLOWER MOTIONS 


A comparison of the four types of motion presented in Section 7.5 is given in Figure 7.22. The plot 
for each is nondimensional, that is, results are plotted as a unit lift taking place in one unit of time. 
For the displacements, only the plot of uniform motion can be immediately identified. However, 
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Figure 7.22 Comparison of displacement, velocity, and acceleration for follower motions. 


there are significant differences in velocities, accelerations, and jerks. Jerks for the parabolic motion 
are infinite at the beginning, middle, and end of the motion cycle, and zero everywhere else. 


7.7 DETERMINATION OF DISC CAM PROFILE 


The basic problem of cam design is to find the cam profile that will produce a desired follower 
motion. The cam profile depends on the required follower motion, the base circle diameter ofthe 
cam, the follower type and its dimensions, and the position of the follower relative to the cam. 
Cam profiles may be generated graphically or by evaluating analytical expressions for the particu- 
lar type offollower under consideration. Both ofthese techniques will be considered in this section. 
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7.7.1 Graphical Determination of Disc Cam Profile 


To graphically construct a disc cam profile, the following general steps are required: 


1. Specify the displacement diagram, base circle diameter, and follower (type and dimensions). 
2. Consider the cam as fixed, and move the other links with respect to the cam, that is, invert 
the mechanism. In order to obtain the same relative motions between the links, the base 
link and follower are rotated about the cam in the opposite direction to cam rotation. The 
follower is then drawn in numerous positions with respect to the cam, throughout a cycle. 
3. Draw the cam profile inside the envelope of the follower positions. 


Figure 7.23 illustrates this procedure for six types of followers. 
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Figure 7.23 Graphical construction ofa disc cam: (a) Translating knife-edge follower, (b) Translating roller 
follower, zero offset. 
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Figure 7.23 (Continued) Graphical construction of a disc cam: (c) Translating roller follower, offset, 
(d) Translating flat-face follower. 
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Figure 7.23 (Continued) Graphical construction of a disc cam: (c) Pivoting roller follower, 
(d) Pivoting flat-face follower. 


7.7.2 Analytical Determination of Disc Cam Profile 


The points on a disc cam may be determined analytically, using the governing mathematical equa- 
tions presented in reference [9] and that are summarized in Figure 7.24. In these equations, quanti- 
ties x, and y, are the coordinates of a point of contact between the cam and the follower for a given 
rotation of the cam. Similar to the graphical procedure used in drawing the cam in one position, it 
is necessary to rotate these calculated points around the center of rotation of the cam, in a direc- 


tion opposite to that of the operational direction of rotation of the cam. The use of these equations 
is illustrated by the following example. 
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R= Ro + f(0), 


Definition Diagram 


Xec = recos Yo 


Yo = re Sin Ye 


Governing Equations 


= 5 — tan! (S/R) 
a PEXTZC 
[o] = 2 Yc tan ( re 


R= Rot f(0), 


Xc = recos Yc, 


Ye = re Sin Yc 


Definition Diagram 


Governing Equations 


LiL: 


Figure 7.24 Governing equations of disc cams. 
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R= Ro + f(0), 


Definition Diagram 


Xec = rc cos Yo 


Yo = rcsin ye 


Governing Equations 


Ro = Ure + r)? — 8]? 


rc 2 [(R — r cos )? + (S+ r, sin )?]? 


av ( ) 


where ¢ = tan! ( ) 


S+r,sin $ 
R — r, cos ọ 


Yc7 5 


f(9—S 
R 


a = ag + f(0), 


f= (x? 4 AM À 


Yo = tan (Y X9 


Definition Diagram 


Governing Equations 


9-5 


oo = tan (e/I) + tan! ( 


where y, = tan"! ( Y/X) 


rpSsin yo — Y 


) 


24 Y2 +r- P-e? 
2rp( X? + y2)2 


X — rp COS Yo 


X 
4- cos! | 


| 


Xc= X—Icosa—esina 
Y.— Y + Isina — e cosa 
f'(0 
qc — a+ tan! | 4 ) [X-(/sina — e cos a) 
G 


+ Y-(/cosa+ e sina)] 


Figure 7.24 (Continued) 
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a= ast fO) re = (X2 + Y2)” ye = tan7 Y X) 


Definition Diagram Governing Equations 


Qo = > — tan (Y/ X) — cos! | HUE | 


(X? + Y2)/2 
Xec = X — & cos a — esin q 


Y; = Y + & sin a — e cos a 


X cosa — Ysina 


where & = 
1+ f'(0) 
a= aot FO) re = (X24 V2)? ye = tan! Ye Xe) 
Definition Diagram Governing Equations 


PX HY- (r try 
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Figure 7.24 (Continued) 


EXAMPLE 7.2 DETERMINATION OF A DISC CAM PROFILE 


Consider the following input parameters of a disc cam to be manufactured: 


e translating roller follower 

* base circle diameter db = 3.0 cm 
e roller circle diameter dr = 1.0 cm 
* offset S=0.6 cm 


d, .0 d, 1.0 
S eee paame 
2 2 p 2 


A layout of these dimensions is provided in Figure 7.25. 
The displacement parameters are given in Table 7.3, and the corresponding displacement dia- 
gram is illustrated in Figure 7.26. Determine 


(a) thecam profile 
(b) the pressure angle as a function of cam rotation 


(Continued) 
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S=0.6 cm 
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dp = 3.0 cm 


| Base circle 
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Figure 7.25 Prescribed dimensions of a disc cam. 


TABLE 7.3 FOLLOWER MOTION 


DM Parameter > Initial Angle for Final Angle for Type of Rise (+) or Return 
Interval (degrees) Interval (degrees) Motion (-) (cm) 


Interval) 

1 0 100 Harmonic 25 
p 100 160 Dwell 0 

3 160 300 Cycloidal -1.5 
4 300 360 Parabolic -1.0 

suma Harmonic Dwell Cycloidal Parabolic 
fe ex ^c A ^c x NG A ` 
2.5 H--------> 


> 
0 100 160 300 360 9 (deg) 
Figure 7.26 Displacement diagram. 


SOLUTION 

(a) We apply the equations as listed in Figure 7.24. A typical calculated value of the pressure 
angle is made for 0 = 30°. At this rotation, the follower is undergoing lift with harmonic 
motion, with a lift of 2.5 cm in the interval 


0x0x100? 
Therefore 
L=2.5cm; B=100° — 0? = 100? 
Using the expressions from Figure 7.24, and recognizing in this instance that 
6=0 
(Continued) 
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EXAMPLE 7.2 Continued 


yields 
Wee m 
f(®)=s =H 2) f (309) = 0.515 


df(0) mL. n9 


E 2B D f’ (30°) = 1.82 cm 


JG 


1/2 
R, =| +7) -s | =1.908 cm 


R(0)=R, + f (0); R(30°) = 2.423 cm 


Q(0) = tan! (2s) ; (30°) = 26.7° 


S+ r, sin(ọ(0)) 
R(0) — r, cos(ọ(0)) 


y.(0)= ud | ; Y.(30°) = 67.3° 


r, (8) = [IR(8) — r, cos(g(6))F + [S + r, si(9(6)) P] ; r, (30°) = 2.142 em 
x,(8) =r, cos(y.(8)); x, (30°) = 0.825 cm 


y.(8) =r. sin(y,(8)); y,(309) 2 1.98 cm 
The calculated coordinates are rotated about the center of rotation of the cam in an oppo- 


site direction to that of the rotation of the cam to locate a point on the cam profile. This is 
illustrated in Figure 7.27(a). Figure 7.27(b) shows the disc cam mechanism. 


(0.447, 3.74) 


(0.825, 1.98) 


(a) 
Figure 7.27 (a) Development of disc cam profile (b) Mechanism. 


(Continued) 
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EXAMPLE 7.2 Continued 


Asa second point on the profile, consider the cam rotation of 0 = 200°. At this position, the 
follower is undergoing return with cycloidal motion. This interval of motion starts at 160°, and 
ends at 300°. The return during the interval is 1.5 cm. Therefore 


L=15cm; B=300° — 160° = 140° 
0* = 0—160? = 200° — 160° = 40° 
f(200°) = f(300°) + s (40°) = 2.30 cm 


Employing the equations from Figures 7.21 and 7.24, in this instance 
x,(200?) = 0.447 cm; y, (200°) = 3.74 cm; $ = (200°) = —17.8? 


50 |= 


> 
360 9 (deg) 


-50 E 
Figure 7.28 Pressure angle as a function of cam rotation. 
The point is added to Figure 7.27. 


(b) The pressure angle was included in calculating part (a) ofthis problem. Figure 7.28 shows 
a plot of pressure angle as a function of cam rotation. 


The cam profile and pressure angle presented in the above example may also be obtained 
using the program Cam Design (see Section 7.10). 


7.8 UNDERCUTTING OF A DISC CAM PROFILE 


On occasion, for a given geometry of a mechanism and specified follower displacement, it may be 
impossible to generate the cam profile. Consider employing the same displacement diagram as 
was employed in Example 7.2. If we now incorporate a flat-face follower and employ the procedure 
presented in Section 7.7, then the result is as shown in Figure 7.29. Part of the cam profile doubles 
back on itself. This portion of the cam profile is impossible to manufacture, and is said to be undercut. 
This has resulted from attempting to achieve too great a lift of the follower, within inadequate cam 
rotation, and the base circle of the cam is too small relative to the rise required. 
Undercutting may be eliminated by employing one or more of the following methods: 


* increasing the diameter of the base circle 
* incorporating a different type of follower 
e modifying the motion of the follower 


This is illustrated by an example later in this chapter. 


7.9 POSITIVE-MOTION CAMS 333 


1 
1 
Een 
1 


Figure 7.30 Positive-motion disc cam 
Figure 7.29 Undercut disc cam. mechanism [Video7.30]. 
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Video 7.30 
Positive-Motion 
Disc Cam 
Mechanism 


Video 7.31 
Constant-Breadth 
Cam Mechanism 


Video 7.33 
Movie Projector 
Mechanism 


Positive-motion cam mechanisms are those where the cam exerts affirmative control of motion of 
the follower during a complete cycle. The cylindrical cam mechanism shown in Figure 7.1 is also a 
positive-motion cam mechanism. Such cam mechanisms do not require gravity or spring force to 
ensure contact between the cam and follower. 

Figure 7.30 shows another type of positive-motion cam mechanism. It is very similar to a disc 
cam mechanism with a roller follower. However, in this instance, a groove of constant width is 
machined in the cam. As the cam rotates, the roller follower is constrained to move in this groove. 

Figure 7.31 shows a constant-breadth cam mechanism, which is another type of positive-motion 
cam mechanism. The cam surface is always in contact with the two parallel surfaces of the trans- 
lating follower. The distance between parallel surfaces, d, equals the base circle diameter plus the 
maximum follower rise. Constant-breadth cams may be designed similar to disc cams with a trans- 
lating flat face, provided that the rise during 180? of cam rotation is the mirror image of the return 
during the remainder of the cycle. 

Figure 7.32 shows an example ofa constant-breadth cam employed in a movie projector mecha- 
nism. Figure 7.33 gives another illustration of the same system. The function of this mechanism is 
to intermittently advance film, one frame at a time. While a frame is stationary, light is permitted to 
shine through the film, and momentarily project a stationary image. While the film is moving, the 
light must be blocked. This mechanism incorporates two positive-motion cam mechanisms. This 
includes the constant-breadth cam mechanism used to provide up and down motion of the transport 
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SS 
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Figure7.31 Constant-breadthcam à 
mechanism [Video 7.31]. Figure 7.32 Movie projector mechanism. 
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Figure 7.33 Movie projector mechanism [Video 7.33]. 


arm. The constant-breadth cam is located on shaft B, as shown in Figure 7.33(a). Shaft A is geared 
to shaft B. A cylindrical cam is attached to shaft A. One end of the transport arm is in the slot of the 
cylindrical cam. This cam causes the intermittent rotation of the transport arm about the vertical axis 
C. The rotation causes the other end of the transport arm to enter perforations on the side of the film. 
While entered into the perforations (Figure 7.33(b)), the arm moves vertically, advancing the film 
one frame. Every third upward stroke of the transport arm, the end of the arm enters perforations. 
A shutter (shown in animation, but not in Figure 7.33) is attached to shaft B. 


7.10 PROGRAM CAM DESIGN 


The program Cam Design is included on the companion website for this textbook. With this 
program it is possible to design disc cams having either translating or pivoting followers. The face 
of the follower may be a knife edge, roller, or flat face. The disc cam profile may be plotted, and an 
animated motion of the cam mechanism may be displayed. Any of the motions presented in Section 
7.5 may be incorporated in the displacement diagram. Values of pressure angle may be displayed. 
Also, by plotting the profile, we may determine whether or not undercutting is encountered. 
Asanillustration, consider the following input parameters ofa disc cam mechanism to be analyzed: 


e translating roller follower 

e base circle diameter: 4.0 cm 

e roller circle diameter: 1.0 cm 

* offset: 0.6 cm 

* cam rotational speed: 20 rad/sec CCW 


Table 7.4 lists the required motions of the follower. Figure 7.34(a) illustrates the above input 
parameters, and Figure 7.34(b) shows the displacement diagram. 


TABLE 7.4 FOLLOWER MOTION 


Parameter — Initial Angle for Final Angle for Typeof Rise (+) or 


Nis Interval (degrees) Interval (degrees) Motion Return (—) (cm) 


1 0 100 Parabolic 0.8 
100 260 Dwell 0 
3 260 360 Harmonic — 0.8 
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Figure 7.34 (a) Prescribed dimensions of a disc cam, (b) Displacement diagram. 


After initiating the program, we obtain the opening screen logo as shown in Figure 7.35. By select- 
ing the File menu (Figure 7.36), we have the option to either open an existing file or create a new 
one. If we select a New file, a wizard dialogue box appears. It includes three property pages: Design 
Page, Motion Page, and Display Page. Each is described separately below. 


* Design Page (Figure 7.37) 

Figure 7.37(a) shows an illustration of the Design Page containing default parameters 
of a cam mechanism. For this illustration, we enter the following modifications: Replace the 
knife-edge follower with a roller follower, and replace the values of the base circle diameter, 
follower offset, and roller diameter. After entering these data, the screen appears as shown in 
Figure 7.37(b). Then selecting Next >, we obtain the Motion Page. 

* Motion Page (Figure 7.38) 

The default Motion Page is shown in Figure 7.38(a). Default parameters are replaced by 
those to be employed for this illustration. This includes the cam rotational speed, along with 
the number of intervals of motion during a complete cycle (changed from one to three — see 
Table 7.4). Furthermore, by selecting each interval, we input the cam rotation at the end ofthe 
interval, the type of motion, and if needed, the rise or fall of the follower during the interval. 
For this illustration, we input the parameters listed in Table 7.4. Figures 7.38(b), 7.38(c) and 
7.38(d) illustrate the Motion Page after the parameters for each interval have been entered. 
Then, selecting Next », we obtain the Display Page. 

e Display Page (Figure 7.39) 

This page outlines a variety of display modes that may be obtained in either tabular or 
graphical form. Figure 7.39(a) shows the default Display Page, which specifies a displace- 
ment diagram. By clicking on Finish, the wizard dialogue box is closed, and the screen as 
shown in Figure 7.39(b) appears. It includes a displacement diagram in nondimensional form. 


Cam Design 


Version 2.3 


Prepared by: Mina Hoorfar 
Homayoun Najjaran 
Supervisor: W.L. Cleghorn 


sag CamDesign - cami 
File Edit View Tools Window Help 


Department of Mechanical and Industrial Engineering 


Icons for Icon for 
rotation and superposition 


University of Toronto 
2004 


animation 


Figure 7.35 Cam Design example—introductory logo. Figure 7.36 Cam Design—menu icons. 
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(a) (b) 
Figure 7.37 Cam Design example—design page. 
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Figure 7.38 Cam Design example—motion page. 
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(a) 


Absolute Maximum Values 


Function Absolute Maximum | Maximum at (deg) 
Follower Displacement 8.000e-001 100.0 
Follower Velocity 1.833e+001 50.0 
Follower Acceleration 5.184e+002 260.0 
Follower Jerk 1.866e+004 310.0 
Pressure Angle 2.544e+001 318.0 


Output Graphs (normalized with the maximum values) 


-0.75 —Displacement 


O 30 60 90 120 150 180 210 240 270 300 330 360 
(deg) 
(b) 
Figure 7.39 Cam Design example: (a) Display page, (b) Displacement diagram. 


Maximum absolute values of displacement, velocity, acceleration, jerk, and pressure angle 
throughout a cycle are also provided in a table contained within the figure. 

By clicking the Edit Cam icon (see Figure 7.36), the Properties Sheet appears, as shown in 
Figure 7.40(a). We now have the choice to return to the Design Page, the Motion Page or the 
Display Page. It is possible to modify the parameters or repeat the displays. We have the option to 
change the type and dimensions of the cam mechanism through the Design Page. Alternatively, 
by selecting the Motion Page, we may alter the follower motions. A further option is to select the 
Display Page, and either review or select outputs. We may go to the Display Page, deselect the 
Show Graph button, and select the Show Contour button. We also have the option of including 
the follower with the cam in the illustration by clicking on the appropriate box (Figure 7.40(b)). 
Then, clicking Apply gives the result as shown in Figure 7.41. Once again clicking the Edit Cam 
icon, then the Display Page button, deselecting the Show Contour button, clicking on the Show 
Graph button, selecting the Pressure Angle graph as shown in Figure 7.42(a), and clicking Apply 
gives the result shown in Figure 7.42(b). 
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(a) 
Figure 7.40 Cam Design example—properties sheet. 


Figure 7.41 Cam Design example— 
cam and follower. 


An animated motion of the cam mechanism may also be obtained. Animations may be gener- 
ated with or without the follower. For animations, itis necessary to deselect all other inputs and out- 
puts, except for Show Contour (see Figure 7.43(a)). Then, using the icons shown in Figure 7.36, 
we have the choice to step the motion in increments of 5? of cam rotation in either the clockwise 
or counterclockwise direction. Alternatively, the motion may be animated. Figures 7.43(b) and 
7.43(c) illustrate two positions of the cam mechanism. 

Under the File menu, we may save the above parameters using a desired file name. The 
above cam mechanism is saved as cam1. Then we proceed to return to the Motion Page and 
change the displacement diagram. The rotation of the cam dividing the second and third 
intervals is altered from 260? to 300? (Figure 7.44(a)). This modified cam mechanism and 
displacement diagram are shown in Figures 7.44(b) and 7.44(c), respectively. It is then saved 
as cam2. 

Two or more files may be opened simultaneously. Figure 7.45(a) shows the case when both 
cam1 and cam2 are opened at the same time. When more than one file is open, it is possible to 
superimpose graphs of displacement and the time derivatives of displacement, as well as the cam 
contours. The icon shown in Figure 7.36 is used to activate the superimpose option. Then, the 
screen as shown in Figure 7.45 (b) appears. We then indicate the desired files to be superimposed 
by first highlighting them and then clicking the Add >> button. If cam1 and cam2 are added, we 
obtain the screen as shown in Figure 7.45(c). If we select to superimpose graphs by clicking OK, 
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(b) 
Figure 7.42 Cam Design example—display of pressure angle. 
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Figure 7.43 Cam Design example—cam animation. 
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Function Absolute Maximum | Maximum at (deg) 
Follower Displacement 8.000e-001 100.0 
Follower Velocity 2.400e+001 330.0 
Follower Acceleration 1.440e+003 300.0 
Follower Jerk 8.640e+004 330.0 
Pressure Angle 3.288e+001 334.0 
Output Graphs (normalized with the maximum values 
1 
0.75 
0.50 
0.25 
0.00 
1 -025 
^^ -0.50 
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-1 
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(b) (c) 


Figure 7.44 Cam Design example—modification of displacement diagram. 


then we obtain the result shown in Figure 7.45 (d). Alternatively, if we select to superimpose the 
contours, we obtain the result shown in Figure 7.45(e). 

This program can be used effectively as a design tool to search for a cam mechanism that has a 
prescribed motion while subject to a variety of constraints, such as space and maximum pressure 
angle. It may also be used to check for the existence of undercutting, and to design a cam mecha- 
nism where undercutting does not exist. 
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Superimpose 


(d) 
Figure 7.45 Cam Design example— superposition of cam profiles and displacement diagrams. 


EXAMPLE 7.3 DESIGN OF A DISC CAM TO REDUCE PRESSURE ANGLE 


Consider the displacement parameters given in Table 7.5. The corresponding displacement 
diagram is illustrated in Figure 7.46. 
In addition, we have the following parameters: 


e translating roller follower 
e base circle diameter: 4.0 cm 
e roller circle diameter: 1.0 cm 
* offset: 0.0 cm 
(Continued) 
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EXAMPLE 7.3 Continued 


TABLE 7.5 FOLLOWER MOTION 


Parameter > Initial Angle for ^ Final Angle for Type of Rise (+) or 
Interval (degrees) Interval (degrees) Motion Return (—) (cm) 


Interval | 
1 0 S0 Dwell 0 
2 S0 120 Parabolic 1S 
S 120 160 Dwell 0 
4 160 270 Harmonic — 0.7 
5 270 360 Cycloidal — 0.8 
A 
Rise of 1.5 in 
z (constant Fall of 0.7 in Fall of 0.8 in 
= Dwell acceleration) Dwell (harmonic) (cycloidal) 
I: | 
f= l 
9 15 
Ae) l 
a I 
5 i 
sb gue T 
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E i 
I 
I 
l > 
0 50 120 160 270 360 


Rotation, 0 (degrees) 
Figure 7.46 Displacement diagram. 


Based on the above parameters and motions, Figure 7.47(a) shows the corresponding cam 
mechanism, and Figure 7.47(b) gives a plot of the pressure angle as a function of cam rotation. 
The maximum pressure angle during a cycle is 37.1?. Figure 7.47(a) illustrates the configura- 
tion ofthe cam mechanism where the pressure angle is maximum. 


Function Absolute Maximum | Maximum at (deg) 
Follower Displacement 1.500e+000 120.0 
Follower Velocity 2.456e+000 85.0 
Follower Acceleration 4.020e+000 50.0 
Follower Jerk 8.149e+000 270.0 
Pressure Angle 3.707e+001 85.0 


Output Graphs (normalized with the maximum values) 


1 ] 
— Pressure Angle | | 


Pece 


0 30 60 90 120 150 180 210 240 270 300 330 360 
(deg) 


(a) (b) 
Figure 7.47 Original disc cam mechanism—distribution of pressure angle. ( Continued ) 
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EXAMPLE 7.3 Continued 


Designacam mechanism for which the pressure angle is always less than 30? through changing 


(a) the diameter of base circle 

(b) the diameter of roller follower 
(c) the offset of follower 

(d) the displacement diagram 


Employ the program Cam Design. 


Contours | - [cf x} 


-— original 
—— increasebc 


(a) (b) 


Figure 7.48 Disc cam mechanism with increased base circle diameter: (a) Configuration of maximum pressure 
angle, (b) Superposition of original and modified profiles. 


SOLUTION 
We consider the disc cam profile shown in Figure 7.47 (a) as the original profile. 


(a) Increasing the diameter of the base circle will always decrease the maximum value of 
pressure angle. However, this will be accomplished at the expense of creating a larger 
mechanism. Through trial and error we are able to reduce the maximum pressure angle 
from 37.1° to 30.0° by increasing the base circle diameter from 4.0 cm to 6.01 cm. 
Figure 7.48(a) shows the configuration of the mechanism where the pressure angle is 
maximum. Figure 7.48 (b) shows a superposition of the original and modified cam profiles. 

(b) We return the diameter of the base circle back to 4.0 cm and now increase the diame- 
ter of the roller follower. Through trial and error, by increasing the roller diameter from 
1.0 cm to 3.01 cm, the maximum pressure angle has been reduced from 37.1° to 30.0°. 
Figure 7.49(a) illustrates the disc cam mechanism in the configuration of maximum pres- 
sure angle. Figure 7.49(b) shows a superposition of the original and modified cam profiles. 
‘The greatest difference between the profiles occurs during the steep rise of the follower. 

(c) We return the diameter of the roller follower back to 1.0 cm. Several values of offset are 
now tried in a search for the minimum value of the maximum pressure angle through- 
out a cycle. The optimum offset is 0.606 cm. Figure 7.50(a) shows the corresponding 
cam mechanism. The maximum pressure angle has been reduced from 37.1° to 30.2°. 
Figure 7.50(b) shows a superposition of the original and modified profiles. In this instance, 
it was not possible to reduce the maximum pressure angle to 30.0° solely by changing 
the follower offset. However, a designer has the option to vary more than one parameter 
in order to achieve a desired result. By increasing the base circle diameter from 4.0 cm 


(Continued) 
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EXAMPLE 7.3 Continued 
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= original 
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Figure 7.49 Disc cam mechanism with increased roller diameter: (a) Configuration of maximum pressure angle, 


(b) Superposition of original and modified profiles. 


to 4.5 cm, with zero offset, the maximum pressure angle reduces to 35.1°. Then, through 
trial and error, the pressure angle may be reduced to 30.0° by incorporating an offset of 
0.45 cm. This result is illustrated in Figure 7.51. 

(d) We return the offset back to zero and the base circle diameter to 4.0 cm. For the results 
presented in Figure 7.47(b), the configuration corresponding to the largest value of pres- 
sure angle occurs near the steepest slope of the displacement diagram. Thus, in order to 
reduce this large pressure angle, we may reduce the slope of the displacement diagram. 
This may be accomplished by reducing the initial dwell which spans 0° to 50°. Through 
trial and error, if the initial dwell is reduced to span 0° to 29.0°, then the maximum pres- 
sure angle is reduced to 30.0°. Figure 7.52 shows the modified displacement diagram. 
Figure 7.53(a) shows the cam mechanism in the configuration of maximum pressure 
angle. Figure 7.53(b) shows a superposition of the new and original profiles. 
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(a) (b) 
Figure 7.50 Disc cam mechanism with offset: (a) Configuration of maximum pressure angle, (b) Superposition of original 
and modified profiles. 
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pressure angle, (b) Superposition of original and modified profiles. 
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Figure 7.52 Modified displacement diagram. 
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Figure 7.53 Disc cam mechanism incorporating modified displacement diagram: (a) Configuration of maxi- 


mum pressure angle, (b) Superposition of original and modified profiles. 
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EXAMPLE 7.4 DESIGN OF A DISC CAM TO ELIMINATE UNDERCUTTING 


Consider the displacement parameters given in Table 7.6. The corresponding displacement 
diagram is illustrated in Figure 7.54. In addition, we have the following parameters: 


e translating flat-face follower 
e base circle diameter: 15 cm 


TABLE 7.6 FOLLOWER MOTION (EXAMPLE 7.4) 


Parameter > Initial Angle for Final Angle for  Typeof Rise (+) or 
Interval (degrees) Interval (degrees) Motion ^ Return (—) (cm) 


Interval | 
1 0 S0 Dwell 0 
S0 100 Harmonic DS 
S 100 360 Parabolic —2.5 
Function Absolute Maximum | Maximum at (deg) 
Follower Displacement 2.500e+000 100.0 
Follower Velocity 4.500e+000 5:0) 
Follower Acceleration 1.620e+001 50.0 
Follower Jerk 5.832e+001 75.0 
Length 4.500e+000 75.0 


Output Graphs (normalized with the maximum values) 


0.75 — Displacement} | 


0 30 60 90 120 150 180 210 240 270 300 330 360 
(deg) 


Figure 7.54 Displacement diagram. 


The cam mechanism is shown in Figure 7.55 (a). There is clearly a section of the profile that 
has been undercut. 


Design a cam for which undercutting is eliminated by changing 


(a) the diameter of the base circle 
(b) thetypeoffollower 


Employ the program Cam Design. 
SOLUTION 


(a) Through increasing the base circle diameter to 50 cm we obtain a disc cam that does not 
have undercutting. It is illustrated in Figure 7.55(b). 

(b) We return the value of the base circle back to 15 cm and now replace the flat-face follower 
with knife edge follower. The result is shown in Figure 7.55 (c). There is no undercutting but 
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EXAMPLE 7.4 Continued 


Undercut 
section 
removed 


Undercut 
section 


(b) 


Figure 7.55 (a) Knife edge follower with undercut profile, (b) Undercut section removed, (c) Knife-edge fol- 
lower, (d) Roller follower. 


the maximum pressure angle is 33 degrees, which is above the recommended maximum 
value. This could be reduced by increasing the base circle diameter. Alternatively, we employ 
a roller follower with a roller diameter of 3.0 cm as illustrated in Figure 7.55(d). Here the 
maximum pressure angle is to 28.9 degrees. The disc cam mechanism with the roller fol- 
lower provides the most compact design without having an excessive pressure angle. 
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EXAMPLE 7.5 DESIGN OF A CONSTANT-BREADTH CAM 


Design a constant-breadth cam that will fit between the two parallel surfaces that are sepa- 
rated by 8.0 cm. The displacement of the follower is to have an amplitude of 3.0 cm and the 
follower is to oscillate at 1200 cycles per minute. At one end of its travel, the follower is to 
remain stationary for 0.01 sec. 

Employ the program Cam Design. 


SOLUTION 
Each cycle is completed in (60 sec/min)/(1200 rpm) = 0.050 sec/rev. 

A dwell of 0.01 sec corresponds to a cam rotation of (0.010/0.050)360° = 72°. For a 
constant-breadth cam, the displacement diagram must be symmetric about 0 = 180°. Half of 
the dwell is to occur just prior to 0 = 180°, and the other half just after it. That is, there is to be 
a dwell of the follower in the range 144° < 0 « 216°. 

The space between the parallel surfaces of the follower is 8.0 cm. The base circle diameter is 
the difference between the spacing between the parallel surfaces of the follower and the maxi- 
mum lift, i.e., 8.0 - 3.0 = 5.0 cm. 

Based on the above, we conclude the required motion is shown in Table 7.7. 


TABLE 7.7 FOLLOWER MOTION (EXAMPLE 7.5) 


Parameter Initial Angle for Final Angle for Rise (+) or 
Interval (degrees) Interval (degrees) Return (-) (cm) 
Interval | 
1 0 144 3.0 
2 144 216 0 
3 216 360 = 3x0) 


Using Cam Design, the plot of the disc cam profile is provided in Figure 7.56 when employ- 
ing simple harmonic motion. The follower has been extended to envelope both sides of the 
follower simultaneously. The peak acceleration of the follower is 37,000 cm/sec’. Alternatively, 
if we use cycloidal motion during the lift and return portions, the peak acceleration of the fol- 
lower has a higher value of 47,100 cm/ sec”. However, unlike when using simple harmonic 
motion, the jerk remains finite. 


3.0 cm 


8.0 cm 


(a) (b) 


Figure 7.56 Constant-breadth cam mechanism. 
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7.11 MANUFACTURING OF CAMS 


Cams are manufactured using a wide range of methods. Depending on the quantity to be pro- 
duced, speed of operation, load rating, and required accuracy of the motion, cams are made from 
a variety of materials and may be fabricated by hand, or molded, or machined. This section pres- 


Video 7.57 ents two methods of manufacturing cams; one for low-volume production and the other for mass 
Moving-headstock . 
Milling Machine pus ‘ ai : . - ' : 
Figure 7.57 shows a moving-headstock milling machine, used in machining a wide variety of 
small metal components employed in high precision mechanical devices. This machine is an excel- 
lent example of implementing different types of cam mechanisms. Here, the followers transmit 
Vikovas motions to the cutting tools. Motions can be readily modified by changing the shapes of the cams. 
MASSE Figure 7.58 shows some of the disc cam mechanisms used in this machine. The photographs depict 
Video 7.58C, 
Yee Cam different types of followers. Figures 7.59 and 7.60 show a cylindrical cam mechanism and a face 
Mechanisms cam mechanism, respectively. 
For low-volume production of disc cams, such as for a moving-headstock milling machine 
(Figure 7.57), the shape of the cam profile may be transcribed by hand onto a cam blank. The 
Video 7.59 steps are illustrated in Figure 7.61. First, radial lines are drawn from a center on the blank to seg- 
Cylindrical Cam regate portions of motions and dwells of the follower (Figure 7.61(a)). Circular arcs are then 
Mum scribed, using the common center. These arcs correspond to the periods of dwell. The contours 
for the rises and falls are then added (Figure 7.61(b)). This is followed by completing a rough cut 
Video 7.60 of the profile using a band saw (Figure 7.61(c)). Then a fine cut is taken using a shaping machine 
dip de (Figure 7.61(d)). Finally, the cam profile is smoothed as necessary by hand. 


Cams for internal combustion engines are usually machined from a solid shaft, so all cams on 
the shaft are rigidly connected and will be driven at the same speed. Figure 1.1 showsa one-cylinder 
engine with two cams on the camshaft. Most internal combustion engines are designed with either 
two or four cams for each cylinder. 

In a modern facility for the mass production of camshafts, the entire process is highly auto- 
mated. The process starts with a solid cylindrical shaft, which is accurately cut to length by 
machining the two end surfaces. Typically four holes are then drilled in one end of the shaft, all 


ZEE r 
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T Ey 


Figure 7.58 Disc cam mechanisms: (a) Single knife-edge follower [Video 7.58A], (b) Multiple knife-edge followers [Video 7.58B], (c) roller 
follower [Video 7.58C]. 


350 


Video 7.61A1, 
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Manufacture ofa 
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Figure 7.59 Cylindrical cam mechanism [Video 7.59]. Figure 7.60 Face cam mechanism [Video 7.60]. 


offset from its centerline. Three of the holes are tapped and will be used later for attaching a pul- 
ley or timing gear to drive the camshaft. A tapered pin is press-fit in the hole that is not tapped. 
This pin will be used for controlling the rotations of the shaft in the subsequent manufacturing 
operations. 

Multiple annular slots are cut on the cylindrical surface, spaced along the length of the shaft. 
These slots will become the gaps between the cams. The cam profiles are then machined. In machin- 
ing each cam profile, the shaft is given one revolution at a constant rate, taking approximately two 
seconds. During rotation, a milling cutter machines a cam profile. The milling cutter, rotating on 
its own axis, is actuated to move radially with respect to the centerline of the camshaft. This radial 
motion is computer controlled and mimics the motion of the follower in the engine. This process is 
carried out for all cams on the camshaft. Between the machining of cam profiles, the milling cutter 
is repositioned by moving it parallel to the axis of the camshaft. 


(c) 


Figure7.61 Manufacture ofa disc cam: (a) Scribing radial lines [Video 7.61 A1 ], and circular arcs [Video 7.61A2], (b) Scribing 
rises and falls [Video 7.61B], (c) Rough cut using band saw [Video 7.61C], (d) Fine cut using shaper [Video 7.61D]. 
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The camshafts are automatically transferred to other machines for the finish grinding of the 


cam profiles and camshaft bearings. There is a separate grinding wheel for each cam profile and 


bearing. The grinding wheels are also computer controlled, similar to the radial movements used 


for the milling operation. 


Atasubsequent station, the cam profiles only are heat treated. The camshafts are later fed through 


a machine where they are wire brushed to remove burs and scaling caused by the heat treatment 


process. The camshafts are then transferred to a polishing machine. Here, a polishing compound is 


applied, and the camshaft is rotated several revolutions in both directions. The polishing is carried 


out using long bands of polishing cloth that are applied to the working surfaces. In the next machine, 


the camshafts are washed to remove the polishing compound and subjected to final inspection. 


PROBLEMS 


Generation of Displacement 
Diagram 


P7.1 A cam mechanism is required for an automated 
screw machine. The part (i.e., follower) is to move 
to theright 5.0 cm on 1.0 sec, then remain stationary 
for 1.25 sec, then move an additional 3.0 cm to the 
right on 0.75 sec, followed be another dwell of 1.25 
sec, and finally return to the original position in 0.75 
sec. Determine the required rotational speed of the 
disc cam and plot a suitable displacement diagram. 

P7.2, A disc cam mechanism is required for a machine. 
A part (i.e., cam follower) is to move upward 5.0 cm in 
0.2 sec, then remain stationary for 0.1 sec, then move 
downward 3.0 cm in 0.3 sec, followed be another dwell 
of 0.2 sec, and finally return to the original position in 
0.2 sec. Determine the required rotational speed of 
the disc cam and plota suitable displacement diagram. 

P7.3 A disc cam mechanism is required for a machine. 
A part (i.e., cam follower) is to move to the upward 
3.0 cm in 0.5 sec, then remain stationary for 0.6 sec, 
and finally return to the original position in 0.9 sec. 
Determine the required rotational speed of the disc 
cam and plot a suitable displacement diagram. 


Generation of Cam Profile, 
Graphical 


P7.4 A disc cam's translating roller follower with zero off- 
set is to rise 3.0 cm with simple harmonic motion 
in 160? of cam rotation and return with simple har- 
monic motion in the remaining 200°. If the roller 
radius is 0.50 cm, and the prime circle radius is 3 cm, 
construct the displacement diagram, pitch curve, 
and cam profile for counterclockwise cam rotation. 

P7.5 The follower shown in Figure P7.5 is to be pivoted 

@ | 35° clockwise with harmonic motion during a 120? 
= counterclockwise turn of the cam, then allowed 
to dwell during a 30? counterclockwise turn, then 
return to the starting point shown, with uniformly 


Figure P7.5 


accelerated and decelerated motion. Sketch the 
cam profile surface during the rise motion ofthe fol- 
lower, by considering six equally spaced rotations of 
the cam during the rise. 


P7.6 A disc cam with a translating flat-face follower is to 


p7.7 


P7.8 


have the same motion as in Problem 7.4. The prime 
circle is to have a radius of 3.0 cm, and the cam is 
to rotate clockwise. Construct the displacement 
diagram and the cam profile, offsetting the follower 
stem by 1.0 cm in the direction that reduces the 
bending stress in the follower during the rise. 
Construct the displacement diagram and the cam 
profile for the disc cam with a pivoting flat-face fol- 
lower that rises through 10? with cycloidal motion in 
150° of counterclockwise cam rotation, then dwells 
for 30°, returns with cycloidal motion in 120°, and 
dwells for 60°. Graphically determine the necessary 
length of the follower face, allowing 5.0 mm clear- 
ance at each end. The prime circle is to have a radius 
of 40 mm. The follower pivot arm is 120 mm to the 
right. The cam rotation is counterclockwise. 

The motion of the mechanism shown in Figure P7.8 
(on the next page) is to be generated by means of a 
disc cam, rotating counterclockwise about point O6. 
Starting from the configuration shown, link 4 is to 
move from position A to position B during 120° of 
cam rotation. Each number on the path of link 4 rep- 
resents 30° of cam rotation. After link 4 reaches B, 
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Figure P7.8 


it is to remain stationary for 60° of cam rotation, 
and then return as quickly as possible to position A, 
where it stays during the remainder of the cycle. 

(a) Construct the cam profile. 


(b) Determine the pressure angles of the cam follower 


P7.9 A disc cam mechanism is to be used for a vibration 
platform. The follower motion is to have rise of 
2.0 cm with constant acceleration in 0.5 sec, dwell 
for 0.3 sec, and fall with constant acceleration in 0.7 
sec. There is a translating roller follower with zero 
offset. 
(a) Determine the rotational speed of the disc cam. 
(b) Plot the displacement diagram. 
(c) Graphically construct the cam profile. 


(d) Determine analytically the maximum follower veloc- 
ity and acceleration. 


d, =3.0cm; d, =1.0cm 


P7.10 A disc cam mechanism is to provide the motion 
given in Table P7.10. There is a translating roller 
follower with zero offset. 


(a) Plot the displacement diagram. 
(b) Graphically construct the cam profile. 


d, =4.0cm; d, =1.0 cm 


P7.11 A disc cam mechanism is to provide the motion 
given in Table P7.11. There is a translating flat-face 
follower. 


(a) Plot the displacement diagram. 
(b) Graphically construct the cam profile. 


corresponding to cam rotations of 30°, 60°, and 90°. d, dL 
TABLE P7.10 FOLLOWER MOTION 
Parameter —^ Initial Angle for Final Angle for Typeof Rise (+) or 
Interval (degrees) Interval (degrees) Motion Return (-) (cm) 
Interval | 
1 0 100 Harmonic 1.2 
100 240 Dwell 0 
3 240 360 Parabolic -1.2 
TABLE P7.11 FOLLOWER MOTION 
Parameter> Initial Angle for Final Angle for Type of Rise (+) or Return 
iewi Interval (degrees) Interval (degrees) Motion (—) (cm) 
1 0 120 Cycloidal 1.2 
2 120 200 Dwell 0 
3 200 360 Uniform —12 
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TABLE P7.12 FOLLOWER MOTION 


Parameter > Initial Angle for Final Angle for Type of Rise (+) or 
Interval (degrees) Interval (degrees) Motion Return (—) (cm) 
Interval | 
1 0 80 Harmonic 1.5 
80 200 Dwell 0 
3 200 360 Parabolic -15 


TABLE P7.13 FOLLOWER MOTION 


Parameter > Initial Angle for 


Interval (degrees) 
Interval | 


Final Angle for 
Interval (degrees) 


Type of 
Motion 


Rise (+) or 
Return (—) (cm) 


100 Harmonic 1.4 
100 220 Dwell 0 
3 220 360 Uniform -1.4 
TABLE P7.14 FOLLOWER MOTION 
Interval Initial angle for Final angle for Type of Motion Rise (+) or 
interval (degrees) interval (degrees) Return (—) (cm) 
1 0 130 Harmonic 3.6 
130 280 Dwell 0 
3 280 360 Harmonic - 3.6 
TABLE P7.15 FOLLOWER MOTION 
Parameter > Initial Angle for Final Angle for Type of Motion Rise (+) or 
Interval (degrees) Interval (degrees) Return (—) (cm) 
Interval | 
1 0 90 Harmonic 1.3 
90 200 Dwell 0 
3 200 360 Uniform -1.3 


P7.12 A disc cam mechanism is to provide the motion 
given in Table P7.12. There is a translating roller 
follower with offset. 


(a) Plot the displacement diagram. 
(b) Graphically construct the cam profile. 


d, =4.0cm; d, =1.0 cm; S-0.5cm 


Generation of Cam Profile, 
Cam Design 


P7.13 A disc cam mechanism is to provide the motion 
given in Table P7.13. There is a translating roller 
follower. The nominal dimensions are provided. 
Employ the program Cam Design and reduce the 
peak value of pressure angle to 30° by: 
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(a) increasing the base circle diameter 
(b) increasing the roller diameter 


(c) adjusting the offset 


d,=2.0cm; d,=1.0cm; S=0 


r 


P7.14 A disc cam mechanism is to provide the motion 


given in Table P7.14. There is a translating flat-face 
follower. The nominal base circle diameter is pro- 
vided. For these parameters there is undercut- 
ting of the cam profile. Employ the program Cam 
Design and eliminate the undercutting by increas- 
ing the base circle diameter. 


d, = 4.0 cm 


P7.15 A disc cam mechanism is to provide the motion 


given in Table P7.15. There is a translating 


P7.16 


knife-edge follower. The nominal dimensions 
are provided. Employ the program Cam Design 
and reduce the peak value of pressure angle to 
30° by 

(a) increasing the base circle diameter 


(b) adjusting the offset 
d, =3.0cm; S=0 


Design a constant-breadth cam that will fit 
between the two parallel surfaces that are sepa- 
rated by 4.0 cm. The displacement of the fol- 
lower is to have an amplitude of 1.5 cm and the 
follower is to oscillate at 1200 cycles per min- 
ute. At one end of the travel, the follower is to 
remain stationary for 0.0050 sec. Employ the 
program Cam Design. 


GRAPHICAL FORCE 
ANALYSIS OF PLANAR 
MECHANISMS 


INTRODUCTION 


The operation of amechanism normally results in the transmission of forces between its links. Each 
link is also subjected to internal loads. It is essential in the design ofa mechanism to be aware of the 
magnitudes and directions of the forces that will be encountered during operation. Knowing the 
level of the forces can guide the design engineer to appropriately size the cross sections of the links 
and bearings to withstand the loads. A link that is not designed to be strong enough could break 
and lead to a failure of the entire system. On the other hand, a link that is obviously overdesigned 
would result in wastage of material and higher cost. 

This chapter presents a method of completing force analyses of mechanisms under static or 
dynamic conditions. It is possible to determine the driving force or torque required either to hold 
the mechanism in a stationary configuration or to generate a specified motion. In addition, internal 
loads in links, and forces across kinematic pairs may be determined. 

To make a dynamic analysis, the mechanism will be considered to be in a state of dynamic 
equilibrium. Thus, similar procedures may be employed for static and dynamic analyses. 

If a mechanism is in static or dynamic equilibrium, every link within the mechanism must also 
be in equilibrium. Sections 8.2 and 8.3 describe two basic cases for which links ofa mechanism are 
in equilibrium. These basic cases are subsequently used in graphical force analyses of mechanical 
systems. 


8.2 TWO-FORCE MEMBER 


A link acted on by only two forces is known as a two-force member. In order for a link to qualify as 
atwo-force member, no moments can be applied. For instance, Figure 8.1 (a) illustrates a four-bar 
mechanism in which moments Mo, and Mo, are applied from the base linkto links 2 and 4, respec- 
tively. Therefore, thesetwo links do not qualify as two-force members. However, neglecting gravity, 
inertia, and friction in the turning pairs at A and B, link 3 can only be subjected to forces applied 
through the turning pairs. A free body diagram of the link is shown in Figure 8.1(b). It is sub- 
jected to forces F} and F, In this figure, the directions and magnitudes of these forces have been 
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Figure 8.1 Two-force member analysis. 


arbitrarily depicted. However, in order for link 3 to remain in equilibrium, the sum ofthe applied 
forces and sum of the applied moments must be zero (see Section 2.14). The sum of the applied 
forces is 


F+5,=0 
diis (8.2-1) 


or 


(8.2-2) 


that is, the two applied forces are equal in magnitude and opposite in direction. Figure 8.1(c) illus- 
trates sucha condition. However, as shown, the two forces in Figure 8.1(c) provide a couple of mag- 
nitude F;d, where d is the perpendicular distance between the lines of action. For the net moment 
to be zero, the distance d must be zero; thus, the two forces must be collinear. Figure 8.1(d) shows 
the case where the two forces are applied such that the net force and the moment acting on the 
link are zero. 

In summary, for a member to be in equilibrium when acted on by two forces, the two forces 
must be equal in magnitude, collinear, and opposite in direction. 


8.3 THREE-FORCE MEMBER 


A link acted on by only three forces is known as a three-force member. No moments can be applied. 
Consider the mechanism shown in Figure 8.2(a). Links 2 and 4 do not qualify as three-force mem- 
bers, because moments are applied to them. However, neglecting gravity, inertia, and friction in 
the kinematic pairs, link 3 is subjected to only three forces. A free-body diagram of the link is 
shown in Figure 8.2(b). One of the forces, F}, is assumed known and is applied through point C. 
The direction and magnitude of F, and F, have been arbitrarily chosen. For this body to remain in 
equilibrium, the sum of applied forces and the sum of applied moments must be zero. Summing 
the applied forces to zero gives 


(8.3-1) 


or 


(8.3-2) 
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(c) (d) 


Figure 8.2 Three-force member analysis. 


Figure 8.2(c) illustrates a case that satisfies Equation (8.3-2). However, as shown, the three 
forces provide a force couple of magnitude F3d, and thus link 3 is not in equilibrium. In order for the 
force couple to vanish, distance d must equal zero, whichis accomplished by having the three forces 
concurrent at some point. Figure 8.2(d) shows the three lines of action concurrent at point K. As 
shown in this example, the point of concurrency need not lie within the physical bounds of the link. 

In summary, for a member acted on by three forces to be in equilibrium, the forces must add 
vectorially to zero and must have their lines of action concurrent at some point. 


8.4 FORCE TRANSMISSION IN FRICTIONLESS KINEMATIC PAIRS 


Forces and moments in a mechanism are transmitted through kinematic pairs of adjoining links. In 
this chapter, we restrict ourselves to frictionless kinematic pairs. In such instances, forces are trans- 
mitted perpendicular to the surfaces of members in contact. If friction and gravity are neglected for 
a sliding pair, the force transmitted between the members is perpendicular to the direction of the 
slide. Figure 8.3(a) illustrates a slider crank mechanism with a force, P, applied to the slider and a 
moment, M, applied to the crank. A free body diagram ofthe slider is shown in Figure 8.3(b). The 
line of action ofthe force from link 3 on link 4, designated as E,,, is known since link 3 is a two-force 
member. Force F,, is drawn perpendicular to the surfaces in contact, and thus is also perpendicular 
to the direction of the slide. 
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(a) (b) 


Figure 8.3 Free-body diagram of a frictionless sliding pair: (a) Mechanism Figure 8.4 Free body diagram of a frictionless 


(b) Free-body diagram 


rolling pair 


A frictionless rolling pair is shown in Figure 8.4(a). Here, the transmitted force is perpendicular 
to the surfaces of the links at the point of contact. A free body diagram of the roller is shown in 
Figure 8.4(b). Neglecting rolling friction, the roller is a two-force member. 

For a turning pair, the direction of the force transmitted is dependent on the relative position 
of the other kinematic pairs in the kinematic chain, and cannot be determined by examining the 
turning pair alone. Considering the mechanism shown in Figure 8.4, there is a turning pair between 
links 2 and 3. The direction of the force transmitted between these two links depends on the direc- 
tion of the force between links 2 and 4. As shown, the two forces acting on link 2 must be collinear 
for the link to remain in static equilibrium. 


8.5 FORCE POLYGONS 


For each three-force member within a mechanism, a force polygon may be constructed as an aid 
in determining either directions or magnitudes of forces. As an example, consider the three-force 
member shown in Figure 8.5(a). Let points A, B, and C represent kinematic pairs with adjacent 
links of the mechanism, or locations of externally applied loads to the mechanism. Let us say at B 
both the direction and magnitude of the applied force are known. Also, the line of action of the 
force at Cis given. It is now required to determine the force magnitudes and directions at A and C. 
We begin by extending the known lines of action of forces through B and C. These lines intersect 
at point K as shown in Figure 8.5(b). Since this is a three-force member, the line of action of the 
force at A must pass through the same intersection point. Now that we have all three lines of action, 
we can construct the force polygon by first drawing in the known force through point B using an 
appropriate scale. At the head and tail of this vector, we proceed to draw the other two lines of action. 
The intersection point of these lines of action dictates the shape of the force polygon. The polygon is 
completed, as shown in Figure 8.5(c), by labeling the vectors, all head to tail to ensure that 
Lu s (8.5-1) 
Note that for a force polygon, unlike velocity and acceleration polygons, there is no pole point. 
A special case occurs when two of the forces acting on a three-force member are parallel, as 
shown in Figure 8.6, where their intersection occurs at infinity. It follows that the third force act- 
ing on the member must be parallel to the other two. In this instance, it is not possible to draw a 
force polygon to determine the unknown quantities. Instead, it is necessary to apply Equations 
(2.14-2) and (2.14-3) directly. 


8.6 STATIC FORCE ANALYSIS USING FORCE POLYGON 
METHOD 


Utilizing force polygons as presented in Section 8.5, it is possible to determine the static forces 
transmitted throughout an entire mechanism. The force polygon method is suitable for only one 
configuration. 
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! Line of action 
j known 


Direction and 
magnitude 
known 


(a) l3 


Parallel to 
F, and Fy 


l 
(c) f 
Figure 8.5 Construction of a force polygon associated with a Intersection 
three-force member: (a) Given information, (b) Construction of @ co 
force polygon, (c) Final result. Figure 8.6 


The method consists of the following general steps: 


1. Draw a diagram of the mechanism to scale, in the configuration for which an analysis is 
required. 

2. Break the mechanism into a suitable number of subsystems (either individual links or 
groups of links) and, if required for clarification, draw a free body diagram for each. 

3. Complete the force polygons for those subsystems which can be analyzed immediately 
(such as those subjected to known external forces). 

4. Use results from step 3 to construct the remaining force polygons by examining the forces 
transmitted between subsystems. 


EXAMPLE 8.1 STATIC FORCE ANALYSIS OF A THREE-FORCE MEMBER 


Figure 8.7 illustrates a mechanism that incorporates a three-force member and is in static equi- 
librium. The tensile load in the rope attached to point A is 100 Newtons. Determine the forces 
applied to link 3 at B and O3. Neglect the effect of gravity. 


(Continued) 
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EXAMPLE 8.1 Continued 


Line of action f 


identified 

A 
7 

1 ^A 
A 
A 
J 
7 (b) 

E - 

F, (100 N) 
EE of action ie 
determined 7«. Direction and 
(a) magnitude known 
LL a ya 
F, (130 N) 
Z F, (100 N) 
F (154 N) 
Figure 8.7 Force applied to a three-force (c) ES 
member [Video 8.7]. Figure 8.8 (a) Analysis of a three-force member, (b) Force polygon, (c) Free-body diagram. 
SOLUTION 


Both the magnitude and direction of the force applied at A are given. Since link 2 is a two-force 
member, the line of action of the force through B is readily identified. The lines of actions of 
the forces through A and B intersect at K as shown in Figure 8.8(a). Since link 3 is a three-force 
member, the line of action of the force through O, must also pass through K to maintain static 
equilibrium of the link. 

Using a selected scale, the known force vector at A of magnitude 100 Newtons is drawn as 
illustrated in Figure 8.8(b). Then, the lines of action of the forces through B and O; are placed 
at the head and tail of the vector. The force vectors are drawn head-to-tail so that their vector 
sum is zero. Using the selected scale, the magnitudes of the forces at B and O3 are measured 
to be 


|F,|=130N; |E|-154N 


The free-body diagram of link 3 is illustrated in Figure 8.8(c). 
Video 8.7 [Video 8.7] provides an animated sequence of the construction of the force polygon pre- 
Fores Pelhon sented in this example. 
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EXAMPLE 8.2 STATIC FORCE ANALYSIS OF A SLIDER CRANK 


MECHANISM 


Consider a slider crank mechanism shown in Figure 8.9 having zero offset and with 


6-1205; n =1.2in; n = 4.8 in 


A250-lb force is applied to the slider as shown. Determine the moment required from the base 
link onto link 2 to keep the mechanism in static equilibrium. 


SOLUTION 
Free-body diagrams of links 3 and 4 are shown in Figure 8.9. We note that link 3 is a two-force 
member, and link 4 is a three-force member. Therefore, for link 4 


P+F,+F,=0 (8.6-1) 
Assuming frictionless kinematic pairs, EA is perpendicular to the direction of the slide. Also, 
the force from link 3 is along the direction defined by points B and D. For link 4, we construct 
the force polygon, shown in Figure 8.9. 


We now consider the analysis of link 3, and note that at point D, based on Newton’s third 
law of mechanics (Appendix C), 


Ep = -F4 (8.6-2) 
Since link 3 is a two-force member 
Bs = -Fp (8.6-3) 
Now consider the force transmitted from link 3 onto link 2. We note that 


Ej; --E; (8.6-4) 


Free body diagram, 
link 4 F 
Fia " 
P (250 Ib) 

F4 (256 Ib) Fa (55 Ib) 
= Free body diagram, Force polygon, 
53 link 3 link 4 

B 
EI 
Fas 
s Fy (256 Ib) 
Free body diagram, 32 


link 2 


F> (256 Ib) 


O, 
Figure 8.9 Static force analysis of a slider crank mechanism. 
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EXAMPLE 8.2 Continued 


To keep link 2 in static equilibrium, the sum of the forces and sum of the moments acting on 
this link must be zero. The sum of the forces being zero is accomplished by setting 


Fy, =—Fy (8.6-5) 
However, Bo and ES are not collinear. Therefore, link 2 is not a two-force member. Thus, 


in addition to the forces, an external moment must be applied to the link to counteract the 
couple produced by the forces. The magnitude of the moment is 


M, = [Ed (8.6-6) 
where d is the perpendicular distance between the two lines of action. This moment must be 


applied in the clockwise direction to counteract the counterclockwise moment created by the 
force couple. Therefore 


Mn - [E,,|d = 256 Ib x 0.89 in = 227 in-Ib CW 


EXAMPLE 8.3 STATIC FORCE ANALYSIS OF A LEVER MECHANISM 


For the mechanism shown in Figure 8.10(a), determine the magnitude and sense of the torque 
to be applied to link 2 by the base link to keep the mechanism in static equilibrium while being 
subjected to a force of magnitude 50 N. 


To,B = 3.0 cm 


SOLUTION 

By inspection of Figure 8.10(a), links 4 and 6 are two-force members, and links 3 and 5 are 
three-force members. Link 2 is not a two-force member because a torque is to applied to this 
link. The lines of action of the forces are shown in Figure 8.10(b). For link 5, the line of action 
of force F and the line of action of the force from link 6 intersect at K,. Then the line of action 
of the third force on link 5, through the turning pair at C, is drawn through this intersection 
point. For link 3, the line of action of the force through C intersects the line of action of the 
force acting on link 3 from link 4 at K}. The line of action of the third force acting on link 3, 
through the turning pair at B, is drawn through this intersection point. 

Force polygons of links 5 and 3 are also shown in Figure 8.10(b). Since 


Fy =—B, 
then we construct a free body diagram of link 2 as shown in Figure 8.10(b). The moment that 
must be supplied to link 2 is 
Video ST My, = |F32|d = 26 N x 2.8 cm = 73N-cm CW 
Scissor Jack 


(Continued) 
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EXAMPLE 8.3 Continued 


F (50 N) 


Force polygon, 
link 5 


4 
= ^ 
tae CM “Free body diagram, 
link 2 


(a) (b) 


Figure 8.10 Static force analysis of a lever mechanism. 


EXAMPLE 8.4 STATIC FORCE ANALYSIS OF A SCISSOR JACK 


Figure 8.11(a) illustrates a scissor jack mechanism that is used for applications requiring the 
lift of heavy loads. Typically, a scissor jack is used to lift a vehicle axle during a tire change or 
used for vertical lift platforms. This mechanism is able to convert rotational input motion at the 
input crank into vertical linear output motion at the top bracket. The design permits rotational 
input motion requiring relatively low applied torque to generate a high-force vertical transla- 
tional output. Hence, a human arm can provide the low-torque to turn the crank, resulting in 
forces strong enough to lift a vehicle. Figures 8.11(b) and 8.11(c) show the side view of the 
scissor jack in collapsed and extended positions, respectively. Figure 8.11(d) shows a sche- 
matic of a similar system. Gear sectors on links 4 and 6, and on links 2 and 8 are in mesh. They 
ensure link 5 remains parallel to itself as the mechanism moves. However, if the scissor jack is 
ona horizontal surface, and vertically applied load, Pis through centerline of the scissor jack, 
then the interactive forces between the gear teeth are negligible. 

Starting from the configuration with & = Q = 25°, determine the axial forces in links 4 
and 9 as a function of the number of turns of the input crank, up to 100 turns. 


fo a = AB = "cp = foD = L = 18.0 cm 


pitch =0.3cm; |P|- 4000 N 
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EXAMPLE 8.4 Continued 


SOOM ON 

If we neglect the interactive forces between the gear sectors that are in mesh, then links 2, 4, 
6, 8, and 9 are two-force members. Links 3, 5, and 7 are three-force members. By inspection, 
because of the symmetry of the system, we have 


Is | || - |E| - || 


For each rotation of the input crank, the distance between the turning pairs at A and D 
is reduced by the pitch. Therefore, the horizontal distance, h, as a function of the number of 
turns, n, is 


te ee pitch 


n, where hy = LcosQ) = 16.3 cm 


„~ Top bracket 


Input 
oe crank 


Lower arm 


Base (Link 1) 


(Link 5) 


(Link 4) 
(Link 9) 
(Link 3) 


(Link 6) 


(Link 7) 


(Link 8) 
(Link 1) 


Circular arc 
of gear sector 


GMM ELEY A 
1 


Figure 8.11 Scissor jack [Video 8.11]: (a) Isometric view, (b) Collapsed position, (c) Extended 
position, (d) Schematic. 
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EXAMPLE 8.4 Continued 


From Figure 8.11(d) we have 


*() EE hg — pitch "| 
a=cos | —|=cos | ———— 
L 2L 


For an arbitrary configuration, the force polygons for links 5 and 3 are illustrated in 
Figure 8.12, from which we obtain 


NY do ee F 
lAs|=>——- j Fy |= 2|F,3|cosa = 2 |E;s |coso: 
2sino 


By inspection we have 


compessive load in link 4 = IE. | ; tensile load in link 9 = Es | 


Substituting given values in the above equations for the starting configuration, we obtain 


[Es] iras 4730 N; [Fos] a=25°= 8580 N 


Figure 8.13 illustrates plots of the angle a and magnitudes of the compressive load in link 4 
and tensile load in link 9 as a function of the number of turns. Because of the symmetry of the 
system, as a approaches 90° the compressive load in link 4 approaches one-half the magnitude 
of P, while the tensile load in link 9 vanishes. 


Figure 8.12 Force polygons for links 5 and 3. 
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Figure 8.13 Analysis of a scissor jack. 


EXAMPLE 8.5 STATIC FORCE ANALYSIS OF A FRONT-END LOADER 


Consider the front-end loader mechanism shown in Figure 8.14. The mobility of this mecha- 
nism is equal to two. The two inputs are provided by the linear actuators, links 5 and 7. For 
static analysis, it is permissible to designate the linear actuators as two-force members. 

For the position shown, a load of 5000 Ib is applied to the bucket, link 6. Determine 


(a) the magnitude of the force in the actuators, links 5 and 7 
(b) the magnitude of bending moment at B 


Tag = 32 in 


SOLUTION 
(a) Link 2 is a two-force member. Links 4 and 6 are three-force members. 

We begin the analysis by considering link 6. Both the magnitude and direction of the 
load are known. Since link 7 is a two-force member, the line of action of the force at point 
Fis known. The lines of action of these two forces intersect at point Kj. The line of action 
of the force through D must also pass through Kj. Using the three lines of action, we com- 
plete the first force polygon associated with link 6. 

Because of the equal and opposite directions of interactive forces, we can easily deter- 
mine the forces acting on link 3 at points C and D. In addition, there are two other forces 
acting on link 3 through the turning pairs located at A and B. Link 3 can be referred to as 
a four-force member because it is connected to other links through four turning pairs. We 
are not able to solve for the forces applied to this link using the cases presented in Sections 
8.2 and 8.3. Instead, it is necessary to consider a subsystem consisting of a combination 
of links 3, 6, and 7. This is permissible because under static conditions there is no relative 
motion between links. 

The subsystem is subjected to three external forces. Therefore the properties ofa three-force 
member may be applied. The line of action of the external load and that of the two-force mem- 
ber of link 2 intersect at point Ky. The line of action of the force through the turning pair at B 


(Continued) 
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EXAMPLE 8.5 Continued 


must also pass through the same intersection point. Having determined the three lines 
of action, we construct a force polygon corresponding to the subsystem. Included in this 
polygon is force F,,. 

We now consider the other three-force member, link 4. We employ the result from 
the previous force polygon and realize that 


Fy, = -Eg (8.6-7) 


The line of action of the force through B has already been determined. This line of action 
intersects that coming from link 5 at K3 The third line of action through point O, is 
determined because it must also go through K3. From the three lines of action, we deter- 
mine the force polygon corresponding to link 4. 

The magnitudes of the forces in links 5 and 7 are 


|F.4|=20,400 Ib and |F,.|=10,500 Ib 


respectively. 
(b) From the force polygon analysis, we determine the force F,, which acts through the turn- 
ing pair at A. To determine the bending moment at B, we take the component of this force 
that is perpendicular to the direction of link 3. The result is 


(E53). = 10,400 Ib 


Fz (10,500 Ib) 
M W 
F D = 
36 Ww 
Force polygon, (5000 Ib) 
link 6 


Force polygon, 
link 4 


(10,400 Ib) | N-27 
Force polygon, 
links 3, 6, 7 


Figure 8.14 Static force analysis of a front-end loader mechanism. 
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EXAMPLE 8.5 Continued 


uq By inspection, there is no bending moment in link 3 at A. The magnitude of the bending 
tad) m TERES moment at B is then 
Bion Mg rag X (Fo3), 732 in x 10,400 1b 23.33 x 10? in-1b 


Figure 8.15 shows two positions of the front-end loader mechanism. The speeds of the 
animation shown through [Video 8.15 | are so slow that for all positions the mechanism 
is essentially in static equilibrium, that is, for all configurations, lines of action of forces 
for each three-force member intersect at a common point. 


Figure 8.15 Front-end loader mechanism [Video 8.15] 


8.7 PRINCIPLE OF SUPERPOSITION 


When a mechanism is subjected to more than one force simultaneously, it is not possible to imme- 
diately determine their combined effect in one graphical force analysis. Instead, we may perform 
multiple analyses where each has only one of the forces being applied. The combined result may 
be found by superimposing individual results. This procedure is referred to as the Principle of 
Superposition. This principle is illustrated in Figure 8.16, and in the following examples. 


IL Wiis Wiis 
Effects of A + P Effects of F Effects of F 


Figure 8.16 Example of Principle of Superposition 
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EXAMPLE 8.6 STATIC FORCE ANALYSIS OF A PARKING BRAKE 


MECHANISM 


Figure 8.17 illustrates two views of a parking brake mechanism that is used to either engage 
or disengage the brakes of an automobile. This mechanism uses the principle of mechanical 
advantage to magnify a low-force input motion, into a high-force output motion. Normally, 
a parking brake is a fail-safe system that is required to operate in the absence of automobile 
power. Therefore, human power alone must be sufficient to engage or disengage the brakes 
of an automobile. Since brakes require a high-force to engage them, the parking brake mecha- 
nism serves as a means to magnify the relatively low-power exerted by a human leg. When a 
person steps and pushes on the brake pedal, the pedal rotates about the pivot. The distance 
from the foot pedal to the pivot is much greater than the brake cable to the pivot, resulting in 
the increase of the magnitude of the force. As the foot pedal is depressed further, a pawl and 
ratchet engages in discrete steps, preventing retraction of the pedal, and hence maintaining 
the tension developed in the brake cable. When it is desired to release the brakes, the person 
depresses the foot pedal again, causing the pawl to disengage from the ratchet, and allowing 
Video 8.17 the mechanism to return to its initial position (due to the spring). 

Parking Dele For the position shown in Figure 8.17 (b), determine the magnitude of the force required to 
yea be applied to the pedal and the resultant force at the pivot to overcome 


(a) the tension in the brake cable 
(b) the tensile force in the spring 
(c) the superimposed effects of the cable and the spring. 
= 60N; 


F aie =80N 


IB spring 


Pawl Base 


(Link 1) 


Spring 
L^ sud hidden) 


Ratchet 
teeth 


Pivot 


Foot Foot 
pedal pedal 


Figure8.17 Parking brake mechanism [Video 8.17] 


SOLUTION 

(a) Referring to Figure 8.18, we consider only the force in the brake cable for this part of the 
problem. The cable can be considered as a two-force member in tension. Link 2 is a three- 
force member. The force polygon associated with link 2 is constructed from which we 
measure 


E cable | = 28 N; | Foi] =82N 
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EXAMPLE 8.6 Continued 


a 91 N 
Fy 2, spring’ 


Fy, (171 N) 
Figure 8.18 Analysis of a parking brake mechanism. 


(b) For this part of the problem we consider only the force on the spring. The spring may be 
treated as a two-force member. From the associated force polygon of link 2 we measure 


=23 N; 


=91N 


|F pedal,spring Linee 


(c) The pedal force required to overcome the superimposed effects of the brake cable and the 
spring is the sum ofthe magnitudes of the forces found in parts (a) and (b). That is, 


=28N+23N=SIN 


|E pedal = [E eati ap (rer 
The superimposed force between links 1 and 2, as illustrated in Figure 8.18, has a magnitude 


En je | Fis cable ar Hr | eJ NI 


EXAMPLE 8.7 STATIC FORCE ANALYSIS OF A FOUR-BAR MECHANISM 


Consider the four-bar mechanism shown in Figure 8.19(a). The mechanism is subjected to 
two forces, one on link 3, and the other on link 4. Determine the torque required to be sup- 
plied from the base link onto link 2 in order to keep the mechanism in equilibrium. Neglect 
the effect of gravity. 


ffo. ig = 10 in 


(Continued) 
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EXAMPLE 8.7 Continued 


Q (100 Ib) 


P (120 Ib) (has), Force polygon, 


link 3 Free body a 
diagram, link Ua 
(ERI 
Two-force 
member 
B Three-force 
member 
Free body 
diagram, link 4 


Free body diagram, 

link 3 (Fa) P 
(b) 

Figure 8.19 (a) Mechanism, (b) Load applied to link 3. 


SOLUTION 

We begin by considering only load P on link 3 and neglecting load Q on link 4, as shown in 

Figure 8.19(b). In this instance, link 3 may be considered as a three-force member, whereas 

link 4 is a two-force member. Through the analysis shown, the force (F,, )p is determined. 
Next, we remove load P from link 3 and apply load Q to link 4, as shown in Figure 8.19(c). 

In this instance, link 3 may be considered as a two-force member, and link 4 is nowa three-force 

member. Through the analysis shown, the force (F, Je is determined. 


The total load between links is found by superimposing the above results, that is, 


E, -(E,)p SCELUS. (8.7-1) 
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Free body 
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(d) 

Figure 8.19 (c) Load applied to link 3, (d) Superimposed results. 
The result is shown in Figure 8.19(d), from which 

[F,. |= 63 Ib 
To maintain static equilibrium of link 2, we require 

Fo --E, (8.7-1) 
In addition, a moment is supplied from the base link onto link 2. Its magnitude and direction 


are 
Mp - [E |x d = 63 lb x 9.6 in = 605 in-lb CW 


where d = 9.6 in is the perpendicular distance between the lines of action of the forces acting 
on link 2. This moment must be supplied in the clockwise direction to counteract the counter 
clockwise moment created by the force couple. 
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8.8 GRAPHICAL DYNAMIC FORCE ANALYSIS OF A MECHANISM 
LINK INERTIA CIRCLE 


We now consider the analysis of a mechanism link under dynamic conditions. Through the use 
of inertia forces and inertia moments introduced in Chapter 2, dynamic problems can be treated 
in the same manner as static problems. Therefore, concepts introduced for static analyses are 
employed for dynamic problems. 

Consider the mechanism link shown in Figure 8.20(a). The center of mass is indicated as point 
G. The mass of the link is m, and the polar mass moment of inertia about its mass center is Ig. In 
addition, for the given position, suppose we know the linear and angular accelerations of the link. 
For the time being, we isolate the link from the rest of the mechanism. 

On the link shown in Figure 8.20(a) are drawn the vector of linear acceleration of the cen- 
ter of mass, dg, and the angular acceleration, 6. We may generate the linear acceleration of the 
mass center by applying an external force that is parallel to @. The force (see Section 2.12.1) 
required is 


F=ma 
E (8.8-1) 


Equation (8.8-1) is independent of the location of application of F . Therefore, regardless of 
where the force is applied, we always obtain the same linear acceleration of G. However, different 
angular accelerations of the link will be generated by varying the location of F | If F is applied 
at the center of mass (Figure 8.20(b)), then it will not provide a moment about G, and based on 
Equation (2.12-4), the link will have zero angular acceleration. However, by applying the force 
at a position other than the mass center, the force will cause a moment about G. Using Equation 
(2.12-4), the applied moment will cause the link to undergo an angular acceleration. By applying 
the force as shown in Figure 8.20(c), F also causes a moment, Mg, about the mass center in the 


Inertia 
circle 


Figure 8.20 Dynamic force analysis of a mechanism link 


374 


CHAPTER 8 GRAPHICAL FORCE ANALYSIS OF PLANAR MECHANISMS 


counterclockwise direction and as a result causes the link to have on angular acceleration in the 
same direction. We recognize that 


[Mcl=|Fle (8.8-2) 


where p is the perpendicular distance of the line of action of the force from G. Combining 
Equations (2.12-4), (8.8-1), and (8.8-2), we obtain 


IM] - [F|p — m lcl = 166] (8.8-3) 
Combining Equations (2.14-15), (2.14-18), and (8.8-3),we get 


IMc| _ Ic 6 |M] (8.8-4) 


F| mias] |Fav | 


Substituting given motions in Equation (8.8-4), we may calculate p, which indicates how far distant 
F must be placed from G in order to produce both the given linear and angular accelerations. As 
a guide, we draw an inertia circle of radius p, centered at G, as shown in Figure 8.20(c). Placing F 
tangent to the inertia circle ensures that the perpendicular distance is p. 

It must be recognized, however, that acceleration ofthe link is not caused by F. Rather, for the 
currentillustration,forcesareactuallyapplied throughturning pairs ofadjacentlinks. Figure 8.20(d) 
illustrates forces F, and F, at the two turning pairs of the link, for which it is required that 


F-R-«E, (8.8-5) 


Therefore, instead of F, we employ an inertia force that has the same line of action as F but 
acting in the opposite direction, as shown in Figure 8.20(d). This inertia force when combined with 
forces F, and F, must sum to zero, that is, 


F+Fy =0 (8.8-6) 


Also, the inertia force produces an inertia moment in a direction opposite to that produced by the 
actual forces, such that 


My =—Mg (8.8-7) 
or 


Mg; t My =0 (8.8-8) 


The form of Equations (8.8-6) and (8.8-8) is similar to that ofa static problem when we consider 
one of the forces as an inertia force, and one of the moments as an inertia moment. This link may 
be considered as a three-force member in which one of the forces is the inertia force. 

The Principle of Superposition, presented in Section 8.7, may be used for dynamic analyses, 
where inertia forces would be considered one at a time, and the results could then be superimposed 
to find their combined effect. 
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8.9 DYNAMIC FORCE ANALYSIS USING FORCE 
POLYGON METHOD 


To perform a dynamic force analysis of a mechanism, the following general steps are required: 


1. Draw a diagram of the mechanism to scale, in the configuration for which the analysis is 
required. 

2. Using prescribed input motion(s), construct an acceleration polygon and determine the 
linear accelerations of link mass centers, the link angular accelerations, the inertia forces, 
and the inertia moments. 

3. Indicate on the diagram of the mechanism all externally applied and inertia forces (offset 
each inertia force from the mass center to provide the required inertia moment). 

4. Treat each inertia force and externally applied load individually, draw force polygons for 
each, and determine the effect of each throughout the mechanism. 

5. Ifthe combined effect of more than one force is to be determined, employ the Principle of 
Superposition. 


EXAMPLE 8.8 DYNAMIC FORCE ANALYSIS OF A SLIDER CRANK 


MECHANISM 


For the slider crank mechanism shown in Figure 8.21(a), the link lengths are 
fog 7 5 =3.Sin; fgp = =9.0in; rgg, = 4.5 in 


and the constant input rotational speed is 


6, = 500 rpm CCW = 524 rad/sec CCW 


An outline of the acceleration polygon is given in Figure 8.21(b). 
The coupler, link 3, has a uniform cross section and the following properties: 


m; =3.0 Ibm; Ir = 47.0 Ibm-in* 


For the position shown, determine the forces on link 3 at the turning pairs due to the inertia 
of link 3. 


SOLUTION 
Since the coupler has a uniform cross section, we locate the position of its center of mass 


midway between B and D on the acceleration polygon, as shown in Figure 8.21(b). The mag- 
nitude of the acceleration of the center of mass is 


la G | = 6350 in / sec? 


and the tangential acceleration component between points B and D is 


Ur = 7330 in / sec? 
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376 CHAPTER 8 GRAPHICAL FORCE ANALYSIS OF PLANAR MECHANISMS 


EXAMPLE 8.8 Continued 


ô, = 52.4 rad/sec 
(const) 


6, = 814 rad/sec* CCW 


2 in 


K 
Free body diagram, 
5 link 4 


E Fy (49.4 Ib) 


Fy3 (42.3 Ib) 


Fig 


(c) (d) 
Figure 8.21 Dynamic force analysis of a slider crank mechanism: (a) Mechanism, (b) Acceleration polygon, (c) Mechanism with inertia 
circle, (d) Force polygon. 


The angular acceleration of link 3 is then 


The units of the quantities employed in this example correspond to the third set listed in 
Table 2.3. In the calculation of the inertia force, we substitute the corresponding value of the 
gravitational constant, g., in Equation (2.14-15) to calculate the magnitude ofthe inertia force: 


* 
ae, ie m |_ 
Ba unde] ps 


= Pilm x 6350 in / sec? = 49.4 Ib 


(sses ) 


Ib-sec? 


From Equation (2.14-18), the magnitude ofthe inertia moment is 


* 


A I 
IMi = Ig, iàs| z zx 


c 


6, | 


|. 47 0lbm-in? 


—— X 814 rad / sec? = 99.1 in- Ib 
Ibm-in 
386 5 
Ib-sec 
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EXAMPLE 8.8 Continued 


Using Equation (8.8-4), the radius of the inertia circle is 


 |Mm|, _ 99-1 in-lb _ 


lFv|, 49.4 Ib i 


P3 


The inertia force, Fy, is added to the drawing of the mechanism, offset by the radius of the 
inertia circle. The direction of F,y is opposite to that of ag, In this example, the link has an 
angular acceleration in the counterclockwise direction. Thus, the forces at the turning pairs are 
providing a moment in the counterclockwise direction. Therefore, we place the inertia force 
as shown in Figure 8.21(c) so that it applies an inertia moment in the clockwise direction, 
opposite to that of the actual moment. The sum of the moments is then zero. Since the mass 
of the slider is not considered in the analysis, the slider (link 4) is a two-force member. The 
direction of the force transmitted from the slider onto link 3 is perpendicular to the direction 
of the slide. The lines of action of the inertia force and that from the slider intersect at K. The 
third line of action, through the turning pair at B, must pass through the same intersection 
point. Using the inertia force and the other two lines of action, the force polygon is completed, 
as shown in Figure 8.21(d). The magnitudes of the forces located at B and D as a result of the 
inertia in link 3 are 


|F,s/=13.11b; |F3|=42.3 Ib 


The directions of these forces are indicated in the force polygon. 


EXAMPLE 8.9 DYNAMIC FORCE ANALYSIS OF A FOUR-BAR MECHANISM 


Figure 8.22(a) shows a four-bar mechanism. Link 2 rotates at a constant rotational speed of 
120 rad/sec in the counterclockwise direction. Also indicated in the figure are the results of the 
acceleration analysis. Pertinent properties of links 3 and 4 are listed in Table 8.1. 

Determine the magnitude and sense of the moment to be applied to link 2 from base link 1 
to overcome the inertias of links 3 and 4. 


n =9.0cm; n —20cm; n =13.0 cm; r4 = 7.0 cm 


SOLUTION 
We will solve this problem using the Principle of Superposition. For the first part of the solution, 
only the inertia of link 3 will be considered. In the second part, only the effects of the inertia of 
link 4 will be evaluated. Finally, the results will be superimposed. The units of the quantities 
employed in this example correspond to the second set listed in Table 2.2, for which g, = 1. 

For the first part of the problem, using the acceleration parameters given in Figure 8.22(a), 
the magnitude of the inertia force of link 3 is 

z 2 m3 |_ 

|En k =m; ls, | - T 


= ISOS x 236 m/sec? =118N 


(Continued) 
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EXAMPLE 8.9 Continued 


The magnitude of the inertia moment of link 3 is 


6-3 


[4 


|My] = Ig, CN 


2.52 X 10? kg-m^ A 
= ——____— x 25 rad/sec^ 21.83N-m 


The radius of the inertia circle of link 3 is 


 |Mw|, _ 1.83 N-m 
o [Exh 18N 


P3 = 0.0155 m = 1.55 cm 


Figure 8.22(b) shows the corresponding analysis in which only the inertia associated with link 
3 is considered. This link is treated as a three-force member. Link 4 is assumed to have no mass 
and is treated as a two-force member. From this analysis, we determine 


(Ej), = -(E5) 


2 3.3 cm 
04 = 725 rad/sec? 


6, — 120 rad/sec 
(const) 


ag 
= 135° 3 
(236 m/sec?) 


04 = 2080 rad/sec? 


(Fin), (118 N) Three-force 
member 


(Fag), 


Free body 
diagram, 
link 3 
Free body 
diagram, 

link 4 


(Fra), 


(b) 


Figure 8.22 Dynamic force analysis of a four-bar mechanism: (a) Input parameters and results of acceleration analysis, (b) Effects of inertia 
of link 3. 


(Continued) 
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EXAMPLE 8.9 Continued 


For the second part of the problem, only the inertia of link 4 is considered. In this instance, 
link 4 is treated as a three-force member, and link 3 is treated as a two-force member. Carrying 
out analyses similar to those completed for link 3 gives 


Fiv|, 7832N; |Myy|, =1.66N-m; p, = 2.00 cm 
Figure 8.22(c) shows the force analysis for this part of the problem. The analysis provides 


(Ej), = -(B3), 


(Fin), (83.2 N) os 


Three-force 
member 


Two-force 
member 


Free body diagram, 
link 3 


Free body diagram, 
link 4 


(c) 


d= 0.014 m 
(Fa (160 N) 


Figure 8.22 (c) Effects of inertia of link 4 analysis, (d) Superimposed result. 


TABLE 8.1 PARAMETERS OF THE FOUR-BAR MECHANISM SHOWN 


IN FIGURE 8.22 
Link 3 Link 4 
m* (kg) 0.5 0.8 
Ic (kg-m”) 2.52 x 103 8.00 x 10-4 


(Continued) 
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EXAMPLE 8.9 Continued 


The superimposed results are illustrated in Figure 8.22(d). They include 


|| (5); + (E;),| 2 160N; d=0.014m 


Fraction of m3 Fraction of m4 


1.00 [ 100 

N Motor torque —2.24 
> 
02 


Fraction of m3 Fraction of m4 


1.00e-007 1.00 


Motor torque —1.44 


Fraction of m3 Fraction of m4 


1.00 1.00e-007 
N Motor torque  —0.80 
> 
02 


|F23| = 160.67 


|F23| = 76.12 


FT 
FT 


0, = 135.00 


(b) 


|F23| = 97.86 


0, = 135.00 


(c) 


|F34| = 114.68 


FT 


FT 


|F14| = 164.42 


|F34| = 76.12 


FT 
|F14| = 112.75 


|F34| = 51.86 


FT 


FT 
|F14| = 51.86 


Figure 8.23 Dynamic analysis of a four-bar mechanism [Model 8.23]: (a) Links 3 and 4 have mass, (b) Only 


link 4 has mass, (c) Only link 3 has mass. 


(Continued) 
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EXAMPLE 8.9 Continued 


where d is the perpendicular distance between the lines of action of forces Ej, and Ej. The 
moment required from the base link on link 2 is then 


Video 8.23 
Model 8.23 
Dynamic Analysis 
of a Four-Bar 
Mechanism 


Mp = |F; |d = 160 N x 0.014 m = 224 N-m CW 


Results of this example show that the moment to be supplied from the base link onto link 
2 is in the clockwise direction, opposite to its direction of rotational speed. A dynamic force 
analysis of the same mechanism throughout a complete cycle of motion is provided through 
[Video 8.23]. During the cycle, the driving moment takes on positive and negative values. 
Positive values correspond to the counterclockwise direction. With this model it is possible to 
adjust values of the masses and, consequently, values of polar mass moments of inertia about 
the mass centers. Figure 8.23(a) shows the torque curve when both links 3 and 4 have mass. 
Figure 8.23(b) shows the case where the mass of link 3 has been set to zero, and only the mass 
of link 4 remains. In this instance, link 3 acts as a two-force member. Figure 8.23(c) shows the 
case where the mass of link 4 has been set to zero, and only the mass of link 3 remains. 


PROBLEMS 


Static Force Analysis 


P8.1 Assuming the mechanism shown in Figure P8.1 is 
@ in static equilibrium, determine forces Q and F,. 


10,3 = 4.0 cm 


Figure P8.2 


P8.3 For the quick-return mechanism in static equilib- 
@ rium shown in Figure P8.3, the cutting force F has 
a magnitude of 30 N. Neglecting inertia, determine 


Figure P8.1 


P8.2 For the vise grip mechanism shown in Figure P8.2, 
@ use force polygons to determine 
(a) the applied force P necessary to produce a force 
Q of magnitude 120 Ib 


(b) the force Q that can be produced by an applied 
force P of magnitude 15 N 


Figure P8.3 
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(a) the driving torque required on link 2 
(b) the bearing forces at O, and O; 


To,p, Z 40cm 


P8.4 Construct a complete set of force polygons for the 


| (G | mechanism in static equilibrium shown in Figure 
^. P84,andif Q = 150 lb, determine: 

(a) P 

(b Fy 


O, 
i A 
1 


Figure P8.4 


P8.5 FigureP8.5 showsascaled diagram ofa hand-operated 
@ | toggle clamp. In the position shown, draw the static 


force polygons. Determine the clamping force, F, 
when the hand force, P , of 25 lb is applied as shown. 


Figure P8.5 


P8.6 Determine the torque required from the base link on 
@ | link 2 for static equilibrium of the mechanism shown 
— in Figure P8.6. Force F has a magnitude of 20 Ib. 


foB, = 20i 


JL 
1 


Figure P8.6 
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P8.7 Determine the required cylinder pressure for static 

@ | equilibrium of the mechanism shown in Figure 

— P8.7. Torque M; has a magnitude of 100 N-m. The 
diameter of the piston is 1.0 cm. 


To,p = 6.0 cn 


Figure P8.7 


P8.8 Determine the required input torque Mj, for static 
GE | equilibrium of the mechanism shown in Figure 
— P8.8.Force F has a magnitude of 1000 N. 


fo,g = 3.0 cn 


A iili 


Figure P8.8 


P8.9 Determine the pressure required in the 2.0 cm 
(9 | diameter cylinder shown in Figure P8.9 to maintain 
^. static equilibrium. The image shown is to scale. 


Figure P8.9 


P8.10 For the given position of the mechanism shown 
(€ I) in Figure P8.10, on the next page, determine the 
— magnitude and sense of the torque required to be 
applied to crank O¢E by the base link, to maintain 

static equilibrium. 
'o,p = 7.0 cm; 


fog = 30 cm; Mnp =S.0 N-m CW 


PROBLEMS 


Figure P8.10 


P8.11 For the mechanism illustrated in Figure P8.11, 
@ | determine the magnitude and direction of the 
^^ force P required to be applied to link 2, to main- 
tain static equilibrium while being subjected to the 
external force shown on link 6. 


Line of action 2 


of PN 


Figure P8.11 


P8.12 For the mechanism illustrated in Figure P8.12, 

@ | determine the magnitude of force P , applied to 

^^ inkl, required to produce a crimping force Q , of 
magnitude 80 N. 


Figure P8.12 
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P8.13 For the mechanism illustrated in Figure P8.13, 
determine the magnitude and direction of moment 
My, applied to link 2, required to maintain static 
equilibrium while being subjected to force F and 
moment M;,. 


fo. g =5.0cm; |F|2800N; M,,-50N-m CW 
O,B 14 


Figure P8.13 


P8.14 Figure P8.14 shows a clamping mechanism. 
@ |. Determine the clamping force Q when the mecha- 
nism is subjected to the applied load P shown. 


A 


P (100 N) 
Figure P8.14 


P8.15 Figure P8.15, on the next page, shows a clamp- 
ing mechanism. Determine the clamping force Q 
when the mechanism is subjected to the applied 


load P of magnitude 100 N. 
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Dynamic Force Analysis 


P8.18 For the mechanism shown in Figure P8.18, deter- 

(a mine the magnitude and sense of the torque to be 

“~~ applied to link 2 from the base link to overcome 
the inertia of link 3. 


fop 7 50cm; rgp —10.0 cm; TBG, = 5.0 cm 


m, =800 gr; Ig, —64X10? kg-m* 


0, = 600 rpm CCW(constant) 


Figure P8.15 


P8.16 Figure P8.16 shows a truck with a lifting mecha- 
(e nism. Determine the loads in the two actuators 2 
^.  and4to hold the container weighing 1600 N in the 
position shown. Neglect the weight of the other O, 

links. 


Outline of 
acceleration 
polygon 
Figure P8.18 


For the mechanism shown in Figure P8.19, link 
Figure P8.16 @ |. 3 has a mass of 3.0 Ibm and polar mass moment 
of inertia of 0.04 Ib-in-sec? about its mass center 
G3. Sliding block 2 has a constant velocity of 10 ft/ 
sec upward. Determine the instantaneous force F 

required to produce this motion, assuming that the 
sliders are massless. 


P8.17 Figure P8.17 shows a front-end loader mechanism. 
(Gl Determine the loads required in the actuators 2 
“~~ and § to maintain equilibrium while holding the 
container weighing 800 N. Neglect the weight of 
the other links. 
fgp = 10.0 in; rge, = 4.0 in 
a; —2360in/sec @180°; 6, = 392rad/sec” CW 


Figure P8.17 Figure P8.19 


PROBLEMS 


P8.20 For the mechanism shown in Figure P8.20, a gas 
(ŒI force of $000 lb acts to the left on link 4. Determine 
— the magnitude and sense of the torque to be 
applied to link 2 from base link 1 to overcome 
(a) the gas force 
(b) the inertia of link 3 
(c) theinertia oflink 4 
(d) the combined effects of parts (a), (b), and (c) 


fo, ^ lSin; 0, =1800 rpm CCW (constant) 


m, —0901bm; Iç, = 0.010 Ib-in-sec” 
m, = 0.60 Ibm; 


Ig =5.0 x 10 ? Ib-in-sec? 
4 


Outline of portion 
of acceleration 


polygon 


B 
Figure P8.20 


P8.21 For the given position of the mechanism shown in 
(Gl Figure P8.21, determine the magnitude and sense 
ofthe torque required to be applied to link 2 by the 

base link, to overcome the inertia of link 3. 


Figure P8.21 
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10,0, = 10.0 cm; foB = 4.0 cm; 
rgp =9.0cm; fgg, = 6.0 cm 
fop = 7.8cm; m, = 600 gr; 
= -3 2 
Ig, =1.5 X10 ~kg-m 
0, = 200rpm CCW; 
6, = 100 rad / sec? CCW; 
Gg, =19.4 m/sec” @210°; 


0, = 122 rad /sec? CW 


P8.22 For the given position of the mechanism shown in 
(c | Figure P8.22, determine the magnitude and sense 
ofthe torque required to be applied to link 2 by the 

base link, to overcome the inertia of link 5. 


10,B = 3.0 cm; fog = 6.0 cm; ca, = 3.0 cm 
m; =5.0 gr; Ig —50x10 ^kg-m* 


Ò, = 3000 rpm CW (constant) 


Outline of 
acceleration polygon 


Figure P8.22 


P8.23 For the given position of the mechanism shown in 


(« l 


Figure P8.23, determine the magnitude and sense 
of the torque required to be applied to link 2 by the 
base link, to overcome 

(a) the inertia of link 3 

(b) the inertia of link 4 

(c) the inertia of links 3 and 4 


To,p = 1.0 in; Ò, = 475rpm CW (constant) 
m, =9.0 Ibm; Ig =1.5 X 107 Ib-in-sec” 
3 
m,=11.5lbm; Ig =8.0 X10” Ib-in-sec” 
4 
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D 


Outline of 
acceleration polygon 


Figure P8.25 


Outline of 
acceleration polygon P8.26 For the given position of the mechanism shown in 


@ | Figure P8.26, determine the magnitude and sense 
— of the torque required to be applied to link 2 by the 
base link, to overcome the inertia of link 6. 


Figure P8.23 


P8.24 For the given position of the mechanism shown in 
(CU Figure P8.24, determine the magnitude and sense 
— of the torque required to be applied to link 2 by the 
base link, to overcome Ò, =100 rpm CW; Ë, = 80 rad/sec? CW 
(a) the inertia of link 3 ag. = 380 cm/sec” @253°; 6, — 90 rad/sec? CCW 
(b) the inertia of link 4 
(c) the inertia of links 3 and 4 


fo, 55.0cm; mg =SOgr; Ig —40x 10 °kg-m? 


Tos 7 $0 cm; rgp =10.0cm; fgg, = 3.0 cm 
m, =400 gr; m,=600 gr; Iç, = 63x10 "kg-m* 
8, =40°; 0, =200rpmCW; 6, = 200 rad/sec? CCW 
ag, = 25.2 m/sec” @ 192°; 6, =122 rad/sec? CW 


Hg, = 27.8 m/sec” @ 180° 


Figure P8.26 


P8.27 For the given position of the mechanism shown in 
G | Figure P827, determine the magnitude and sense 
^. ofthe torque required to be applied to crank OB 
by the base link, to overcome the inertia of link 5. 
(continued on next page) 


Figure P8.24 


P8.25 Forthe given position of the mechanism shown in 

(€ T Figure P8.25, determine the magnitude and sense 

— of the torque required to be applied to link 2 by the 
base link, to overcome the inertia of link 4. 


'o,B = 5.0 cm; Top = 8.0 cm; 10,6, = 4.0 cm 
m, =0.50kg; Ig, = 5.0 x 10 *kg-m? 
0, =1200 rpm CW (constant) 


Figure P8.27 


PROBLEMS 


0, =135°; ©, =150 rpm CCW (constant) 
Tog 7 40cm; m,—492gr; Ig = 6.0 x 10 ? kg-m^ 
ag, —145 m/sec” @ 222°; 0, = 29.7 rad/sec? CCW 


P8.28 For the given position of the mechanism shown in 


@ Figure P8.28, determine the magnitude and sense 
^. of the torque required to be applied to crank O;B 
by the base link, to overcome 
(a) the inertia of link 4 
(b) the inertia of link 5 
(c) the inertia of links 4 and 5 


Outline of 
acceleration 


polygon 


Figure P8.28 
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To,s = 6.0 cm; Ô, = 12.0 rad/sec CCW (constant) 
m, = 30 gr; Ig, = 6.0 x 10 ^ kg-m? 
m; =50 gr; Ig. = 6.510 °kg-m” 


P8.29 For the given position of the mechanism shown 
(G | in Figure P8.29, determine the magnitude and 
“~~ sense of the torque required to be applied to 
crank OB by the base link, to overcome the iner- 

tia of link 5. 


fo,g = 6.0 cm; ô, = 12.0 rad/sec CW (constant) 
m; =50.0 gr; Ig, —65X10 ^ kg-m" 
aç, = 690 cm/sec” @ 318°; 6, =108 rad/se?CW 


Figure P8.29 


ANALYTICAL FORCE 
ANALYSIS AND BALANCING 
OF PLANAR MECHANISMS 


INTRODUCTION 


In this chapter, analytical equations are presented for use in completing kinetic analyses of four-bar 
mechanisms and slider crank mechanisms. They are based on the governing equations of motion 
(Section 2.12) and the analytical expressions of kinematics of the links (Chapter 4). With use of 
a computer, multiple analyses throughout cycles of motion may be readily completed. Also pre- 
sented are methods for either reducing or eliminating the net force imparted to the base link, called 
the shaking force, created by the unbalanced inertias of the moving links. 

In all of these analyses, we restrict ourselves to cases where the rotational speed of input link 2 
is constant. We will prescribe 


ô, = @= constant (9.1-1) 
Therefore, we can set 
0,- wt (9.1-2) 


Unless otherwise noted, we will assume that motions of all links of planar mechanisms take place 
in a single plane. 


9.2 FORCE ANALYSIS OF A FOUR-BAR MECHANISM 


Consider the four-bar mechanism illustrated in Figure 9.1(a). Locations of the centers of mass of 
links 2, 3, and 4 with respect to a turning pair are specified by distances b; (i = 2, 3, 4) and angles 
9; (i = 2, 3, 4). Free-body diagrams of individual links are shown in Figure 9.1(b). The driving 
torque, Mj», is one of the quantities that must be determined. 

To complete a kinetic analysis, we must determine accelerations of the centers of mass of the 
moving links. Referring to Figure 9.1(a) and implementing Equation (9.1-1), the results for link 
2 are 
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n 
G3 3 
b, 4 
P3 G 
zx 0; 3 
fà CO " 4 14 
2 b, 
by 
P2 0, 
0 
O, 2 z - O, >= 
7 IKT 
1 < hn >| 1 
(a) 


(b) 


Figure 9.1 Dynamic analysis of a four-bar mechanism. 


(r5), = b; cos(8, + 9;) 

(ac), = (ig, ), =— b, cos(0, + 9;) 

(1¢,)y = b, sin(®, + 9,) 

(ag,) = (5, ), = —b; ©” sin(®,  9;) (92-1) 


The results for link 3 are 


(te) x =r, cosO, + b, cos(0, + @;) 
(ag). - - 9) cos0, — b, [63 cos(8, + @;) + 6, sin(@, + 9,)] 
(r5), = sin®, + b, sin(0, + 9) 


(ac), = -0° sin®, — b, Os sin(0; + Q4) — 0, cos(0, + 3) (9.2-2) 
Gy y 3| 73 3 3 3 
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The results for link 4 are 


(15), = n + b, cos(0, + 94) 

(45), = —b, [ó; cos(0, + Q9, ) + 0, sin(0, + ©.) | 

(te), = b,sin(0, + 94) 

(ac), = —b,[ 84 sin(®, +4) - 6, cos(6, + 9) | (9.2-3) 


The governing equations of motion for link 2 are determined by considering the x and y compo- 
nents of Equation (2.12-1), as well as Equation (2.12-6). Referring to Figure 9.1(b), we obtain 


(Ej), — (R3), = m, (45), (9.2-4) 
(E), = (R3), = m, (ag), (9.2-5) 
-(F), n sin, + (Fy) yt cos0, + Mj, =0 (9.2-6) 


Similar equations may be generated for links 3 and 4. The governing equations of motion of all 
moving links may then be combined in matrix form and expressed as 


[A] {x} = 18] (92-7) 
where 

-1 0 1 0 0 0 0 0 0 

0 -1 0 1 0 0 0 0 0 

0 0 Ag 44 0 0 0 O0 1 

0 0 —1 0 —1 0 0 0 0 

A|2]|0 0 0 -1 0 -1 0 0 0 
[4] (9.2-8a) 

O 0O diis daa Ass Age 0^ 0 0 

0 0 0 1 0 -1 0 0 

0 0 0 0 1 0 -1 0 

0 0 0 Ass e 0 0 0 

A33 = -n sin®,; A; 4 = %,cos8, 


Ag, = —b,(sin0, + ©); Ag , = b,cos(0, + 9.) 


Ag, = ñ sind, —b, sin(®; + 94); Ag = —,cos0, + b, cos(04 + @3) 


Ags = —%4sin®,; Ag = r4 cos0, 
(R4), m, (ac), 
(E2), m (ac,)y 
(E3),. 0 
(Ej) y m3(ag3)x 

{x} =} Bets {Bh = es), eres 

(Ej), Ig; 
(R4), m4 (4ga)x 
(R4); ma (c4) 


My (Ig, + m4b2)0, 
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The above equations are functions of the angular displacements, angular velocities, and angular accel- 
erations oflinks 3 and 4. These quantities may be determined using equations provided in Section 4.3.3. 


Solving Equation (9.2-7) permits other results to be determined. For instance, the magnitude 
of the force transmitted through a turning pair between links i and j is 


Zl 2 23/2 
The direction of the force is 
Qj = tan" I3) (R),] =p Qj «Tt (9.2-10) 


The shaking force is transmitted through the base pivots onto the base link and is expressed as 


R = Pı + E, (9.2-11) 
The magnitude of the shaking force is 


IE I= (02), + EF +E, + E, Y (9.2-12) 
and its direction is 


Qs = tan2 ! ([(E,), + (Gl (Fu), + (Fa), I} -TM<Og «n (9.2-13) 


The shaking moment about the base pivot O; is due to the reaction of the driving torque onto the 
base link, and pin force at base pivot O4 and is expressed as 


Ms =—M), + (Fa) yt (9.2-14) 


Asan illustration of the application of the above equations, consider the four-bar mechanism shown in 
Figure 9.2. Link 2 is driven at @ = 50 rad/sec CCW. The parameters of the links are given in Table 9.1. 


T 
1 il 


Figure 9.2 Four-bar mechanism. 


TABLE 9.1 PARAMETERS OF THE FOUR-BAR MECHANISM SHOWN IN 
FIGURE 9.2 


ri (cm) 6.00 2.00 10.0 7.00 
b; (cm) — 1.00 5.00 3.50 
m (gr) — 6.24 31.2 21.8 
Q9; (degrees) = 0 0 0 


Ic, (gr-cm?) — — 260 89.0 
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15 


Miz X 10? (N-m) 
[e] 


= 1 5 L 
Figure 9.3 Driving torque. 


Employing Equations (9.2-7) and (9.2-8), a plot of the driving torque is shown in Figure 9.3. 
Employing Equations (9.2-12) and (9.2-13), Figure 9.4(a) shows a polar plot of the shaking 
force. Each point on the curve defines the magnitude and direction of the force for each value 
of 65. A typical shaking force is depicted for 05 = 30°. The related calculated values are 


a, 
n 
t2 
M— 
R 

| 


= 747N; (Fy), = 2.60N 

(R4), = -393N; (H4), = -476N 

= [(Ei). + (Fada li + [(&), + (Ea), lj 
= (7.47 — 3.93) i + (2.60 — 4.76)j 
=3.54 i —216j N 

Os = tan2™{[(E1); + (Fy), l (By), + Œa), D 
= tan2 ! (3.54 , —2.16) = —31.4° 


en 
| 


Figure 9.4(b) shows the three moving links and the interactive forces acting on the base link. The 
shaking force for this configuration is also illustrated. 

Employing Equations (9.2-9) and (9.2-10), Figure 9.5 is a polar plot of the force at the turn- 
ing pair between links 2 and 3. Employing Equation (9.2-14), Figure 9.6 is a plot of the shaking 
moment. 

Undue shaking force transmitted to the base link generally creates an undesirable condition. In 
Section 9.6, a procedure is presented whereby the net shaking force transmitted through the base 
pivots can be eliminated. 


150 


T0 esses E gn 


"Pacta 
210 F; (@ 0 = 30°) S A 


240 


Figure 9.4 Shaking force. 
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150 2c [^x 50r 
£ L 
180 z 
2 
2ONS P 
ize] 
= 
270 =5.0'- 
Figure 9.5 Force at turning pair. Figure 9.6 Shaking moment. 


9.3 FORCE ANALYSIS OF A SLIDER CRANK MECHANISM 


Figure 9.7(a) shows a slider crank mechanism. The rotational speed, w, of the crank is constant. 
Locations of the centers of mass of links 2 and 3 with respect to a turning pair are specified by dis- 
tances b;(i=2,3) andangles Q; (i= 2, 3). Free body diagrams of the links are shown in Figure 9.7(b). 
Based on these diagrams, we can generate a set of governing equations of motion expressed as 


[A] {x} = {B} (9.3-1) 
where 
-1 0 1 0 0 0 0 0 
0 -10 1 0 0 0 0 
0 0 A3 A4 0 0 I 
0 0 -1 0 -1 0 0 0 (9.3-2a) 
[A] = - - 
0 0 0 1 0 1 0 0 
0 0 Ag, Ag, Ags Ass O 0 
0 0 0 0 1 0 0 0 
0 0 0 0 0 1 -1 0 
A33 = —nsin0,; A; 4 = n cos0, 
A63 = 138in®, — b,sin(0, + @3); Ag, = —1,cos0, + b, cos(0, + 3) 
Ags = —b,sin(0; + Q4); Ags = b,cos(0, + Q3) 
(R3), my (ag). 
(R5), m, (ag) y 
(E), 0 
- (Ej), " m; (ac) y (9.3-2b, 9.3-2c) 
(E4), Í M3 (ac.) y 
(E), 15,0, 
(Fis), ma (ag,) x 
My 0 


Equations (9.3-2) contain expressions for the angular displacement, angular velocity, and angular 
acceleration oflink 3. They may be determined using Equations (4.3-77), (4.3-82), and (4.3-84). 
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(b) 


Figure 9.7 Dynamic analysis of a slider crank mechanism. 


Equation (9.3-2c) is a function of the linear accelerations of the centers of mass of links 2, 3, 
and 4. Expressions for these accelerations may be determined using the procedure presented in 
Section 4.4. The results for link 2 are 


(45), = -b œ? cos(0, + 9); (46), = — b, sin(0, + 9;) (9.3-3) 
The results for link 3 are 


(ag, = -no? cos0, + CHEA cos0, — b, cos(0, + @;) | 
+ 63[r, sin®, — b, sin(0, + 9, )] 
(ag, ), = -n0 sin0, + CHIA sin, — b; sin(0, + @3)] (9.3-4) 


—G,[r, cos0, — b, cos(0, + 4)] 


The results for link 4 are 
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-rœ cos(0, — 0,) + 82 


(ac, )x = (9.3-5) 


cos0, 
The shaking force is 


(03.6) 


The magnitude and direction of the shaking force are 


| Fs | = (5); * (Fy), + (By), PP? (9.3-7) 
Os = tan2 ^ ((E;),, [(&) T (Fu), I}, -NLA <T 


The magnitude and direction of a force transmitted through a turning pair may be found using 
Equations (9.2-9) and (9.2-10). The shaking moment is 


Ms =-M,,+ (E), (5 cos0, —r, cos) (9.3-8) 


EXAMPLE 9.1 DYNAMIC FORCE ANALYSIS OF A SLIDER CRANK 


MECHANISM 


Figure 9.8 illustrates a slider crank mechanism. Link 2 is driven at w = 55 rad/sec CCW. The 
associated parameters are listed in Table 9.2. For one revolution of the crank, determine 


a) the plot of the driving toque 
P gtoq 
(b) the polar plot of the shaking force 
(c) the polar plot ofthe force at the turning pair between links 2 and 3 
d) theplot ofthe shaking moment 
P g 


TABLE 9.2 PARAMETERS OF THE SLIDER CRANK MECHANISM 
SHOWN IN FIGURE 9.8 


Link 1 Link 2 Link 3 Link 4 
ri (cm) 0 25 10 — 
b; (cm) — 1.25 6.67 — 
m (gr) — 2.46 9.84 10 
€; (degrees) — 0 0 — 
Ig, (gr-cm?) — — 82 — 


Figure 9.8 Slider crank mechanism. 


(Continued) 
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EXAMPLE 9.1 Continued 


SOLUTION 

(a) Employing Equations (9.3-1)-(9.3-5), the driving torque is shown in Figure 9.9. 

(b) Employing Equations (9.3-6) and (9.3-7), a polar plot of the shaking force is shown in 
Figure 9.10. 


(c) Employing Equations (9.2-9) and (9.2-10), a polar plot of the force between links 2 and 
3 is shown in Figure 9.11. 


(d) Employing Equation (9.3-8), the shaking moment is shown in Figure 9.12. 


220) 


Miz X 10? (N-m) 
© 


=20) 
Figure 9.9 Driving torque. 


180|----8 


210\ 


Figure 9.10 Shaking force. 


240 


Figure 9.11 Force at turning pair. 


DA 
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Figure 9.12 Shaking moment. 
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9.4 UNBALANCE AND BALANCING 


Virtually all machines contain rotating components. If the center of mass of a single rotating com- 
ponent does not coincide with its axis of rotation, then there is an unbalance. Arotating component 
having unbalance will produce inertia forces that are transmitted to connected links. If the compo- 
nent is connected to the base link, a shaking force is created. 

In most instances, it is desirable to have machines operate smoothly with minimum shaking 
force. Balancing is the process of designing or modifying machinery to reduce unbalance to an 
acceptable level. The most common approach to achieve balancing is by selectively adding mass 
to, or removing mass from, links of the machine. 

Figure 9.13(a) shows a link turning at rotational velocity w about base pivot O. It is composed 
of two lumped masses, m4 and mg. The center of mass, G, is also illustrated, located distance e from 
the base pivot. The system shown in Figure 9.13(a) is equivalent to that given in Figure 9.13(b), 
where M = m4 + mg. This system will produce a shaking force with magnitude Mew”, as shown in 
Figure 9.13(c). The direction of this force rotates at rate w, and is transmitted to the base link. To 
remove this shaking force, a balance mass, my is added as shown, at distance r, from the base pivot. 
The mass is added diagonally opposite from the base pivot, as illustrated in Figure 9.13(d). For 
balancing, it is required that 


m,r, = Me (9.4-1) 


After balancing, the revised center of mass coincides with the axis of rotation. 

The above is an illustration of rotating unbalance. It can occur as a result of pure rotational 
motion of a body about a fixed axis. Besides rotating unbalance, many mechanisms simultane- 
ously generate reciprocating unbalance. 'This is caused by the inertial forces associated with a trans- 
lating mass. Reciprocating unbalance may be generated by the translational motion ofthe slider of 
a slider crank mechanism. The coupler of a four-bar mechanism may also produce reciprocating 
unbalance. 

Inthe following sections, we will investigate conventional means of eliminating or reducing the 


shaking forces produced by four-bar and slider crank mechanisms. 


Figure 9.13 
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9.5 FORCE BALANCING OF A FOUR-BAR MECHANISM 


This section presents a method of achieving a four-bar mechanism that is completely force bal- 
anced, developed by Berkof and Loewen [10]. This method involves determining an expression 
for the center of mass of the entire mechanism in terms of the link properties and angular displace- 
ment of the inputlink. This expression will be used to determine values of the link properties under 
which the center of mass of the entire mechanism remains stationary for all configurations of the 
mechanism. As a result, there will be no acceleration of the center of mass of the mechanism, and 
thus the net inertia force transmitted through the two base pivots to the base link will be zero. 

Figure 9.14 illustrates a four-bar mechanism. The real axis of a complex plane is drawn through 
the base pivots. Vectors Ry (j = 2, 3, 4) point to the centers of mass of the moving links. As illus- 
trated in Figure 9.1(a), parameters b; and @; define the positions of the mass centers of the links 
with respect to the appropriate turning pair. 

The position of the center of mass, G, of the moving links of the mechanism is 


S 


1 
R,= Re + mR + m4Ra) (9.5-1) 


where 


M=m, + m, +m, (9.5-2) 


From Figures 9.1 (a) and 9.14 
R. = b, e +2) 


s2 


i . 
R3 = ne? byes +3) 


(9.5-3) 
Ra-nt* bye i 
Substituting Equations (9.5-3) in Equation (9.5-1) and rearranging, we obtain 
MR, = (m,b,e™ + man )e^ * (mbes Je 2 (m,b, c^ tmn (9.5-4) 


Equation (9.5-4) is a function of the angular displacement of the three moving links. One of 
the three angular displacements can be removed by substituting the loop closure equation (refer 
to Section 4.2), which in this case is 


re + ne - re -n-20 (9.5-5) 
Solving Equation (9.5-5) for the unit vector associated with link 3, we obtain 


i, l; 09 i0, 
e EC (nde aue n) ise) 


Figure 9.14 
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Substituting Equation (9.5-6) in Equation (9.5-4), and rearranging, we obtain 


, E ds V8 dos \ 40 
MR, = [nass + mn — ssh J i rot tmjb, hun p i 
3 3 


+myr, tmb; à ge (9.5-7) 
5 


In Equation (9.5-7), only 05 and 0, are time dependent. Therefore, the equation is indepen- 
dent of time if the coefficients that multiply e ^ and e * are zero. That is, if 


i % i 
bye ™ + mgr, — mb, 3e = 0 
mjb,e mar, — mb, ^ e (9.5-8) 
and 
i f4 i 
m,b,e ^* + mb +e =0 (9.5-9) 


Kk 


then vector R, must be constant. We can employ Equations (9.5-8) and (9.5-9) to determine the 
properties of the moving links that will provide force balance. These equations involve parameters 
associated with the three moving links. They may be satisfied by first specifying the parameters of 
any one of the moving links, say, link 3, and then by solving for the parameters of links 2 and 4. In 
this case, we rearrange Equations (9.5-8) and (9.5-9) and isolate the parameters of link 3 onto the 


right-hand sides as 
mbe” =m, [se = J (9.5-10) 
E 
b iq, _ b T4 iQ, 
Mange mes E (9.5-11) 
3 


To solve for the parameters of links 2 and 4, it is convenient to employ coordinate systems relative 
to each link (see Figure 9.15). The components of Equations (9.5-10) and (9.5-11) are 


" 
m,(b, )e, = m, (i 7 cos, s) 
3 


n. (9.5-12) 
m, (b)n, = mb; 7 sings 
3 
f4 
m4 (b4)g, = —m3b; x CR 
3 
Qe. 9.5-13 
my (by), = - mb, sing, 


^5 


Equations (9.5-12) and (9.5-13) give the net required values to provide force balance. If a 
mechanism already exists, the magnitude and locations of the balance masses required may be 
determined to provide force balance. This is illustrated in the example below. 


N4 | 
by * 
4 ei 
ma, IG, D 
— 
k (r) O, P4 4 & 
“ ae r, I 
4 


(b) 


Figure 9.15 Local coordinates for placement of balance masses on a four-bar mechanism: (a) link 2, (b) link 4. 
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EXAMPLE 9.2 FORCE BALANCING OF A FOUR-BAR MECHANISM 


Figure 9.16(a) illustrates a four-bar mechanism having the following parameters: 
n = 6.0 cm 
n = 2.0 cm; m; = 250 gr; b} = 0.70 cm; @, 5° 
t, = 10.0 cm; m4 = 500 gr; b, = 3.0 cm; Ọ,= 10° 
t4 = 7.0 cm; m, = 250 gr; b} = 2.5cm; @, = 15° 


Ig, = 250 gr-cm^ 


E Io, = 500 gr-cm? 

The constant rotational speed of link 2 is w = 120 rad/sec CCW. Figure 9.16(b) shows a 
polar plot of the shaking force. 

Determine the magnitudes and locations of balance masses to be added to links 2 and 4 
that will provide complete force balance. Add the masses at the following radial distances from 
the base pivots: 


(ra = 1.0 cm; (ra = oS) Gon 


Radial positions for ~~~-~—-- 
adding balance masses 


(a) (b) 


Figure 9.16 Four-bar mechanism prior to force balancing: (a) mechanism, (b) shaking force. 


SOLUTION 
From Equations (9.5-12) and (9.5-13) 


m, (be, = —705 gr-cm; m, (ba )n, = $2.1 gr-cm 
ma (bse, = —1000 gr-cm; m, (bi). = —182 gr-cm 
To provide force balance of the mechanism, balance masses (m,); and (m,)4 are added to 


links 2 and 4, respectively. The combined effect caused by the given links, and that ofthe added 
balance masses, must provide the above calculated values. That is, for link 4 


m, (big. =m, (ba Je, ar (m) Gr. ade, (95-142) 


m (ba)n, = miu, + (m) (a)n, (9.5-14b) 
where 


(bide, =b}; cos} = 242cm; (29 = b; sin@, = 0.65cm 


Using Equations (9.5-14a) and (9.5-14b) and substituting known values, we obtain 


(Continued) 
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EXAMPLE 9.2 Continued 


(9.)4 = tan2™'[(m,)4((r Jade,» ms Ge )a)n, | 


= tan2 ‘[m, (ba )e, —m,(b, JE, m, (b4)n, =m; OVE 
= —168.1° 


The coordinates of the balance mass for link 4 are 


(Qe = (r,)4 cos(Q. )4 = —34 cm 
(on, = (r)a sin(,)4 = —0.72 cm 


From Equation (9.5-14a), the balance mass required on link 4 is 


mg(by)e, — mi Wie, 
(ade, 


The mass of link 4 after adding the balance mass is 


(m,), = = 478 gr 


m, =m; + (m,), = 728 gr 


The polar mass moment of inertia of link 4 about its base pivot after addition of the balance 
mass is 


lg = Io, ar (m) r = 6.360 gr-cm? 


A similar analysis for link 2 provides 
(9,) 2177.65; (m,), = 880gr; m, = 1130gr 


The force-balanced mechanism is shown in Figure 9.17. After force balancing, the polar plot of 
the shaking force is shown as a dot at the origin. 


Figure9.17 Force balanced mechanism. 


Force balancing has an effect on the forces at the turning pairs as well as the shaking moment of the 
mechanism. Considering Example 9.2, Figure 9.18 shows a polar plot of the force between links 
2 and 3. The solid line indicates the result using the mechanism prior to force balancing, and the 
dashed line corresponds to the force-balanced mechanism. The maximum magnitude of the force in 
the turning pairis greater for the force balanced mechanism. Figure 9.19 shows a plot ofthe shaking 
moment before and after force balancing. The maximum magnitude is greater after force balancing. 
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Figure9.18 Force at turning pair, before and after force balancing. 
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Figure 9.19 Shaking moment, before and after force balancing. 


9.6 FORCE BALANCING OF A SLIDER CRANK MECHANISM 


Figure 9.20 illustrates a typical slider crank mechanism that will be considered in this section. The 
slider has zero offset, and the centers of mass ofthe crank and coupler are on lines connecting the 
turning pairs associated with each link. The location of the center of mass of link 3 is specified by 
dimensions rg and rp. Comparing Figures 9.7 and 9.20, we have 


570; , =0(0rl80°);@, = 0 
b,—rpj tRt+ rp (9.6-1) 


In addition, we consider geometries for which 


: 
23.«025 (9.6-2) 
% 


Figure 9.20 Slider crank mechanism. 


9.6 FORCE BALANCING OF A SLIDER CRANK MECHANISM 403 


Figure 9.21 Reference mechanism. 


The conditions described by Equations (9.6-1) and (9.6-2) are commonly used in piston engines. 

Based on the above, a simplified model will be developed for the kinetic analysis ofa slider crank 
mechanism. This model includes development of a simplified expression of the linear accelera- 
tion of link 4. Also, we will replace the distributed mass of link 3 with a lumped-mass model. These 
modifications greatly reduce the computational effort required to complete an analysis, while still 
providing acceptably accurate results. 

Figure 9.21 shows a mechanism having its center of mass of link 2 coinciding with the base 
pivot O, that is, 


b;-0 (9.6-3) 
This is regarded as the reference mechanism. With respect to this mechanism, the shaking force 


can be adjusted by adding a balance mass, m,. As shown in Figure 9.21, a balance mass is added to 
link 2 at distance r, from the base pivot and at angular position 0, + 180°. 


9.6.1 Lumped-Mass Model of the Coupler 


A simplified model of the coupler is obtained by replacing the distributed mass of the coupler 
shown in Figure 9.22(a) with two lumped masses, mg and mp. The lumped masses are located at the 
crank pin and the wrist pin and are connected by a massless rigid rod, as shown in Figure 9.22(b). 

The two couplers shown in Figure 9.22 would generate equivalent results in a kinetic analysis, 
provided they have the same total mass, the same location of the center of mass, and the same 
polar mass moment of inertia with respect to the center of mass. These conditions are expressed as 


Mg t Mp =m, 


(9.6-4) 
ak m (9.6-5) 
mpr + mpra = Ig, (9.6-6) 


Since there are only two adjustable quantities (mg and mp) in Equations (9.6-4)-(9.6-6), not all 
three conditions can be satisfied. Thus, the lumped-mass coupler is an approximate representation 


Crank pin, 
E 


Wrist pin, 
m4 + mp 


Mass of slider 
lumped with 
wrist pin 


(b) 


Figure 9.22 Slider crank mechanism employing alternative models of coupler: (a) distributed mass model, (b) lumped mass model. 
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of the distributed mass coupler. Solving Equations (9.64) and (9.6-5) for mg and mp, and imple- 
menting Equation (9.6-1) 


f, f, f, 
= D EDD x —.B 
Mp Ms M3; Mp = — mM; (9.6-7) 
fg + fp T3 T s 


Although this lumped-mass model does not satisfy Equation (9.6-6), it will be shown that related 
values of calculated shaking force are acceptably accurate. 


9.6.2 Accelerations of Lumped Masses 


In this subsection we will determine the accelerations at the crank pin (point B), the wrist pin 
(point D), and the location at which the balance mass is added (point C). Points B and C execute 
circular motion. Expressions of their accelerations can be readily determined to be 


dy = —r,Q (cosQt i + sinat j) (9.6-8) 
and 


Tc = 7,0 (coswt i + singt j) (9.6-9) 
The wrist pin undergoes rectilinear motion. An expression of its acceleration is given in Equation 
(9.3-5), being a function of the lengths, angular displacements, and angular velocities of links 2 
and 3. To develop a simplified expression for this acceleration, we begin by employing Equation 
(4.3-77) for the angular displacement of link 3. When the offset, rı, is zero, and substituting 
Equation (9.1-2), 


alr 
0, = 180? — sin (Esmor) 


" (9.6-10) 
Employing the identity 
T ES -if 213145 
sin u= cos [1-u] (9.611) 
for which, in this case 
u= 2 sino t 
A (9.6-12) 
then Equation (9.6-10) becomes 
27% 
0, = 180?- cos | ze or) (9.6-13) 
K 
Using the infinite series 
y 1 1 
[1-:2]4 = 1--?--y' 
2 8 
Equation (9.6-13) is expressed as 
1 í 1 i 
0, = 180° — cos] 1 — (5) sin œt — ' sin* wt —... (9.6-14) 
E E 


For the condition described in Equation (9.6-2), the maximum value of the third term inside 
the square brackets of Equation (9.6-14) is less than 1/64 that of the second term. It is therefore 
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reasonable to drop the third term and all other higher-order terms of the infinite series. We also 


employ the identity 
sin’ Qt = i—lcos20t 
and Equation (9.6-14) becomes 
2 
5 =j ljn 
@, = 180° —cos | 1 — niles (1 — cos2@t) (9.6-15) 
E 


Employing Figure 9.21, the position of the link 4 is 
r, = r, cos0, —r, cos0, (9.6-16) 


Substituting Equations (9.1-2) and (9.6-15) in Equation (9.6-16), we obtain 


2 
n. ljr 

f, = r, cos@t — r, cos4 180° — cos 11- (2) (1 — cos20t) (9.6-17) 
E 


Employing the identity 


cos(a—b) = cosa cosb + sina sinb 
in Equation (9.6-17) for which 


2 
= ljr 
a=180°; b= cos ! 1-2(4| (1—cos20t) (9.6-18) 


and rearranging and simplifying, we get 


2 

ljr. 

f, = n cos@t +r | 1-— B (1 — cos20t) (9.6-19) 
E 


Differentiating Equation (9.6-19) twice with respect to time, we obtain 


? 
i,=- na? cose + cosa (9.6-20) 
E 


Therefore, the acceleration of link 4 is 


r- = 
ap = -no? [s F coson) (9.6-21) 
E 


Equation (9.6-21) is an explicit function of only the link dimensions and the rotational speed of 
link 2. 


9.6.3 Force Analysis and Balancing 


We now implement the lumped-mass model of the coupler introduced in Section 9.6.1, and 
expressions for accelerations presented in Section 9.6.2, as the basis of completing a force analysis. 
Figure 9.23 illustrates a slider crank mechanism along with the accelerations of points B, C, and 
D. Also shown are the lumped masses at each of these locations. At the crank pin is the lumped 
mass mg of the coupler as given by Equation (9.6-7). Point C is the location where a balancing 
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r 
nw? (cos wt + L3 cos 2o) 


Figure9.23 Accelerations in a lumped mass model. 


mass may be added. At the wrist pin we combine the mass of the slider, m4, with lumped mass mp 
(Equation (9.6-7)). 

The shaking force isimparted to the base link asa result ofthe inertia ofthe links. For this model, 
it is the negative of the sum of the masses at B, C, and D multiplied by their respective accelera- 
tions. It is expressed as 


where after simplification 
(Fs). m £5 x, primary 2 (E; m (9.6 23a) 
(Fs )s primary = [(m, 2 ma )n HM Jo” cos Wt (9.6-23b) 

2 2 
cy) 
(Fs), secondary = [v * fim, JB cos20t (9.6-23c) 
fs fs 
and 
(Fs), x os = a Je sin Ot (9.6-24) 
E 


The first term on the right-hand side of Equation (9.6-23a) is called the primary component. By 
inspection of Equation (9.6-23b), its frequency of oscillation equals the rotational speed of the 
crank. The second term on the right-hand side of Equation (9.6-23a) is the secondary component. 
From Equation (9.6-23c), we see that its frequency of oscillation is twice the rotational speed of 
the crank. 

An examination of Equations (9.6-23) and (9.6-24) reveals that the value of m,r, has no influ- 
ence on the secondary component. Also, it is impossible to find a value of m,r, that will simul- 
taneously eliminate the y component of the shaking force and the primary component in the x 
direction. It is thus impossible to achieve complete force balance by adding a balance mass to the 
crank. However, by properly sizing the balance mass, the magnitude of the shaking force can be 
considerably reduced from that generated by the reference mechanism. 

Consider the slider crank mechanism illustrated in Figure 9.24 with 


r,-2.cm-rg 13=10.0cm; m3=8.0gr; m4= 12.0 gr 


rgp=4.0cm; rp=6.0cm; @= 55.0 rad/sec CCW 


Figure 9.25(a) shows a polar plot of the shaking force of the reference mechanism (i.e., m,=0). 
Results are illustrated using both the lumped-mass model introduced in this section and the 
distributed-mass model presented in Section 9.3. There is no discernible difference between the 
two. The percentage differences obtained using the two models are shown in Figure 9.25(b). 
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Figure 9.25 Comparison of results using a distributed mass model and a lumped mass model: (a) shaking forces, (b) percentage 


differences. 


The maximum absolute difference is less than 1.5 percent. This result justifies utilization of a 
lumped-mass model to obtain acceptable results. The maximum magnitude of the shaking force 
is 1.80 N. 

Figure 9.26 shows the shaking force for three levels of balance mass, m, All have a balance mass 
added according to the relation 


D mr, +) Bm. + 
mary +Y 7 mz + Mg, |n 


f. : 
us 3 , 0S Y<1.0 (9.6-25) 
Jc 
Figure 9.26(a) corresponds to case for which y = 0, and from Equation (9.6-25) 
fp f. 
m, = Dg, = 48 gr (9.6-26) 


5s f 

In this case, using Equation (9.6-24), the component of shaking force in the y direction is 
eliminated. The dashed line in Figure 9.26(a) corresponds to the shaking force when m, = 0. The 
maximum magnitude of the shaking force is now 1.44 N. Its value has been reduced 20 percent 
compared to that produced by the reference mechanism. 

We now consider increasing the balance mass, using values of y in the range 0 « y «1.0. By 
introducing various values of y, we obtain the result illustrated in Figure 9.26(b) showing the maxi- 
mum magnitude of the shaking force during a cycle has been minimized. This is the condition of 
optimum balancing. Under this condition, the same maximum magnitude of shaking force occurs 
three times during each cycle. For this illustration, they occur when 05 = 0°, 95°, and 265°. The 
maximum shaking force has magnitude of 0.754 N, which is a 58 percent reduction, compared 
to that generated by the reference mechanism. 

For this illustration, the condition of optimum balance is achieved using y = 0.595, which cor- 
responds to m, = 13.8 gr. In general, the value of y that produces optimum balancing depends on 
the relative masses of the coupler and slider, and the relative lengths of links 2 and 3. Optimum 
force balancing is typically obtained by searching in the range 0.50 « y « 0.75. 
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Figure 9.26 Illustrative example of employing different levels of balance mass in a slider crank mechanism: 
(a) m,=4.8 gr, (b) m, = 13.8 gr, (c) m, = 20.0 gr [Video 9.26]. 


Figure 9.26(c) corresponds to case for which Y = 1.0. Using Equations (9.6-1) and (9.6-25), 


n 
m, = 3-(m, + m,) = 20.0 gr (9.6-27) 


fe 


Comparing Equations (9.6-23b), (9.6-23c), and (9.6-27), it can be shown in this instance 
that the primary component of the shaking force in the x direction has been counterbalanced, 
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and only the secondary component remains. Although the shaking force in the x direction now 


has a relatively small value, the maximum magnitude of the shaking force is greater than that 


produced for the condition of optimum balancing. Employing y = 1.0 in Equation (9.6-25) 


Video 9.26 
the optimum condition. 


Shaking Force 
Analysis 


PROBLEMS 


yields a calculated value of balance mass which, if used, will cause a shaking force higher than 


[Video 9.26] illustrates the levels ofbalance mass and associated polar plots shown in Figure 9.26. 


Shaking Force 


P9.1 For the parameters of the four-bar mechanism 
(see Figure 9.1) given in Table P9.1, determine 


(a) the shaking force throughout a cycle of motion as a 
result of the inertia of links 3 and 4 


(b) the shaking moment throughout a cycle of motion as 
a result ofthe inertia of links 3 and 4 
(Mathcad program: fourbarforce) 


w = 50rad/sec CCW 


TABLE P9.1 
Link1 . Link2 Link 3 Link 4 
ri (cm) 6.0 1.5 9.0 8.0 
b; (cm) = 1.0 4.0 3.0 
m; (gr) - 2.0 10.0 7.0 
9; (degrees) — 0 5.0 0 
Ic(gr-cm?) — — 80.0 30.0 


P9.2 For the parameters of the slider crank mechanism 
(see Figure 9.7) given in Table P9.2, determine 


(a) the shaking force throughout a cycle of motion as a 
result of the inertia of links 3 and 4 


(b) the shaking moment throughout a cycle of motion as 
a result of the inertia of links 3 and 4 
(Mathcad program: slidercrankforce) 


w = 50 rad/sec CCW 


TABLE R922 
Link 1 Link 1 Link 1 Link 1 
ri (cm) 0.5 2.0 9.0 — 
b; (cm) — 1.0 7.0 = 
m; (gr) — 2.5 10.0 15.0 
9; (degrees) — 0 5.0 — 
Ic, (gr-cm?) — — 80.0 — 


Balancing of Four-Bar and Slider Crank 
Mechanisms 


P9.3 For the given parameters of a four-bar mechanism 
(see Figure 9.1), determine the masses and the 
locations of the centers of mass of links 2 and 4 so 


that the mechanism is completely force balanced. 
(Mathcad program: fourbarbalance) 


r,=6.0cm; r,-220cm; r4=7.0 cm 


r3=10.0cm; m3=600gr; b3=3.0cm 


Q3 = 10°; ij 200 gr-cm? 
(r). 2 2.0cm; (r,)4=3.5 cm 
P9.4 For the given parameters of a four-bar mecha- 
nism (see Figure 9.16), determine the magni- 
tudes and locations of the balance masses to be 


added to links 2 and 4 so that the mechanism is 
completely force balanced. (Mathcad program: 


fourbarbalance) 
rı = 60cm 

rj,-2.0cm; mj -200 gr 
2=0.70cm; Qi--5 

ry— 10.0cm; m 450 gr 
b3=3.0cm; Q3--10? 

r270cm; mi-250gn bi-25cm; qQi--15* 
(r)i- 20cm; (r)4= 3.5 cm 


Ig, = 300 grcm^ I 0, = 800 gr-cm? 


P9.5 For the given parameters of a slider crank mecha- 
nism (see Figure 9.22), determine the balance 
mass to be added to link 2 so that the mechanism 
has optimum force balancing. (Mathcad program: 
slidercrankbalance) 


r,-20cm =r; r3=9.0cm; m= 10.0 gr; m4= 12.0 gr 


rgp=4.0cm; rp=S.0cm; œ = 50.0 rad/sec CCW 


P9.6 For the given parameters of a slider crank mecha- 
nism (see Figure 9.22), determine the balance mass 
to be added to link 2 so that the mechanism has: 

(a) balanced shaking force in the y direction 

(b) optimum balancing 

(c) balanced primary shaking force component in the x 
direction 


(Mathcad program: slidercrankbalance) 
r,-20cm =r; r3= 10.0cm; m3=6.0 gr; m4= 15.0 gr 


rgp=4.0cm; rp=6.0cm; © = 55.0 rad/sec CCW 


FLYWHEELS 


INTRODUCTION 


A flywheel is a mechanical component designed to store and release kinetic energy. It is mounted 
on a rotating shaft in a machine, and its mass is symmetrical about the axis of rotation so that 
shaking forces are reduced. Some flywheels can simply be a solid metal disc. 

Flywheels are commonly used for reducing periodic speed fluctuations that occur in inter- 
nal combustion engines under steady-state operation. Figure 10.1(a) illustrates a single-cylinder 
engine (see Chapter 13, Section 13.12.1), with a flywheel attached to the crankshaft. A free body 
diagram of the flywheel is illustrated in Figure 10.1(b), indicating the directions of the applied 
torques. The drive torque is supplied by the engine, and the load torque is the reaction on the 
flywheel from the externally driven system. 

A plot of the drive torque generated by a single-cylinder engine is shown in Figure 10.1(c). 
This torque is a superposition of the effects of combustion of the mixture of fuel and air during 
the power stroke and the inertia of the links. Under steady-state operating conditions, this torque 
repeats itself every two revolutions (4x radians). The load torque may also fluctuate depending on 
the application. When the torques vary, there will be fluctuations in the rotational speed, w. When 
the magnitude of the drive torque is greater than the magnitude of the load torque, the net torque 
on the flywheel will cause an angular acceleration of the crankshaft and an increase in rotational 
speed. Alternatively, when the magnitude of the load torque is greater than the magnitude of the 
drive torque, the rotational speed will decrease. Adding a flywheel to the crankshaft increases the 
polar mass moment of inertia of the rotating elements. For a given set of drive and load torques, 
the addition of a flywheel will reduce the speed fluctuations. The greater the polar mass moment 
of inertia of the flywheel, the lower these speed fluctuations. 

A gasoline-powered lawn mower is an example of the system illustrated in Figure 10.1. The 
blade of the lawn mower is rigidly attached to the crankshaft and provides a significant portion 
of the polar mass moment of inertia about the axis of rotation, and therefore it also acts as a form 
of flywheel. A properly designed system prevents excessive fluctuations of speed when there are 
modest variations in the load torque requirements. 

Asingle-cylinder engine produces a greater variation in drive torque compared to that produced 
by a multi-cylinder engine (see Chapter 13, Section 13.12.2). Flywheels, in some form, are used in 
the design of virtually all internal combustion engines. 

Flywheels are also employed in systems for which the drive torque can be considered constant, 
asin electric motors, when load torque is variable. A punch press is a typical example. The punching 
operation is performed during only that portion of the cycle when the load torque on the flywheel 
is larger than the drive torque. The electric motor drives the flywheel to increase its rotational 
speed and thus provide the source of energy for the sudden surge of power needed in the punching 
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Flywheel 


- load 


Load 


w Drive torque 
E torque 
— 
— 
Crankshaft 
(a) (b) 
A 
[7 
2 
d 
= 360° 
= 720° 
5 0 = 
E 0 
Power Exhaust Intake (Compression 


(c) 
Figure 10.1 (a) Mechanism. (b) Flywheel. (c) Drive torque curve. 


operation. The power rating of an electric motor used in a punch press can be significantly reduced 
by use of a flywheel. 

Flywheels have recently become the subject of extensive research as energy storage devices. 
A typical system consists of a flywheel suspended by nearly frictionless magnetic bearings inside a 
vacuum chamber and can be connected to either an electric motor or an electric generator. These 
flywheels are made from composite materials that permit greater rotational speed and increased 
capacity for energy storage. Here, the flywheel stores kinetic energy by driving it with an elec- 
tric motor. The energy may later be retrieved by engaging the spinning flywheel with an electric 
generator. 

This chapter will be restricted to providing a mathematical model for determining the required 
size of a flywheel to keep the cyclical rotational speed within stated limits, based on applied torques 
under cyclical steady-state operating conditions. First, we will consider systems in which all the 
components attached to a rotating shaft have the same rotational speed. Then, we will examine 
systems that involve more than one rotational speed. 


10.2 MATHEMATICAL FORMULATION 


The governing equation for rotational motion ofa body (see Equation (2.12-4)) is 
Mg 7 I58 (102-1) 


A free-body diagram of a flywheel is shown in Figure 10.2 indicating positive directions of 
rotational speed, w, the drive torque, Tp, and load torque, Tr, applied to the flywheel. Employing 
Equation (10.2-1), and dropping subscript G, we obtain 
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+0 T, gin 
sN L Output 


(to load) 
Ó- o 
(from driver) 
Figure 10.2 Flywheel: free-body diagram. 
d^9 
M=Tp +T, =I— (10.2-2) 
dt 
or 
d ( dð 
M= (8) (10.2-3) 
dt \ dt 
When we substitute 
dO 
oO = — 10.2-4 
di ( ) 
for the rotational speed, Equation (10.2-3) becomes 
2:9 d (2)=1 do (10.2-5) 
dt dO \ dt dO 
or 
Integrating both sides of Equation (10.2-6) produces 
0-0, 0-0, 
J Md0- J Io dw = iI(0$ — 0) (102-7) 
0-0, O=Q, 


The left-hand side of Equation (10.2-7) represents the work done on the flywheel by the torques 
and will be designated as AE. The right-hand side represents the corresponding change of kinetic 
energy stored in the flywheel (see Appendix C, Section C.10.1). 

We are interested in the maximum speed fluctuation during each cycle of motion. This 
requires that we find those values of 8 which generate the maximum value of AE, designated as 
AE max: Under these circumstances, from Equation (10.2-7) we have 


AE nax = HO a Omnin) = FICO max + O min ) (Omax m Omin) (10.2-8) 
We introduce the average rotational speed 
(Omar +Omin ) 
Op = (10.2-9) 
2 
and Equation (10.2-8) becomes 
AE max 7 100 (Oma — Omin ) (10.2-10) 


Further, we introduce the coefficient of speed fluctuation: 


@ — O 
Č; s (10.2-11) 
0 
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TABLE 10.1 TYPICAL VALUES OFTHE COEFFICIENT OF SFEED 
FLUCTUATION 


Application Typical Value of Cs 
Alternators, generators 0.005 

Punch press 0.10 

Rock crusher 0.20 


and Equation (10.2-10) becomes 


AE pax = 10,6, (10.2-12) 
or 
I= AE max (10.2-13) 
QC; 


Equation (10.2-13) is an expression for the required polar mass moment of inertia in terms ofthe 
average rotational speed, the maximum change of kinetic energy in the flywheel throughout one 
cycle, and the coefficient of speed fluctuation. 

Equation (10.2-13) represents the total polar mass moment of inertia of not only the flywheel 
but for the whole machine. If the machine has a polar mass moment of inertia of I,,,4,,,, then the 
polar mass moment of inertia required for the flywheel is 


Taywheel m Tnachine (10.2-14) 


The coefficient of speed fluctuation is a dimensionless quantity. In the analysis presented, we will 
consider situations in which there are small speed fluctuations about the average value wọ; that is, 
the coefficient of speed fluctuation will be much less than unity. Typical allowable values of the 
coefficient of speed fluctuation are given in Table 10.1. 

If steady-state operating conditions are assumed, the system will repeat itself after an inte- 
ger number of revolutions. For instance, speed fluctuation of the reciprocating engine shown in 
Figure 10.1(a) will repeat itself every two revolutions (47 radians) of the crankshaft. 

A convenient method for analyzing and determining the requirements of a flywheel is to plot 
the drive torque and load torque curves on the same graph. Using the notation presented in this 
section, it is recommended that the positive of the drive torque and the negative of the load torque 
be drawn onto the same graph. An illustrative graph is shown in Figure 10.3. 

Under steady-state conditions, during each cycle the energy input to the flywheel provided by 
the drive torque must equal the energy removed from the flywheel by the load torque. Therefore, 
throughout a cycle, the average absolute values of the drive and load torques must be equal. 

The net torque on the flywheel, M, is the sum of the drive and load torques (Equation (10.2-2)). 
For the graph in Figure 10.3(a), since the negative of the load torque is plotted, the net torque on 
the flywheel for a given rotation is the difference between the two curves. A plot of the net torque 
on the flywheel is given in Figure 10.3(b). Points of intersection of the curves in Figure 10.3(a) 
correspond to there being no net torque applied to the flywheel. At these locations, there is no 
acceleration or deceleration, and rotational speed is at a local extremum. A plot of the rotational 
energy throughout a cycle is shown in Figure 10.3(c). At each point of intersection, the energy is 
also at a local extremum. 

When the driving torque has a magnitude greater than the load torque, there is a net torque 
in the direction of rotation, and the rotational speed (and energy in the flywheel) increases. 
Alternatively, when the magnitude of the load torque is greater than that of the drive torque, the 
net torque is in a direction opposite to that of the direction of rotation, and the rotational speed 
decreases. 


Video 10.3 
Flywheel Analysis 
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Figure 10.3 Typical load and drive torque curves [Video 10.3]. 


Since these graphs are in terms of torque versus rotation, areas between the drive torque and 
load torque curves represent changes of energy in the flywheel. Also, since intersection points of 
the curves correspond to local extrema of energy, it is possible to compare the relative levels of 
energy at all intersection points. The value of AE,,,, can then be determined by comparing all of 
the energies, selecting the maximum and minimum values, and taking the difference. 

[Video 10.3] provides an animated sequence of the construction of the plot of the curve of 
rotational energy illustrated in Figure 10.3. 

Figure 10.4 shows a model of a single-cylinder engine operating under steady-state conditions. 
The drive and load torque curves are also given. The load torque is constant, and the negative of its 
value is plotted. The drive torque curve is highly simplified and only deviates from a constant value 
during the power and compression strokes. In order for this system to operate under steady-state 
conditions, average values ofthe drive torque and of the negative of the load torque must be equal. 

Each cycle in this demonstration lasts two revolutions (47 radians) of crank rotation. In any 
given cycle, there are only two points of intersection between the torque curves; each point cor- 
responds to a local extremum of rotational energy. 

Intersection point 1A is set to coincide with zero rotation. It corresponds to a local minimum. 
During the interval of rotation between intersection points 1A and 2A, since the drive torque is 
greater in magnitude than theload torque, both energy and rotational speed increase. This increase 
will continue until intersection point 2A, where both energy and rotational speed will have reached 
maximums. Beyond point 2A, and up to point 1B, both energy and rotational speed decrease. 
Between points 1A and 2A, the area bounded by the torque curves equals that bounded by the 
torque curves between points 2A and 1B. In either case, the area is 


AE ax 71905 N-m 
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(b) 
Figure 10.4 Flywheel in a single-cylinder engine [Video 10.4]. 


Video 10.4 
Model 10.4 
Engine Flywheel 
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The average rotational speed is 
Wy = 4.0rad/sec 
The amount of fluctuation from this average depends on the polar mass moment of inertia of 


the rotating components. The polar mass moment of inertia of the machine without a flywheel is 
assumed to have a constant value of 


I= Lage = 500 kg-m’ 
The coefficient of speed fluctuation is 
AE 1905 


oI 4.0? x500 


The corresponding speed curve in this case is provided in Figure 10.4(a). 
Using [Model 10.4], it is possible to adjust both the mass and radius of the solid disc flywheel. 
For instance, Figure 10.4(b) shows the case where 


m= 500kg; r=1.5m 
and the corresponding polar mass moment of inertia of the flywheel (see Section C.9) is 
Iaywhesl = 7M" =560 kg-m° 
Thus 
I= Lau + Laywheet = (500 + 560) kg-m^ = 1060 kg-m* 
and the coefficient of speed fluctuation has reduced to 


AE 190 
C, = fm = 1908 gin 


OI — 40? x 1060 


The corresponding speed curve is plotted in Figure 10.4(b). For comparison, the case where there 
is no flywheel is also drawn. 


EXAMPLE 10.1 


The load and drive torques are given in Figure 10.5. In this example, the load torque is con- 
stant, and the drive torque is variable. 

The energies at the intersection points between the torque curves are listed in Table 10.2. 
Intersection point 1 is given an arbitrary energy level of E. 


TABLE 10.2 ENERGY VALUES AT THE INTERSECTION 
POINTS IN FIGURE 10.5 


Point Energy Level (N-m) 


E 

E,=E-1600 
E,=E+3200 
E,-E- 800 
E,-E--4800 
Eg- E--1500 
E;-E- 3400 


Wd o O0 ff WY — 


Also given is 
9 —800rpm; C, —0.02 


(Continued) 
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EXAMPLE 10.1 Continued 


Determine the required polar mass moment of inertia. 


Torque 


Figure 10.5 Torque curves. 


SOLUTION 
Examination of Table 10.2 shows that the maximum energy level corresponds to point 5, and 
the minimum energy level is at point 2. Thus 


AE max = Es — E, =[(E + 4800) — (E — 1600) ] N-m = 6400 N-m 


Substituting in Equation (10.2-13), we obtain 


AE 6400 N-m 
I=— == = 45.5 N-m-sec? = 45.5kg-m” 


2) 2 2 
œC 
o~s (s00 x =) rad 0.02 


2 
sec 


EXAMPLE 10.2 


Figure 10.6 illustrates a graph that has a variable load torque and constant drive torque. Each 
cycle lasts three revolutions (6x radians). In addition, 


@  =180 rpm =18.85 rad/sec; — Imachine = 125 kg-m? 
Assuming steady-state conditions, determine 
(a) the average power required 


(b) the maximum and minimum rotational speeds throughout a cycle 
(c) the mass ofa 0.6-meter-diameter solid disc flywheel to produce Cs = 0.025 


Figure 10.6 Torque curves. 


(Continued) 
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EXAMPLE 10.2 Continued 


SOLUTION 
Since the averages of the absolute values of the drive and load torques must be equal, the con- 
stant drive torque is 


r = area under load torque curve 
= 


cycle of operation 


awe 


N-m = 225 N-m 
6T ) 


TABLE 10.3 ENERGY VALUES AT THE INTERSECTION POINTS IN 


FIGURE 10.6 

Point Energy Level (N-m) 

1 E 

2 E;- E, - (400-225) x 2n - E, - 350x 
3 E,2 E4225 X2n- E, +1007 

4 E,=E,—(550=225) x m2 E;—225x 


Energies at the intersection points between the load and drive torque curves are listed in 
Table 10.3. 

Examination of Table 10.3 shows that the maximum energy level corresponds to point 3, 
and the minimum energy level is at point 2. Thus, AE maxis calculated as 


AE max = E, — E, = 4507 N-m 


max 


Based on the above, the solutions are 


(a) 
Tp@  =225 N-m X18.85 rad/sec = 4240 N-m/sec = 4.24 kW 

(b) 

We oic, j3 l= Tredie 
and therefore 

AE On 

C= = = E = 0.0318 
Mol 18.85" x 125 
However, 
Wo 
Therefore 
max — Omin = Cs X Wo = (0.0318 X 18.85) rad/sec = 0.600 rad/sec 
and 
O nax = O nin 
Onin = Mo — 5 = (18.85 — 0.300) rad/sec = 18.55 rad/sec 


(Continued) 
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EXAMPLE 10.2 Continued 


max = (18.85 + 0.300) rad/sec = 19.15 rad/sec 


(c) 


I -— max 
18.85? x 0.025 


ANB oe 4507 
Cs 


| kg-m? 2159 kg-m^ 


Therefore, using Equation (10.2-14), we obtain 


Tgywheet = I— I machine = (159-125) kg-m^ = 34 kg-m? 


But, using Equation (C.9.9) 


Taywheel = mass r’ = 34 kgm? = +mass 0.30 m? 


mass = 756 kg 


EXAMPLE 10.3 


The load torque and drive torque are 
T, = (—100 — 20 sin30) N-m 
Tp = (100+ 80sin0) N-m 
The torque curves are plotted in Figure 10.7. Also 
I= 4.0 kg-m? 
Determine 


(a) AEmax 
(b) the maximum angular acceleration during a cycle of motion 


As required for steady-state conditions, the absolute average values of the drive and load 
torques are equal. 


A 


Torque 


Figure 10.7 Torque curves. 
(Continued) 
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EXAMPLE 10.3 Continued 


SOLUTION 


(a) By inspection, rotational energy is gained in the range from 0 = 0 to 0 = x. 


The minimum energy level is at point 1, and the maximum energy levelis at point 2. Therefore 


gen 
AE,,-7 | (Tp + T,)d0 
0-0 
0-n 
=| J (80sin8 —20 sin30) 40 | N-m = 147 N-m 
0-0 


(b) The net moment, M, on the flywheel corresponds to the difference between the two 
torque curves. By inspection of Figure 10.7, the maximum differences occur when 
0 = 2/2 and 37/2. The maximum positive moment is 


Maus = (Tp + T;)|o- 4/5 = (80 + 20) N-m = 100N-m 


Using Equation (10.2-1), we obtain 


x M 100 N-m 
Ox = = ; = 25 rad/sec” 
I 4.0 kg-m 


10.3 BRANCHED SYSTEMS 


In the operation ofa machine, components usually rotate at different speeds. Consider the geared 
system shown in Figure 10.8. Gear A is rotating at w2. Then, the magnitude ofthe rotational speed 
of gear B is 


: 
o; |= |o, | IS 
B 


Flywheel 


Figure 10.8 Branched system. 
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Drive and load torques are applied to the shaft on which gear A is mounted. A flywheel is 
mounted on the same shaft as gear B. If the polar mass moments of inertia of the two gears and 
flywheel are I4, Ip, and Ipywheel respectively, then the total rotational energy may be expressed as 


1 2 1 2 
energy = 31403 + (I; + Igy heel 3 


2 
2 TA 2 
= 71,0} Heiss) os -lp4oj (1032) 
B 


where 


2 
r 
Lg z= I, * (In Hes (10.3-3) 
B 


can be considered to be the effective polar mass moment of inertia with respect to shaft A. 


EXAMPLE 10.4 FLYWHEEL ANALYSIS OF A BRANCHED SYSTEM 


For the branched system of Figure 10.8, the drive torque is illustrated in Figure 10.9. The load 
torque is constant. Gear A has an average speed of 300 rpm, and its diameter is two times that 
of gear B. The polar mass moments of inertia of the gears are 


Jn -8.0 kg-m?; Ig = IL) kg-m? 


Determine the polar mass moment of inertia of a flywheel on the same shaft as gear B that 
is required to have a coefficient of speed fluctuation of 0.005. 


Tp 


| | | | z 


90 180 270 360 
6 (degrees) 


Figure 10.9 Torque curves. 


SOLUTION 


From the drive torque curve, it may be determined that 


T, = -100N-m; AE,, = 751 N-m 


From Equation (10.2-13) we have 


AE 757 N-m 
E CR - Dp = 47.6 kg-m? 
[Q) 
m (2 x x) rae X 0.005 
60/ sec 


(Continued) 
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EXAMPLE 10.4 Continued 
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Rearranging Equation (10.3-3) gives 


Toi = e E 


Y 


2 
ee 
. 


= |ens-so(1) E kg-m^ = 8.90 kg-m* 


PROBLEMS 


Sizing of Flywheels, Energy Analysis 


P10.1 Figure P10.1 shows the load torque diagram of an 


Torque (N-m) 


—300 


—500 


engine that operates at an average speed of 2000 
rpm. Determine the value of the constant drive 
torque necessary to move the crankshaft at this 
speed, and then determine the mass ofa solid disc 
flywheel required to limit speed fluctuation to 
0.8 percent of the nominal speed, given that the 
outside diameter of the flywheel is 1.2 m. Compare 
this with the mass of a rim disc flywheel (ie., 
assume all mass at the radius of the rim) of the 
same diameter that is required for the same speed 
fluctuation. 


720 900 1,080 
0 (degrees) 


Figure P10.1 


P10.2 The crankshaft of a punch press rotates at a maxi- 


mum speed of 100 rpm, which falls by 10 percent 

with each punching operation. The flywheel must 

be able to provide 10 kJ of energy during the 20? 

while the holes are punched. 

Determine 

(a) the coefficient of speed fluctuation 

(b) the mass of a rim disc flywheel of diameter 2.8 m 
necessary for the press 


P10.3 


P10.4. 


P10.5. 


P10.6 


200- 


Torque (N-m) 


The maximum variation in stored energy of a fly- 
wheel is 3000 N-m over each cycle of operation. 
For a coefficient of speed fluctuation of 0.05 at an 
average speed of 300 rpm, determine the radius 
of gyration of the 100-kg rim disc flywheel. Also 
determine the maximum and minimum angular 
velocities of the machine. 


A steel (7000 kg/m?) solid disc flywheel has 

a diameter of 1.2 m and a thickness of 20 mm. 

Determine 

(a) the difference in stored kinetic energy of the fly- 
wheel for a speed increase from 200 to 210 rpm 

(b) the coefficient of speed fluctuation 


A flywheel of mass 600 kg and radius of gyration 
1.05 m rotates at 3000 rpm. Determine the kinetic 
energy that it delivers for a 2 percent drop in speed. 


Figure P10.6 shows the load torque variation for 1 
cycle ofa shaft driven by a constant torque. 


(a) Determine the energy delivered in each cycle for a fly- 
wheel mounted on the shaft so that the coefficient of 
speed fluctuation is 0.05 at an average speed of 200 rpm. 


(b) If the flywheel is a solid steel (7000 kg/m?) disc of 
thickness 10 mm, determine its diameter. 


= T, 


50 
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Figure P10.6 


PROBLEMS 


P10.7 A solid disc flywheel has a maximum variation in 


P10.8 


P10.9 


P10.10 


100 


stored kinetic energy amounting to 1000 J. Given 
that its diameter is 0.9 m and the velocity of the 
edge varies between 8 and 9 m/sec, determine its 
mass. 


A 1.0 m diameter solid disc flywheel of mass 
100 kg is designed to handle 1500 N-m of kinetic 
energy change at an average speed of 200 rpm. 
Determine the coefficient of speed fluctuation. 


A machine performs one complete cycle of opera- 
tion in three revolutions, and the load torque 
curve is shown in Figure P10.1. The driving 
torque is constant, and the polar mass moment of 
inertia of the machine is 100 kg-m?. The average 
speed is 200 rpm. Determine 

(a) the coefficient of speed fluctuation 

(b) the maximum acceleration and deceleration 

(c) the mass of a 60-cm-diameter solid disc flywheel 


required to reduce the coefficient of speed fluctua- 
tion to 0.020 


The main shaft of a rotating machine has a con- 

stant load torque and is driven by the torque 

shown in Figure P10.10. The machine has a 

moment of inertia of 8.0 kg-m? and an average 

operating speed of 400 rpm. Determine 

(a) the minimum and maximum angular speeds in each 
cycle 

(b) the greatest acceleration and deceleration in each 
cycle 

(c) the thickness of a steel (7000 kg/m?) 30 cm diam- 
eter solid disc flywheel, which when attached to the 
shaft will prevent the maximum rotational speed 
from exceeding 410 rpm 


| | 
90 180 360 


6 (degrees) 


630 720 


Figure P10.10 


P10.11. A rotating engine with constant drive torque has 


a load of -5000 N-m for half a turn, 250 N-m for 
the next 180°, and -500 N-m for the final 90° of 
its cycle. The minimum and maximum speeds are 
98 and 104 rpm, respectively. 
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(a) Determine the constant input torque and sketch 
the input and load torque curves against shaft 
rotation. 


(b) Sketch the output speed curve below the torque 
curves, showing roughly the maximum, minimum, 
and average values. 

(c) Determine the polar mass moment of inertia from 
the given data. 


(d) Determine the thickness of a steel (7000 kg/m?) 
solid disc flywheel, 100 cm in diameter, which 
when mounted on the shaft reduces the coefficient 
of speed fluctuation to 0.052. 


P10.12 Figure P10.12 is the negative of the load torque 


curve of an engine for one cycle of operation. 

Given that the average operating speed of the 

engine is 400 rpm, determine 

(a) the required constant drive torque 

(b) the crank angles at which the angular velocity is a 
maximum or minimum in every cycle 


(c) the coefficient of speed fluctuation ofthe engine given 
that its polar mass moment of inertia is 8.0 kg-m? 


410 


Torque (N-m) 


720 0 (degrees) 


—100 


Figure P10.12 


P10.13 


P10.14 


An engine operates at an average speed of 3500 
rpm with its speed fluctuating 20 rpm about this 
mean value. Given that the engine is fitted with 
a 2.5-m-diameter rim disc flywheel with mass of 
35 kg, determine the kinetic energy consumed per 
cyde. 


The torque exerted on the crankshaft of an engine 

is given by (20,000 + 1500 sin20 — 1320 cos20) 

N-m. For a constant load torque, determine 

(a) the average power of the engine operating at 1000 
rpm 

(b) the mass of a 1.2-m-diameter solid disc flywheel 
so that the speed variation is less than 0.3 percent 
about the mean 


c) the rotational acceleration of the flywheel when 
0-45? 
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P10.15 For an engine with a drive torque given by 


(12,000 + 2366 sin30) N-m and a load torque 
given by (—12,000 - 1200) sin0 N-m operating 
at 200 rpm, determine the coefficient of speed 
fluctuation, given that the polar mass moment of 
inertia of the flywheel is 120 kg-m?. 


Branched System 


P10.16 In the system of Figure 10.8, the load torque of 


the system is Tr = -100 sin? (0/2) N-m. Gear A 


turns at a nominal speed of 300 rpm, driven by a 
constant torque, and its diameter is three times 
that of gear B. Determine the diameter of a 100 kg 
rim disc flywheel that is needed to keep speed fluc- 
tuations within 0.9 percent of the average speed. If 
the flywheel had been mounted on the main shaft, 
what would its diameter have been? Neglect the 
effect of the gears. 


SYNTHESIS OF MECHANISMS 


11.1 INTRODUCTION 


Video 11.2 
Corkscrew 
Mechanisms 


Most of the problems presented so far have involved the analysis of mechanisms. Some dealt with the 
kinematics of given mechanisms. An input motion was prescribed, and the task was to determine 
the resultant motions. Consider the mechanism given in Figure 11.1(a), where through analysis we 
obtain the function graph shown in Figure 11.1(b). Other analyses included the determination of 
loads between links for a given input motion, or determination of the torque required to maintain 
a given input motion. 

Synthesis of mechanisms can be regarded as the reverse task of analysis. A typical problem starts 
with a desired motion of at least one of the links. It is then necessary to select the most suitable 
type of mechanism for that particular situation and determine its dimensions such that the motion 
comes as close as possible to that desired. Given the function graph in Figure 11.1(b), the problem 
of synthesis would be to select the appropriate type of mechanism for the task and determine its 
dimensions. The study of cams, presented in Chapter 7, is another example involving synthesis of 
mechanisms. Examples started with the desired motion of the follower, as set out by a prescribed 
displacement diagram, and it was then required to determine the cam profile that would produce 
that motion. 

More than one type of mechanism may be designed to provide similar output motion. 
Figure 11.2 illustrates four varieties of corkscrew mechanisms [11]. All produce vertical motion 
of the link connected to the cork. These mechanisms may be compared based on their cost, number 
of links, input motion required, etc. 

Type synthesis involves selection of the kind of mechanism to be used for a particular application. 
Designers generally rely on their experience as a guide to carry out this task, and therefore should 
be familiar with the capabilities and typical applications ofa variety of mechanisms. 

Dimension synthesis entails determination of the proportions of the selected type ofmechanism. 
Determining the shape of a disc cam is an example of dimension synthesis. Numerous graphical 
and analytical methods have been developed for dimension synthesis of planar four-bar and slider 
crank mechanisms. Some common algorithms are presented in this chapter. 

Still other studies of synthesis involve the kinetics of mechanisms. A typical problem is to design 
a particular type of mechanism that will operate in a desired manner when subjected to a specified 
input force or input torque. This could involve varying either the distribution of mass in the links 
or the sizing of flywheels attached to rotating cranks. Henceforth in this chapter, unless otherwise 
noted, synthesis will imply dimension synthesis. 
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Figure 11.1 Analysis and synthesis of a mechanism: (a) Mechanism, (b) Function graph. 


Figure 11.2 Corkscrew mechanisms [Video 11.2]. 


11.2 CLASSIFICATION OF SYNTHESIS PROBLEMS 


Problems of synthesis can generally be assigned to one of three categories. Each is described in a 
subsection. 


11.2.1 Function Generation 


A synthesis problem of function generation involves determining the dimensions of a mechanism 
such that it will coordinate either linear or angular motions of two links in a desired manner. For 
example, Figure 11.3 shows a disc cam mechanism for which the output motion ofthe follower is 
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Absolute Maximum Values 


Function Absolute Maximum | Maximum at (deg) 
Follower Displacement 8.000e—00 100.0 
Follower Velocity 1.833e+00 50.0 
Follower Acceleration 5.184e+002 260.0 
Follower Jerk 1.866e+004 310.0 
Pressure Angle 2.544e+00 318.0 


Output Graphs (normalized with the maximum values) 


0.75 —Displacement 


O 30 60 90 120 150 180 210 240 270 300 330 360 
(deg) 


(a) b) 


Figure 11.3 Cam mechanism. 


a function of the rotation of the cam. For this mechanism, it is often possible to design a cam for 
which the desired motion of the follower is obtained precisely for every cam rotation. 

A four-bar mechanism may also be employed for function generation. For the mechanism 
shown in Figure 11.1(a), we consider 0, as a function of 05. The form of the functional relation 
generated by a four-bar mechanism was covered in Chapter 4. Combining Equations (4.3-54) and 
(4.3-56)-(4.3-59), the relationship may be expressed as 


0, = g(065,1, LEY] 13,74) (112-1) 


As indicated, function g depends on the input angular displacement, 05, and the four link lengths. 
Suppose that a four-bar mechanism is to be designed that will coordinate angular displacements 
according to the relation 


0, = fo, (05) (112-2) 


In selecting a four-bar mechanism to generate a function, there are only a finite number of link 
dimensions which may be adjusted to achieve a desired result. Therefore, it is generally not pos- 
sible to obtain the desired value of a function for every value of 05. Instead, we must settle for the 
likelihood of a difference between the desired function, fe, and that actually produced, g. This 
difference is known as structural error, e, which is expressed as 


e(0,,r, Ny Ty r4) = g(0,, Nyy Tay Ny r4) — fo, (05) (112-3) 


Figure 11.4(b) shows typical plots of a desired function and an approximation of the function 
generated by a four-bar mechanism illustrated in Figure 11.4(a). The linklengths were determined 
using a procedure presented in this chapter. For the plots shown, we do not consider full rotation 
of links 2 and 4. Rather, link 2 rotates in the range starting from (05), and finishing at (02) while 
link 4 moves between (04), and (04);. The structural error is also shown in a separate plot. An 
intersection of the two functions is called a precision point. Procedures have been developed for 
the design ofa four-bar mechanism where it is possible to specify four or five precision points [12]. 
However, they are quite complicated compared to an algorithm that requires only three precision 
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(b) 
YA 0,4 Figure 11.5 Function generation curve. 
Y c 09, 
Y; (64). 
0 
l 


points. A procedure requiring only specification of three precision points, which is sufficient for 
many design problems, is presented in this chapter. 
It is often convenient to express a functional relation in the dimensionless form of 


Y = f(X) (11.2-4) 


where X is proportional to the input motion and Y is proportional to the output motion. As illus- 
trated in Figure 11.5, we may relate the values of X and Y to the rotational movements of links 2 
and 4 by recognizing that 


X=X, when 0, =(0,); X=X, when 0, =(0,); 


(11.2-5) 
Y =Y; when 0, = (04); Y=Y, when 0, =(0,), 


Furthermore, if we define 


AX=X,—X,; AO, =(8,); - (92), 


(11.2-6) 
AY=Y,-Y,;  A0,-(0,), - (84), 


s 


then for any value between the starting and finishing positions of link 2 
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0; — (65), A0, 
—— = — > ry 
X-X, AX 


or 


0, 2 r,(X- X) * (0,), 


Similarly, for the rotation of link 4 we have 
9, = fo, (65) 2 ry (Y - 3j * (04); 
where 
A0 
fy ——— 
AY 
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(11.2-7) 


(112-8) 


(11.2-9) 


(11.2-10) 


The positions of precision points play a role in the distribution of structural error. Consider func- 


tion fy shown in Figure 11.6(a), where two different approximations of this function are shown. 


Each approximation has its distinct locations of the precision points. The structural error for each 


is shown in Figure 11.6(b). 


Chebyshev spacing is commonly employed to locate the precision points for a given range of 


input motion [3]. Figure 11.7 illustrates the method of graphically locating three precision points. 


Asemicircle is drawn on the X axis with diameter AX and with center at (X, + X7) /2. Half ofa regular 


hexagon is then inscribed in the semicircle with two of its sides perpendicular to the X axis. Lines 


drawn perpendicular to the X axis from the vertices ofthe half polygon determine the locations of 


the precision points. The positions may be expressed as 


OXQ6X, Xj-X 


X, 3 ~ cos30° = 0.933X, + 0.0670X , 
X,+X, 
X, = —— — = 0.500X, + 0.500X, 
2 
X,*X, X,-X, 
d + cos30? = 0.0670X, + 0.933X , 


2 


Figure 11.6 


(112-11) 
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Figure 11.7 Chebyshev spacing of three position points. 


Based on Equations (11.2-8) and (11.2-9), we can relate the positions of links 2 and 4 to the values 
of X and Y at the precision points using 


(6); 2 x(X;-X,)* (69,  j=1,2,3 (113-12) 
(06), 2 (Y,-Y,) *(00, f=1,2,3 (112-13) 


A slider crank mechanism may be designed to generate prescribed linear motion ofthe slider as a 
function of the rotational motion of the crank. For the mechanism shown in Figure 11.8(a), the 
corresponding function is shown in Figure 11.8(b). The function produced will depend on the 
offset and the lengths of the crank and coupler. Therefore, the generated function will likely be an 
approximation of that which is desired. Using the algorithm presented in this chapter, the desired 
function and that actually produced may be matched at three precision points. 

We may relate positions of the slider to the values of Y of a function using 


s-n(Y-Y)-^s, (11.2-14) 
where 
ry = As (11.2-15) 
AY 


Also, corresponding to the precision points, 


s= re (Y, — Y,)+ sy j=1,2,3 (11.2-16) 


11.2 CLASSIFICATION OF SYNTHESIS PROBLEMS 431 


Sf 


(a) 


Figure 11.8 Slider crank mechanism and function generation curve. 


11.2.2 Path Generation 


Asynthesis problem of path generation involves determining dimensions of a mechanism that will 
guide a point on a link along a specified path. 

Figure 1.16 shows an application of path generation. A point on the coupler is utilized in a film 
drive mechanism. 

A wide variety of shapes of paths may be generated. Figure 1.14 illustrates a small sampling of 
the path of the trace point from the coupler of a four-bar mechanism. One of the curves illustrated 
includes a cusp: a point on the coupler path for which there are multiple tangents to the curve. 

An extensive catalog of coupler curves that are generated by four-bar mechanisms was prepared 
by Hrones and Nelson [13]. Using a catalog of coupler curves, we may select mechanism dimen- 
sions to perform a specific function. 


11.2.3 Rigid-Body Guidance 


A synthesis problem of rigid-body guidance involves determining the dimensions of a mechanism 
so that during its motion a point on one of the links (i.e., the rigid body) passes through pre- 
scribed positions, while at the same time the link is constrained to undergo desired rotations. 
Figure 11.9(a) shows an example where it is required to design a mechanism in which onelinkstarts 
from position and orientation 1, and moves to final position and orientation 3. An intermediate 
position and orientation 2 are also specified. For each position, point A on the link has prescribed 
coordinates (x;, y;), i= 1, 2, 3. Also, rotation of the link between positions 1 and 2, and positions 
1 and 3, are prescribed as 8). and 043, respectively. This synthesis problem is called three-position 


YA 
1 
Ay (xq, y) ———— —— 
0 
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Ag (x3, y3) Bis 
3 

> 
0 X 


(a) 
Figure 11.9 Three position rigid body guidance. 
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rigid-body guidance. Figure 11.9(b) showsa four-bar mechanism that provides the required motion. 
It was designed using a synthesis procedure presented in this chapter. 

It is possible to design a four-bar mechanism to satisfy a finite number of positions of rigid-body 
guidance of the coupler. A procedure involving four-position rigid-body guidance is suited to the 
use of a computer [14], but impractical for hand calculation. However, synthesis procedures for 
two- or three-position rigid-body guidance are relatively easy to complete either graphically or 
analytically, using a calculator. These methods are sufficient to solve a wide class of practical design 
problems and are presented in this chapter. 

In many instances it will be possible to generate more than one solution to a particular synthesis 
problem. The solutions may be compared for suitability based on the dimensions of the links, the 
extent of motions, and the transmission angles. 


11.3 ANALYTICAL DESIGN OF A FOUR-BAR MECHANISM AS A 


FUNCTION GENERATOR 


In this section, a method is presented for the design ofa four-bar mechanism to generate a function 
having three precision points. Employing equation (4.3-53) along with the identity 


cos(0, — 0;) = cos0; cos0, + sinO; sinO; 
gives the Freudenstein equation 
h cos0, — h, cos0, +h, = cos(0, — 0,) (11.3-1) 


Three distinct equations may be generated from Equation (11.3-1) by inserting three pairs of 
angles for links 2 and 4 corresponding to the precision points, that is, 


h, cos(0,); — h, cos(05); + h; = cos((®,); —(8,);), i21,2,3 (11.3-2) 


Quantities /1;, h3, and hs can be determined from the solution of these three equations. Ifthe length 
of the base link is selected, then the lengths of the three moving links may be determined. We 
employ the following equations, which were found by rearranging Equations (4.3-54): 


E X ya 
n (rtr tri -2nnh) (11.3-3) 


In determining configurations of the mechanism corresponding to a precision point, a negative 
value obtained from Equations (11.3-3) must be interpreted in a vector sense. That is, the link is 
drawn in the opposite direction to that defined in Figure 4.3(c). 
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EXAMPLE 11.1 SYNTHESIS OF A FOUR-BAR GENERATING MECHANISM 


WITH THREE PRECISION POINTS 


Design a four-bar mechanism that will approximately generate the function 


aoe SU eee (11.3-4) 


r =1.00 cm; A0, =-90°; A0, = — 40? (11.3-5) 
Use Chebyshev spacing of three precision points. 


SOLUTION 
This example specifies the motions of links 2 and 4. However, there is no stipulation of the 
starting angular configurations of these links. Therefore, we are free to select 


(8,),=120°; (04), =100° (11.3-6) 


Using Equations (11.2-11), we obtain 
X, = 0.933X, + 0.0670X ; 
= 0.933 X 1.0 + 0.0670 x 5.0 = 1.268 
X, = 3.000; X, = 4.732 (11.3-7) 


Also, from Equation (11.2-6) we get 
AX = X, — X, = 4.000 (11.3-8) 


Then from Equations (11.2-7), (11.2-12), (11.3-7), and (11.3-8) we have 


X, = X, 
(02); = (05), ar AX A0, 


1.268 — 1.000 
=120°+ SEXE ak. = 113.97° 


(05), =75.00°; (8,)3 =36.03° (11.3-9) 


Using Equation (11.3-4), the values of Y at the precision points are 
y Se 3 


ma’ =e m17; a275 (11.3-10) 


AY =Y; -Y, = X’ — x). =1.236 (11.3-11) 


Combining Equations (11.2-13), (11.3-10), and (11.3-11), we obtain 
ess 
AY 
1.126 — 1.000 
— 100? + — —— — —— (—- 40°) = 95.92? 
1.236 
(0,), 276315; (0,), 261.97? (11.3-12) 


(64), = (4), ar A0, 


(Continued) 
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EXAMPLE 11.1 Continued 


Figure 11.10 Four-bar mechanism. 


Substituting the values from Equations (11.3-9) and (11.3-12) in Equation (11.3-2), we get 


—0.103 0.406 1.000 | | 0.951 
0.237 —0.259 1.000 |< h, ¢ = 41.000 (11.3-13) 
0.470 —0.809 1.000 ||, 0.899 


Solving for the unknowns, we obtain 


h 22.959; h, 21.438; h; = 0.672 (113-14) 


Substituting Equations (11.3-14) in Equations (11.3-3), the lengths of the links are 
n, =0.338 cm; n =1.132cm; r4 = 0.695cm 


Figure 11.10 shows the mechanism in three configurations corresponding to the precision 
points. 

Having the link lengths of the four-bar mechanism, we may now evaluate the function that 
would actually be produced by the mechanism and then determine the structural error as a 
function of the rotation of link 2. For instance, consider the mechanism with 


0, = (05), = 120? 
Using Equations (4.3-56)-(4.3-59), gives 


(0. Jao- ~ 23902. 


which does not match the prescribed functional value of 
(04), = 100° 
That is, in this configuration, using Equation (11.2-3), the structural error of the angular dis- 
placement of link 4 is 
ego, - 120° (04 — (04); )@o, = 120° = 98.902? — 100° = —1.098° 


The non-dimensional structural error at X = X, = 1.0 is then 


AY 31.236 
(eX) @xar = (94 — (84),) @0,=120° ^6, = —1.098 Sree 0.034 


Similar calculations may be completed for other configurations of the mechanism. Combining 
these results, Figure 11.11(a) shows plots of the nondimensional desired function and that 
produced by the mechanism in the required range of motion. A plot of the nondimensional 
structural error is provided in Figure 11.11(b). 


(Continued) 
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EXAMPLE 11.1 Continued 
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Figure 11.11 Function generating four-bar mechanism—first solution. 


Other synthesized mechanisms can be produced by selecting alternative starting angular 


configurations of links 2 and 4. If we select 


(05), = 160°; (0,), = 90? 


and reproduce the above procedure, the results are 


tr =1.685cm; r, =6.375cm; r,-——5.279 cm 


The corresponding mechanism and function graph are shown in Figures 11.12 and 11.13. 
Note in this case that the value of structural error has changed. Although the structural error 
is reduced compared to the first solution, a designer may not wish to incorporate the second 
solution because the link lengths are greater and the transmission angle is smaller. 
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Figure 11.12 Four-bar mechanism— second solution. 


(11.3-15) 


(Continued) 
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Figure 11.13 Function generating four-bar mechanism— second solution. 
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There is no guarantee the calculated results will produce an acceptable mechanism as far as link 
dimensions and transmission angle are concerned. In general, a solution must be checked relative 
to its suitability in completing a required task. The use of Working Model 2D software is very 
effective in carrying out such checks. 


11.4 ANALYTICAL DESIGN OF A SLIDER CRANK MECHANISM 


AS A FUNCTION GENERATOR 


Figure 11.14 shows a slider crank mechanism. The displacement of the slider is a function of the 
rotation of the crank. This function takes the form 


s= fo, (65,1, 1j, 1) (114-1) 


As link 2 moves between positions (0, ), and (0, )p link 4 translates between s, and Sf. 
The x and y coordinates of turning pair B are 


Xg —71,cos0,; yg =n, sin, (1144-2) 
and those ofturning pair D are 
Xp 75; Jyp7h (114-3) 
The square ofthe distance between turning pairs B and D is 


z — (xp — xg) + (yp - yg) (1144-4) 


Substituting Equations (11.4-2) and (11.4-3) in Equation (11.4-4), rearranging, and simplifying, 
we obtain 


s? = k scos0, +k, sin®, — k, (114-5) 
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Figure 11.14 Slider crank mechanism. 


where 


k 225; k,-z2nt; k-ntnu-n (1144-6) 


Three distinct equations may be generated from Equation (11.4-5) by inserting three pairs of 
angles oflink 2 and the positions of the slider, that is, 


s? =k,s,cos(0,), + k, sin(0;), - kj, i=1,2,3 (11.4-7) 


Quantities kı, kọ and k; can be determined from the solution of these equations. Employing 
Equations (11.4-6), the mechanism geometry is determined using 


n =(ri tn =k) (114-8) 


Chebyshevspacing of precision points (Equations (11.2-11)) mayalso be used for synthesizing 
a slider crank mechanism. 


EXAMPLE 11.2 SYNTHESIS OF A SLIDER CRANK GENERATING 


MECHANISM WITH THREE PRECISION POINTS 


Design a slider crank mechanism that will approximate the function 


Ya X,=10<X<40=X, 


by utilizing three precision points with Chebyshev spacing. Also 
A0, =—120°; As= 5.0 cm 


SOLUTION 
We make the selection 


(0,), 21505; s, = 2.000 cm 


Then from the function graph shown in Figure 11.15 
X,-21201; Y,=1316; (0,),2141965; sı =2.226cm 
X, =2.500; Y, =3.953; (0,), 290.00; | s5,—4.109 cm 
X,=3.799; Y,-7405; (0,),-38045  s,—6575cm 
Substituting the above values in Equation (11.4-7), and solving for the unknowns, 
k, =5.522 cm; k, =5.865cm°; k, =—11.02 cm? 
Using Equations (11.4-8), the dimensions of the mechanism are 


r —1.062cm; n =2.761cm; n = 4.446cm 
(Continued) 
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EXAMPLE 11.2 Continued 
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Figure 11.15 Slider crank mechanism. 


Figure 11.16 shows the mechanism in three configurations corresponding to the precision 
points. 

Having the dimensions of the slider crank mechanism, we then evaluate the function that 
would actually be produced by the mechanism and compare it with the desired function to 
determine the structural error as a function of the rotation of link 2. The actual positions of the 
slider are evaluated using Equations (4.3-77) and (4.3-78). Figure 11.17 provides the results 
in a nondimensional form, using a procedure similar to that employed in Example 11.1. 


Figure 11.16 Function generating 
slider crank mechanism. 


(a) (b) 


Figure 11.17 Function generating slider crank mechanism. 


11.5 GRAPHICAL DESIGN OF MECHANISMS 439 


11.5 GRAPHICAL DESIGN OF MECHANISMS FOR 
TWO-POSITION RIGID-BODY GUIDANCE 


Suppose that it is necessary to move the rigid body shown in Figure 11.18(a) from position 1 to 
position 2. Two points on the body are identified as A and B, and subscripts indicate the posi- 
tion number. Figure 11.18(b) illustrates one method of achieving this, by connecting a slider at 
A and B through a turning pair and having each slider move along a straight and stationary slide. 
If an actuator is attached to the slider at A and drives it from A, to A), then point B will follow in 
the required manner. In this instance, points A and B move along straight lines. Alternatively, as 
shown in Figure 11.18(c), a point on the body may be driven alonga circular path by implement- 
ing a crank arm that is pinned to the rigid body. Point A on the body will move from A, to A; 
provided that the base pivot is located on the perpendicular bisector of line segment A, A». Either 
or both points A and B may be connected to a crank arm through a turning pair. Figure 11.18(c) 
shows the case where one crank guides point A from position 1 to position 2. For point B, we 
employ a straight slide and slider, as was used in Figure 11.18(b). This construction yields a slider 
crank mechanism. Note that there are an infinite number of locations where the base pivot could 
be located on the perpendicular bisector. Still another mechanism is shown in Figure 11.18(d). 
Here, we use one crank to guide point A and another to guide point B. In this instance we have 
a four-bar mechanism. 

In this section, three different mechanisms were identified to carry out the same task, where 
the motion between the positions is distinct. A designer must select the most appropriate type of 
mechanism for each particular application (i.e., carry out type synthesis). 


Actuator 


Figure 11.18 Two-position rigid-body guidance. 
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Figure 11.19 Three-position rigid body guidance. 


11.6 GRAPHICAL DESIGN OF A FOUR-BAR MECHANISM FOR 
THREE-POSITION RIGID-BODY GUIDANCE 


Consider the three positions of a rigid body containing points A and B, as shown in Figure 
11.19(a). The three positions of point A are labeled Ay, A; and A3. These points define a circle. The 
center of this circle is located at the intersection of the perpendicular bisectors of line segments 
A, A, and A,A; and is labeled O4. A link pinned to the body at point A and to the base link at O4 
can guide point A through its three positions. Likewise, the three positions of point B, labeled 
Bı, Bo, and B; define a circle centered at Op. A rigid link pinned to the body at B and pinned to 
a base pivot at Og will guide point B through its three positions. This construction has formed 
a four-bar mechanism O4 ABO», which guides the body through the three specified positions. 
Figure 11.19(b) illustrates the mechanism. 

The procedure presented in this section started with selecting the location of the turning pairs 
on the coupler, and ended up by determining the base pivots. A trial and error procedure may be 
needed to determine a desirable location of the base pivots. In Section 11.7, an analytical proce- 
dure is presented whereby the base pivots maybe specified, and locations of the moving pivots are 
determined. 


11.7 ANALYTICAL DESIGN OF A FOUR-BAR MECHANISM FOR 


THREE-POSITION RIGID-BODY GUIDANCE 


An analytical procedure is presented for the synthesis of a four-bar mechanism to carry out 
three-position rigid-body guidance (see Figure 11.9). It employs the concept of displacement 
matrices presented in Appendix C, and was originally presented by Suh and Radcliffe [52]. We 
consider the case where we have a rotation about a fixed origin followed by a translation. The 
coordinates of the point before the motion are (xp, g Ja). The coordinates after the motion are 
(xp, Jp, ), n = 2, 3. Using Equations (C.4-1), (C.4-15), and (C.4-16), the relationships between 
the coordinates are 


xg = Cing, E Sy p, * Ais, 


JB, — Sin%B, + Cin YB, als Ay. (11.7-1) 
where 
Aisn 7 Xp, — Xp, Cy, + YB, Sin 
Ay, = JB, — Xp Sy, = Yg, Cin 
Cin 7 cos0,,; Sin — sinO,, (11.7-2) 


Employing a crank to guide the body through the positions, the coordinates of the base pivot are 
(xo, j Yo,) and the coordinates of the moving turning pair in the starting position are (x Bj JB, ). 
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Since the length of the crank is constant, the distance between the base pivot O; and the moving 
turning pair is the same for all positions. Then 


[(xg, — xo, y+ (Xs, — Yo, Hs [(xg, — xo, y+ (Xs, — Yo, rre (11.7-3) 


Squaring both sides of Equation (11.7-3), substituting Equations (11.7-1), and simplifying, we 
obtain 


Xg CA, Ci, + Ar3nSin 7 Xo, Cin — Yo, Sin + Xo.) 


+ Js, (AggnCin 7 Ais + Xo, Sin — Yo, Gin + Yo,) (11.7-4) 


2 2 " 
= Alzo, + Ago, — (Alan + Ao); n=2,3 


Two distinct equations may be generated from Equation (11.7-4), one for n = 2 and the other for 
n= 3. If we specify the coordinates of the base pivot, then the equations may be solved for xp; and 
ygı: To determine the coordinates of D, (see Figure 11.9), we start with Equation (11.7-4) and 
then replace O, with O, and replace the coordinates of B; with those of point D4. 

The link lengths of the four-bar mechanism are determined using 


ns [@6, =o) + (Yo, 7 Yo, P hs 

n= [ (ws, — Xo, y+ (yp, — Yo, la J^ (112-5) 
R= [ (a, = xp) at (yp, — YB, y | 

t= [ (x, T Xo, re (yp, — Yo, y li 


Care must be taken to ensure that the calculated values of link lengths produce a suitable mecha- 
nism. This is illustrated in the following example. 


EXAMPLE 11.3 DESIGN OF A FOUR-BAR MECHANISM FOR 


THREE-POSITION RIGID-BODY GUIDANCE 


It is required to move a headlight cover from the open position to the closed position as shown 
in Figure 11.20. Design a four-bar mechanism to perform this task by specifying three posi- 
tions of rigid-body guidance. Employ the given locations of base pivots O, and O4. During its 
motion, the headlight cover must not cross the fender of the automobile. 


YA 
Fender 


ee 
A, (1.5, 5.0) Open, 
position 1 


As (7.5, 2.0) 
552 
Closed, 
O, (0, 0) (9 = position 3 


x 


LTT, = 
8) O, (5.0, —1.0) NS 
TT 


Figure 11.20 Three-position rigid-body guidance. 


(Continued) 
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EXAMPLE 11.3 Continued 


SOLUTION 


Corresponding to the given information provided in Figure 11.20, we have 


Xo, =0.0; yo, 200; xy =S.0cm; yo, =-1.0 cm (11.7-6) 


The open and closed positions of the headlight cover are numbered 1 and 3, respectively. Thus 


x, =1.5cm; yı =5.0cm 


11.7- 
AUI S cm y 20cm; Ol, = SS D 


For the second position, we have a choice for the position and orientation of the headlight 
cover. If we select the following intermediate values between positions 1 and 3: 


x, =45cm; y,-3.5cem; 0,-2-275? (11.7-8) 
Substituting values from Equations (11.7-7) and (11.7-8) in Equations (C.4-16) we obtain 
Cj, = cosĝ = 0.887; Si, = —0.462 
A32 =% — XC + yS — 0.861 cm; — A54, — — 0242 cm 
Cj = 0.574; $,4,-2-0819; A33 =2.544cm; A3 0.361 cm 


Substituting the above values in Equations (11.7-4), one for n = 2 and the other for n = 3, and 
placing in matrix form, we get 


0.875 0.182] fxg | _ [-0.400 

1164 2.291])y, | |-3.301 (11.7-9) 
Solving Equation (11.7-9) gives 

xg =—0.175cm; yg — —1.352 cm (11.7-10) 


Employing equations similar to (11.7-4) and solving for the coordinates of D, gives 


Xp, = 3281cm; Jp, = —0.418cm (ILLE dL) 


and using Equations (11.7-5) gives 
5n —5.099cm; n = 1.363cm 


r, = 3.580cm; r, —1.815cm (7) 


Figure 11.21 (a) shows the resulting mechanism in its starting position. Although the mecha- 


ideo E20 nism can be assembled in each of the three positions, links 2 and 4 do not have continuous 


Headlight Cover, 
Undesirable Design 


rotational motion in one direction in order to move through the three positions (see [Video 


11.214 ]). For this reason, it is not a desirable solution. 


(Continued) 
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EXAMPLE 11.3 Continued 


Fender 


Headlight 
cover 


3 


Figure 11.21 Headlight cover: (a) Undesirable design [Video 11.21A ]. (b) Desirable design [Video 11.21B]. 


To obtain a desirable solution, one may try altering the location and orientation of the 
headlight cover for the second position. If we select 


X,-— 62cm; y,=2.8cm; 0, = —44? (11.7-13) 


then the calculated link lengths are 
5n =5.099cm; n =2.665cm 


f,=2.622cm; m, = 1,777 em (11.7-14) 


Video 11.21B The result is illustrated in Figure 11.21(b), and in this instance link 4 moves continuously in 


Headlight Cover, 
Desirable Design 


one direction while the headlight cover moves from the open position to the closed position 
(see [Video 11.21B]). 


PROBLEMS 


P11.1 Design a four-bar mechanism that will approxi- Also 
mately generate the function (0, ), =150°; (03); = 90° 
y=x", 1<x<4 s,=2.0cm; s,—40cm 
Also 
Use Chebyshev spacing of three precision points. 

5n =1.00cm; (0,), =120°; (0,) f= 30° (Mathcad program: slidercrankfuncsyn) 

(0,), = 100°; (6), = 50° P11.3 Figure P11.3, on the next page, illustrates a func- 

s 


tion graph. Determine a slider crank mecha- 
nism that will generate the function with three 


Use Chebyshev spacing of three precision points. 
precision points. Employ Chebyshev spacing 


(Mathcad program: fourbarfuncsyn) 


P11.2 Design a slider crank mechanism that will approxi- De the precision points. (Mathcad program: 
mately generate the function slidercrankfuncsyn) 


an 
H 


Y-X 1<X<3 A0, ——50*; As = 4.0 cm 
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Figure P11.3 


P11.4 Figure P11.3 illustrates a function graph. 


Determine a four-bar mechanism that will gen- 
erate the function with three precision points. 
Employ Chebyshev spacing of the precision 
points. (Mathcad program: fourbarfuncsyn) 


5n =1.00cm; A9, =-30°; A0, = -30° 


P11.5 Given the three positions of the rigid body shown 

@ in Figure P11.5, graphically design a four-bar 

© mechanism that will guide the mechanism through 
the three positions. 


Figure P11.5 


P11.6 Design a four-bar mechanism, with the given loca- 
tions ofthe base pivots, that will guide a rigid body 
through the specified three positions. (Mathcad 
program: fourbarrbg) 


Xo, — 0.0; Jo, = 0.0; Xo, = 5.0 cm; Yo, = —1.0 cm 
x =15cm; yı = 5.0 cm 
x, =6.3cm; y,=3.0cm; 0; =—40° 
X3 = 7.0 cm; Yz = 2.5 cm; 0; = —50° 


DESIGN OF MECHANISMS 
AND MACHINES 


INTRODUCTION 


When a device is needed to perform a mechanical function, the first step is to survey the many 
existing examples of mechanisms and machines and to adapt one of those solutions to satisfy that 
purpose. This bookand other books provide many examples of existing mechanisms and machines. 
In some cases, however, there are no preexisting solutions, and a new mechanism must be created 
or designed. The design of mechanisms and machines is now discussed. The general engineering 
design process is presented, along with a detailed description of the various design phases. To 
facilitate this description, some examples of the design process involved for simple mechanisms 
are presented. In Chapter 13, numerous case studies on the design of various mechanisms and 
machines are presented, which emphasize different aspects of the design process. Also, exercise 
problems for various aspects of the design process are available at the end of this chapter, at the 
end of Chapter 13, and in Appendix A. These provide opportunities for the student of design to 
practice the materials described herein. 


12.2 INTRODUCTION TO DESIGN 


Engineering design is a process to create solutions to engineering problems. The solution may take 
the form ofa system, a device, ora process that meets a set of specified design goals and objectives. 
Design is initially a creative process that generates multiple ideas and concepts. Those concepts are 
then evaluated and decisions are made on how to proceed with a solution that best matches the 
design goals and objectives. The analysis phase involves mathematics and engineering sciences. 
Design can be complexand open-ended, involving multiple iterations before a satisfactory solution 
is achieved. Generally, there is no unique design solution, only alternate solutions each with their 
own merits, which are evaluated against the design objectives. 

Itis important to emphasize the differences between engineering design activity and engineer- 
ing science analysis. Many of the examples and problems presented in Chapter 1 to Chapter 11 
are examples of mathematical and engineering science analysis (unless specifically indicated as 
design problems). In mathematics and engineering science, the problems are well-posed and are 
presented in a compact form. They require application of specialized areas of knowledge, such as 
kinematics, dynamics, the law oftoothed gearing, and other such knowledge. The solution to each 
problem is generally unique, and these problems have a readily identifiable closure. In contrast, 
engineering design problems must be formulated or interpreted by the designer from a list of facts, 
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needs, or client statement, typically known as a problem description. The problem description is 
usually incomplete due to missing information, or there may be uncertainty regarding the nature 
of the problem itself. The solution often requires consideration of several subject areas, beyond just 
mathematics and engineering science. There is generally no unique solution, only alternate solu- 
tions each with their own merits. When a final design solution is prepared and submitted, it should 
be scrutinized, and there are always recommendations for future work and revisions. 

Mechanism and machine design involves the creation and synthesis of new ideas. Hence, one may 
ask “How do I learn to design or create things?” There are many opinions and textbooks on how to 
learn to design. Some say that design can be learned by studying and looking at many existing designs, 
analyzing them, and developing an aesthetic appreciation of design. This approach is often used by 
architects, artists, or even engineers. Others say that design can be learned by doing “design over and 
over again,” taking the time to reflect on the process, reflecting on success and failure, and learning 
by hands-on experience. This approach is also used by some designers, whereby design experience 
is gradually built up over many years. Others will say that design can be learned/done by following 
a set of general design methodologies and processes, consisting of techniques, tools, and steps. This 
approach can be helpful with design projects of high complexity and many considerations. It is the 
authors’ opinion that learning to design involves a balance of all three of the above approaches. 

Individuals and novice designers seeking to develop their design skills are encouraged to use 
all three approaches. First, perform periodic reviews of the numerous examples of existing mecha- 
nisms and machines throughout this book and other books. These existing examples should be 
studied in depth, and where possible, the physical models or computer models of these mecha- 
nisms should be explored. Through the understanding of existing devices comes the knowledge 
necessary to develop new designs. Second, individuals should practice the process of creation and 
design often, by working on design-based problems such as those provided within Chapters 12 
and 13 and also in Appendix A. Third, individuals should become familiar with formal design meth- 
odology and process, found in textbooks such as [15, 16, 17]. Design methodology and process is 
very useful when combined with the other two approaches, because it helps to organize and focus 
the design effort. Following a design process can greatly increase the likelihood that a good design 
solution will be achieved, in a reasonable period of time. The next section provides an explanation 
of formal design methodology and process, with emphasis on techniques that are useful for the 
design of mechanisms and machines. 


12.3 DESIGN METHODOLOGY AND PROCESS 


Using a formal design process can help organize and focus the design effort. Figure 12.1 lists the 
seven suggested phases of the design process, as well as specific activities within each phase. The 
phases and activities shown in the design process are generally depicted as a linear progression. 
However, the actual design process is nonlinear and iterative in nature as depicted by the oval 
dashed arrows. The design process can involve multiple iterations, reformulation of the problem, 
backtracking, re-design, etc. 


12.3.1 Problem Formulation 


The first phase of the design process is Problem Formulation. Here, the designer seeks to define 
the purpose and scope of the design activity, the problem to be solved, and the boundaries of the 
problem solution. The activities to be completed in the problem formulation phase from a checklist 
that ensures the design activity gets off to a good start. These tasks include the following: 

Task 1: Create a Design Goal Statement for the design project, based on the information pro- 
vided in the Problem Description. The problem description is usually presented by a client, an 
employer, or another colleague. The problem description arises from the recognition that there 
is a problem with the current situation, a deficiency with a system, or a lack of an existing design. 
It is very likely that the problem description will have insufficient information, which will require 
the designer to search for and gather more information from various sources. The Design Goal 
Statement attempts to summarize (a) the problem with the existing situation and (b) the general 
approach and methods to solve that problem. This statement should clearly express the need forthe 


Problem Formulation 
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-Detailed Drawings 


Embodiment Testing/Evaluation Reporting & 
-Proof of Concept -Design Performance Communication 
-Prototype Fabrication -Are the Design -Scrutiny/Feedback 
-Concept Verification Objectives Met? -Formal Documentation 
-Iterate Process Steps -Design Report 
1 - 6 as needed 


Figure 12.1 The seven phases ofthe design process. Although the process is depicted as a linear progression, it is an iterative process in practice. 


design activity. Two examples of problem descriptions with their corresponding design goal state- 
ments are provided next. One example describes the need for a design to transmit torque between 
two nonparallel shafts, while the second example describes the need for a rotational device design 
subjected to clockwise (CW) and counterclockwise (CCW) torque. 


EXAMPLE 12.1-A DESIGN OF TORQUE TRANSMISSION MECHANISM 


PROBLEM DESCRIPTION 

Connecting two shafts to allow for transfer of torque between them is difficult when they con- 
stantly change their relative alignment. In this case, torque needs to be transmitted from an 
input shaft to an output shaft, while they are spinning, where the alignment will vary as they 
spin. There is already a mounting plate built onto each of the shafts, to which a new coupling 
mechanism design could be mounted. Therefore, any new proposed design should accom- 
modate those existing plates. It is important for this application that the mechanism be light- 
weight. It is also suggested that metal parts may be too heavy, so other materials should be 
considered. A diagram has been provided by the client, as shown in Figure 12.2, which illus- 
trates the configuration and location of the potential device as “??”. 


PROPOSED DESIGN GOAL STATEMENT 

Design a mechanism to connect two shafts together, such that the shafts may change their 
relative angle with each other and can transmit at least 3 N-m of torque. The two shafts are 
initially co-axial, but the output shaft may develop an angle of up to 30° off axis, during normal 
operation. To facilitate low weight, the mechanism must be constructed entirely out of ABS 
(acrylonitrile butadiene styrene) plastic sheet. Each shaft has a mounting plate attached per- 
pendicular on its end, to which the new mechanism must attach. 
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Mounting 
plate 


Input 
shaft 


Figure 12.2 Problem description illustration for a torque transmission mechanism. 


EXAMPLE 12.1-B DESIGN OF ONE-DIRECTION ROTATIONAL DEVICE 


PROBLEM DESCRIPTION 

A machine has rotating components, but cannot operate properly if one of those components 
rotates in the wrong direction. At present, the said component is subjected to both clock- 
wise (CW) and counterclockwise (CCW) torques, and it rotates in either direction. Upon 
examination of the machine, it is established that the component output should only rotate 
in a CW direction. Additionally, the device needs to transmit a reasonable amount of output 
torque in the CW direction for the machine to operate properly. Figure 12.3 illustrates the 
configuration and location of the potential device as “??”. 


PROPOSED DESIGN GOAL STATEMENT 

Design a rotating device where its output can rotate only in the CW direction, where that 
device will be incorporated into a machine. During normal operation this rotating device will 
be subjected to CW and CCW torques. If torque is applied in the CCW direction, the output 
rotation must stop. If torque is applied in the CW direction, the output rotation must be able 
to transmit up to 100 N-m of output torque. 


Figure 12.3 Problem description illustration for a one-direction rotational device. 


Task 2: Conduct an extensive Information Gathering search to review existing devices that may 
address the stated design goal statement. This ensures there are no existing design solutions that 
can already satisfy the goal. It also exposes the designer to solutions that partially satisfy the goal. 
Suggested sources of information include: 


e Library: Textbooks, journal papers, or conference papers in the subject area. 

* Internet Sources: There are numerous online search-engines such as Google, Yahoo, 
Bing, and many others where appropriate keywords relating to the design can be entered, 
and relevant documents can be found. 
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* Internet-Based Image Search: Image-based searches are particularly useful for mecha- 
nism and machine design. Keywords will provide dozens of images that can be visually 
scanned for potential design relevance. Such visual-based scanning is highly recommended 
for designers who are new to mechanism design. New designers often do not know the 
technical names for specific mechanisms, and hence it is difficult to search with text-based 
approaches. 

* Internet-Based Technology Magazines: These have extensive coverage of many techni- 
cal areas, including magazines or articles from the ASME (American Society of Mechanical 
Engineers), SAE (Society of Automotive Engineers), or other organizations that address 
the subject area. 

* Patents: Millions of patents are catalogued and listed online. These are an excellent source 
of information for mechanism and machine design. In particular, patents that are over 
20 years old are no longer protected, and their contents are free for all to use. They often 
have excellent diagrams and descriptions of how the mechanisms work. One suggested 
online source is the United States Patent and Trademark Office. 

e Stakeholders: These are the people who are involved in, or affected by, the design. This 
may include the clients who have commissioned the design. 

* Experts/professionals: These are people who have worked on similar designs in the past. 


Task 3: Develop a set of Design Objectives and Constraints. These are the specific performance 
targets that will dictate the direction of the design activities. Sometimes these are referred to as 
"Design Requirements" in other books; however, they are referred to as Design Objectives in this 
textbook. The design objectives are specific engineering performance targets describing how your 
design will perform, and they should also include a quantifiable/numeric value. As a designer, you 
will aspire to meet or exceed your design objectives. Design Constraints are similar to design objec- 
tives, however they are items/descriptions that restrain or restrict the design activity. To best illus- 
trate the formulation of design objectives and constraints, Example 12.1-A and Example 12.1-B 
are further developed by Example 12.2-A and Example 12.2-B, respectively. Design objectives and 
constraints are best listed in a table format to consolidate the information. 


EXAMPLE 12.2-A DESIGN OF TORQUE TRANSMISSION MECHANISM 


DESIGN OBJECTIVES AND CONSTRAINTS 
Table 12.1-A lists a set of proposed Design Objectives and Constraints for the design of a 
torque transmission mechanism to transfer torque between two shafts. 

In this example, a number of design objectives can be developed. Note that the design 
objectives for torque, angular alignment, material, and shaft coupling were all derived from 
the information provided in the design goal statement. However, much more information is 
needed. As the designer contemplates the problem further, a number of questions will arise. 
The problem definition states that the design should be lightweight, but no value was speci- 
fied. Further, the designer will realize that there is no mention of operational speed, life cycle, 
or other requirements in the description, yet these two parameters would likely have a large 
role in the design. Therefore, more information gathering must be done by the designer to 
learn more about the intended application, using the suggestions of Task 2 in Section 12.3.1. 
Presuming that such additional information gathering takes place, the designer may reach the 
conclusion that an operating speed of 60 rpm, a life cycle of three years, and a maximum mass 
of 1 kg are reasonable values for the application. Based on this information, the design objec- 
tives and constraints listed in Table 12.1-A have been formulated. 
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TABLE 12.1-A DESIGN OBJECTIVES AND CONSTRAINTS FOR THE TORQUE 

TRANSMISSION MECHANISM 

Design Objective Description Value (Units) 

Torque Mechanism must transmit a minimum torque. 3 (N-m) 

Angular alignment Mechanism must operate properly with angular misalignments 30 (degrees) 
of up to 30 degrees. 

Mass Must be lightweight with a maximum value 1 kg. 1 (kg) 

Material Must be constructed from only ABS plastic sheet of 3 mm ABS plastic sheet 
thickness. 

Shaft coupling Must attach to existing shaft mounting plates, as illustrated in Via mounting plate 
Figure 12.2. 

Operating speed Must operate at rotational speeds at least 60 rpm 60 (rpm) 

Cycle life Must operate for at least 3 years 3 (years) 


EXAMPLE 12.2-B DESIGN OF ONE-DIRECTION ROTATIONAL DEVICE 


DESIGN OBJECTIVES AND CONSTRAINTS 
Table 12.1-B lists a set of proposed Design Objectives and Constraints for the design of a 
one-direction rotational device. 

For this example, the problem description provides very few details regarding the quanti- 
ties or performance targets needed for the objectives. In many cases, a mechanism designer 
will be given a similar level of limited information, and it is up to them to investigate further. 
This requires further information gathering from the client, other designers that worked on 
similar designs, textbooks, or other written materials. 

For this example, assume that the designer proceeds to gather more information and devel- 
ops a number of design objectives including: reverse torque capability, the mounting system, 
the materials, and the useful life of the mechanism. The reverse torque capability objective 
states that the proposed mechanism should not permit any CCW output torque. The mount- 
ing system objective states that the support structure that holds the mechanism should allow it 
to rotate with low friction in the CW direction. The material objective specifies that the mate- 
rial used to build the component should be strong and wear resistant. The useful life objective 
specifies the minimum number of rotations that the component should endure during its use- 
ful life prior to failure. 

From the information gathered, the designer concludes that there are some restrictions to 
the scope of the design. These constraints include a limited volume within the machine, into 
which the new device must fit. Also, the new device must spin in the desired direction with a 
rotational speed of at least 10 radians/second for the machine to operate. 

In addition, during the information gathering the designer learns that there are no weight 
limitations for the design. Also, that similar design concepts in other written works exhibit 
noise during operation. Upon further consideration and consultation with the client, it is 
decided that the design objectives of weight and noise generation will not be considered as 
influential factors in the design activity. Based on this information, the design objectives and 
constraints listed in Table 12.1-B have been established. 
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TABLE 12.1-B DESIGN OBJECTIVES AND CONSTRAINTS FOR ONE-DIRECTION 


ROTATIONAL DEVICE 


Design Objective Description Value (Units) 

CW torque Transmission of output torque in desired direction 100 (N-m) 

CCW torque Component output torque must stop. Should resist Ø (N-m) 
specified torque without rotation. 

Mounting Rotational mounting system for low friction during Ball bearings 
rotation 

Material Must be strong and wear resistant Steel 

Cycle Life Must operate for at least 1,000,000 rotations 1 million (rotations) 

Weight Not considered as influential for this application — 


Noise generation 


Constraint 


Not considered as influential for this application 


Description 


Value (Units) 


Maximum size 


Mechanism must not exceed size range 


30x30x15 


(LxWxH) (mm) 


Minimum operating speed Device must operate smoothly at rotational speeds of at 10 (rad/sec) 


least 10 radians/sec 


It is important to establish the design objectives and constraints at the beginning of the design 
activity. There are a few important reasons for this: 


(i) The design objectives and constraints should generally be established before the con- 
ceptualization phase and should provide the ideal performance values which the design 
solution should aim to achieve. Further, each objective should be focused on best satis- 
fying the design goal statement and should be relatively independent of specific design 
concepts. Later, after the conceptualization phase, the different proposed concepts can 
be judged against these original design objectives. This process will be described in 
Section 12.3.2. 

(ii) The design objectives and constraints serve as an important method to document the 
development ofa design. As the design evolves, new information may be uncovered (extra 
requirements or obsolete ideas) which will require the update or modification ofthe origi 
nal design objectives. This is part of the iterative nature of the design process. Additionally, 
if a design project is undertaken by a team of designers, a central document that lists the 
past and current design objectives serves to keep all team members'efforts coordinated. 

(iii) A very important reason to establish clear design objectives and constraints, is to ensure 
that the expectations of the client are met. By writing down the design objectives and their 
associated numeric targets/values at the outset of a project, both the designer and the 
client can generally agree on the performance expected. If the design objectives require 
modification later during the design phase, both designer and client should meet to dis- 
cuss the impact on the project. Consider the problem description in Example 12.1-A. 
Here the weight of the design is listed as “lightweight.” Without specifying a quantity, the 
term "lightweight" is open to interpretation, opinion, and ultimately misunderstanding 
between the designer and the client. Not all design objectives can be precisely quantified, 
but an effort to specify their performance as a written description should be done. Proper 
documentation of design objectives serves to create effective communication and to 
establish measurable performance metrics against which a design solution can be judged 
by all involved. 
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12.3.2 Conceptualization 


The next phase of the design process is the Conceptualization phase. This is a creative phase, where 
several ideas or concepts are generated. It is the divergent phase of the design process, where many 
possibilities are considered without too much judgment. Each concept should attempt to solve a 
number of the design objectives, but not necessarily all of them. For a typical design project, an 
effort should be made to generate at least three Conceptual Design Alternatives. These should be 
documented, along with sketches and descriptions of the conceptual designs. 

To say it simply, the generation of creative ideas is one of the wonders of being human. A writer 
by the name of William Plomer once wrote, “Creativity is the power to connect the seemingly 
unconnected.” There is no formula or set of rules that can be applied to generate ideas out of thin 
air. Rather, what is presented here are a set of practical strategies to help individual designers to 
enhance their inherent creativity. In particular, these strategies are presented since they have high 
relevance to mechanism and machine design. 

Creative Strategy 1: The designer should study and review existing design examples on a peri- 
odic basis. Creativity cannot occur in a vacuum, but is often the result of exposure to many other 
ideas, previous experience, and practical lessons. There are many great books that summarize hun- 
dreds of mechanisms and machines [18, 19]. Such books are organized by subject chapters and are 
helpful to read before undertaking a major mechanism design effort. 

Creative Strategy 2: Morphological Analysis is a technique that encourages a designer to con- 
sider the combination of two seemingly unrelated concepts. The technique is best implemented 
by creating a Morphological Chart, with two axes of information. Each axis describes an attribute, 
design objective, or some function of the design. The information in the two axes should be rela- 
tively independent, to help with the generation of interesting ideas. The use of morphological 
analysis often leads to impractical ideas, however, those ideas may themselves eventually lead to 
practical ones. An example of morphological analysis is described in Example 12.3, for the genera- 
tion of novel ways to transmit torque between two shafts. 

Creative Strategy 3: Illustration and Drawing is an important way to record ideas and gener- 
ate new ideas. Some designers are abstract thinkers while others are visual and spatial thinkers. By 
preparing a drawing, limitations can be revealed, or ideas can be built upon. The authors strongly 
recommend that students of design learn to prepare hand-drawn sketches, using pencil and paper. 
This should always be the first step. Example 12.4-B provides examples of concept sketches for the 
one-direction rotation device. As a note, many students rush too quickly to use computer aided 
drawing tools. For idea generation, computer tools are often too restrictive for quick sketching. 
It has been the experience of the authors, that the drawing function/tool-set available with many 
computer aided drawing softwares will heavily influence the idea generation process. This occurs 
because some ideas cannot be quickly and easily drawn with the predefined software functions 
and toolsets. Computer aided drawing tools should be reserved for the later phases of Preliminary 
Design and Detailed Design of the design process. 

Creative Strategy 4: Allow ample time for Reflection on ideas, and allow for iteration. Creativity 
cannot be rushed, and setting a strict timeline for the creative phase of the process may limit the best 
solutions from emerging. Iteration is important, since often the original concept can lead to a better 
idea for the concept. Sometimes an idea suddenly emerges for a design solution, while the designer 
is in the midst of another unrelated activity. This is sometimes referred to as an “Ah-ha moment,” 
and such moments are more likely to occur when the creative process is given ample time. 

Creative Strategy 5: Functional Decomposition is a method that has been developed to assist 
designers in the concept generation process [20-22]. It is especially useful in situations with com- 
plex designs, and it is well suited for mechanism and machine design. Functional decomposition 
can beused for the preliminary design phase; or during the concept generation phase if the designer 
becomes “stuck” during the process. Two examples of functional decomposition are provided in 
the next section, in Examples 12.5-A and 12.5-B. 

Creative Strategy 6: The previous five creative strategies can be done by an individual 
designer. Sometimes, it is useful to engage a team of persons in the creative process. In this case, 
the Brainstorming method can be an effective group activity for the generation of new ideas. To 
best employ the brainstorming method, a set of guidelines [23] should be followed. 
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EXAMPLE 12.3 USE OF MORPHOLOGICAL CHARTS 


Table 12.3 provides an example of using a morphological chart to generate new ideas for the 
transmission of torque between two parallel shafts. 

The chart is constructed by specifying one independent attribute on each axis. In this exam- 
ple, the horizontal axis contains an attribute called Coupling Device Type, of which five pos- 
sible types are suggested. The vertical axis contains an attribute called Attachment System, of 
which six possible types are suggested. The chart is then systematically evaluated, to generate 
ideas. The purpose is to force the designer to consider combinations of seemingly unrelated 
mechanical components. Combinations that might otherwise be subconsciously dismissed, or 
ignored, are now required to be given at least 1-2 minutes of thought. 

In this example, the column with the heading Chain is evaluated first, to see if ideas can 
emerge when comparing it to the headings listed in the rows. We first compare the Chain col- 
umn to the Keyed Slot row. In other words, the designer will ask “Is it possible to transmit 
torque between two shafts using a chain, when a keyed slot is the only attachment system used 
on the shaft”? After some thought, there does not seem to be a valid combination, since a Keyed 
Slot cannot grip a Chain, so the box is left blank. The next combination is then evaluated: “Is 
it possible to transmit torque between two shafts with a Chain, when Sprockets are the attach- 
ment system on the shaft”? Certainly, because this is commonly done, a YES is placed in the 
box. However, that idea isn’t particularly innovative. The next combinations are then evalu- 
ated: “Is it possible to transmit a torque with a Chain when the shaft only has Holes, Springs, 
Pins, etc., as attachment points?” When all the possible combinations using a Chain are consid- 
ered, the next column is evaluated in the same way. 

In the case of the column considering Belt-based torque transmission between shafts, the 
obvious combination is a Pulley attachment system. In the case ofthe column with Gear-based 
torque transmission, the obvious combination is a Keyed Slot. Beyond this, an interesting yet 
plausible answer is to use Glue (perhaps Super Glue") to fasten the Gears to the shaft, and 
hence that combination is marked with YES. 

Upon deeper evaluation, other more interesting ideas emerge as combinations. These 
ideas are denoted as Ideas A, B, C, and D. In the case of Idea A, it may be possible to use a 
flat Belt to couple the shafts, if the belt is dotted with holes. These holes would have a specific 
pitch distance between them, that would engage with the Pins that are protruding from the 
shaft. In the case of Idea B, torsional Springs could connect the Gears to each shaft. When the 
two gears are brought into mesh, the springs could be pre-loaded to create an antibacklash 
system. In the case of Idea C, round Magnets could be inserted into the Holes in the shafts. In 
this way, as one shaft spins, it could exert magnetic force onto the other, which may transmit 
small amounts of torque for some applications. In the case of Idea D, perhaps pressurized 
Fluid may exist inside the shafts, which would spray out of the Holes perpendicular to the 
shaft axis. In this way, if the two fluid jets are impinging, they may cause transfer of torque 
between shafts. 

Note that Ideas A, B, C, and D may range from interesting to impractical, but with fur- 
ther development they may eventually lead to a useful torque transfer system. Certainly, with- 
out using a Morphological Chart, Ideas A, B, C, and D would likely have never emerged for 
consideration. 


There are other noteworthy methods and practical strategies to help a designer during con- 
cept generation. These additional methods and strategies include: Mind Maps [23], the 6-3-5 
Method [24], and recognition of creative and perceptual barriers. Detailed descriptions and 
examples of these methods are beyond the scope of this book, but references are provided. The 
student of design is encouraged to read about these methods and go beyond to explore other 
methods. 
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TABLE 12.3 MORPHOLOGICAL CHART TO GENERATE VARIOUS IDEAS FOR TORQUE 
TRANSMISSION BETWEEN TWO SHAFTS 


Coupling Device Type 


Magnets Fluids 


Keyed slot 


Sprocket 


Holes Idea D 


Springs 


Pins 


Attachment System 


Pulley 


Glue YES 


EXAMPLE 12.4-B DESIGN OF ONE-DIRECTION ROTATIONAL DEVICE 


CONCEPTUALIZATION: ILLUSTRATIONS OF 

CONCEPTUAL DESIGN ALTERNATIVES 

Conceptual design sketches should be hand-drawn, and must illustrate the operational prin- 
ciple of the idea. The various components within the diagrams should be labeled. In this exam- 
ple, four different conceptual design alternatives for the one-direction rotational device have 
been sketched, and are provided in Figure 12.4. 

Concept A shows a traditional toothed ratchet and pawl idea. The pawl is lightly pressed 
against the teeth using a spring. In this design, there are discrete positions where the pawl is 
engaged with the teeth, where no CCW motion can occur. However, in the CW direction, the 
ratchet will simply slide over the top of the teeth, dipping down between tooth positions. 

Concept B shows a friction-based idea with two off-center pivot followers. These pivot fol- 
lowers are lightly pressed against the central disc using springs. If the disc rotates CW, it easily 
slides past the followers since they are offset. However, if the disc attempts to rotate CCW, the 
friction between the followers and the disc will cause the followers to wedge themselves into 
the disc, thereby preventing CCW motion. 

Concept C shows a friction-based idea with two off-center rollers. This design also makes 
use of the “wedge principle.” In this case, the rollers ride within the disc, and they are pressed 
outward via springs. When the disc rotates CW, the rollers are pushed inward. However, if 
the disc attempts to rotate CCW, the rollers roll out and wedge themselves into the housing, 
thereby preventing rotation. 

Concept D shows a friction-based idea with two elliptic followers that can pivot. This design 
employs the “wedge principle” and is similar to Concept B. However, the followers are pinned 
to the disc allowing for a simple circular housing. The springs are used to force the follower into 
contact with the circular housing, but are not shown for clarity. 


12.3.3 Preliminary Design, Analysis, and Decision Making 


After the generation of conceptual design alternatives, the Preliminary Design phase will begin. 
During this phase, the conceptual designs must be developed further to the point where predic- 
tions can be made regarding their expected performance. Tools to further develop the designs 
may include Functional Decomposition, engineering science analysis, and mathematical analysis. 
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Figure 12.4 Sketches of conceptual design alternatives for a one-direction rotational device. 


In some cases, preliminary computer modeling and simulation may also be useful to predict 
performance. When the conceptual design alternatives are sufficiently developed, a Decision 
Selection Methodology should be used to choose the best design concept. There are various pos- 
sible ways to select from different design concepts, such as analytical methods or discussions 
with the design team, clients, or other experts. In this work, an analytical method called Selection 
Tables will be presented, since itis well suited to the design of mechanisms and machines. Using 
this approach, the developed design concepts will be evaluated numerically against the design 
objectives and assigned scores according to how well they satisfy the objectives. Generally, the 
design concept with the best total score will be selected and carried forward to the Detailed 
Design phase. 

In Example 12.4-B, a number of conceptual designs for a one-direction rotational device were 
illustrated. Although these concepts were drawn nicely and briefly described, they are not sufh- 
ciently developed andnot detailed enoughto make predictions about their performance. Therefore, 
preliminary design is about further development and design of these concepts, in accordance with 
the design objectives established for the one-direction rotational device. 


12.3.3.1 Functional Decomposition within Preliminary Design 


Functional Decomposition is a useful and systematic technique to develop the details of a design 
[20-22]. It is especially useful for complex designs consisting of many parts, such as mechanism 
and machine designs. Functional decomposition (sometimes referred to as Functional Analysis 
in other textbooks [22]) can be used to specify the desired functions of a mechanism. The first 
step in functional decomposition is the creation of a Functional Block Diagram to represent the 
system functions. Note that this diagram is not a component/part layout chart. Rather, it is a 
flowchart representing the desired functions/actions that the system must perform. By drawing 
the flowchart in terms of functions/actions, the operation of the mechanism/machine can be 
created and developed, without worrying about mechanical details. After a functional block dia- 
gram is complete, the designer can refer back to the function blocks when creating the mechanical 
components needed to achieve those functions. 

The basic component of a functional block diagram is a block, where each block is a function/ 
action, and has inputs and outputs, as shown in Figure 12.5(a). The output of one block serves as 
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the input(s) for the next block(s), as shown in Figure 12.5(b). For example, a simplified repre- 
sentation of a fluid pump is depicted in Figure 12.6. Note that the blocks represent functions or 
actions, whereas the input/output arrows represent physical objects or energy flows. In this simple 
example, the block with a dotted line represents the overall system boundaries The inputs to the 
system are energy and fluid on the left, and the outputs of the system are pressurized fluid and waste 
heat on the right. Internally, there are three functional blocks shown. The first block is the function 
to change the input energy into a more useable form such as mechanical torque. The second block 
describes the function to clean the fluid entering the system. The third block describes the function 
to compress the fluid, having two required inputs which are mechanical torque and clean fluid. 
The outputs of the third block are pressurized fluid and waste heat, which exit the overall system. 

The functional block diagram of Figure 12.6 is simple in form, and it requires more functional 
detail to be useful. For example, more detail is needed for the block describing the conversion 
of energy into mechanical torque, or the block describing the compression of fluid. The major 
advantage of using functional decomposition with block diagrams is that hierarchical levels can be 
used, where each subsequent (lower-level) diagram provides more and more detail. For example, 
Figure 12.7 provides such detail, by illustrating a lower-level functional diagram of the “convert 
energy into torque” block. Note that the inputs and outputs of this block must be identical to those 
of the higher-level block in Figure 12.6. When creating the diagram of Figure 12.7, the designer 
must consider the inputs and outputs at the higher-level diagram and must create lower-level 
details to match with those. Here, three new functional blocks are proposed and added. The first 
block describes the conversion of the input energy into rotation, and it provides an output of high 
rotational speed. This provides more detail for the function, and it allows the designer to start 
thinking about ways to accomplish these details. Also, this level of detail precludes other possible 
conversion methods, by specifying that the energy is to be converted into high-speed rotation. 


Input Output 
_—_—| Function 


(b) 


Input Output 


Function Function 


Output 
Function 


Figure 12.5 Basic elements of functional block diagrams. 
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Figure 12.6 High-level functional block diagram of a fluid pump. 
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Figure 12.7 Lower-level functional block diagram of "convert energy into torque" block. 


Clearly, the designer may jump to the conclusion that an electric motor can perform this function, 
however, the designer should resist such specific choices at this stage. Only the function regarding 
the conversion of energy into rotation should be shown. This is done since there may be other pos- 
sible ways to convert energy into rotation, so the diagram is drawn in this general way to allow for 
various ideas to be considered later. The second block describes the regulation/conversion of the 
rotational speed into a useful speed and torque. Again, the designer might jump to the conclusion 
of using a gearbox to perform this regulation/conversion function. However, by leaving the block 
written as a conversion function, other ideas such as the use of belts and pulleys, or friction drives, 
or other mechanisms could be considered later. The third block describes user input that is required 
to turn the pump on and off. It describes conversion of user input into a useful mechanical control 
action, which has an output indicated as control. 

The creation of a functional block diagram is gradual and iterative. The diagram will start out 
simple as drawn in Figure 12.6 and will become more detailed by the addition of lower-levels that 
represent each of the high-level blocks. Very often when drawing the lower-level diagram details, 
inputs or outputs will emerge that were not considered at the higher-level diagrams. Some of these 
may need to be transferred up into the high-level diagrams, which may go on to influence other 
high-level blocks and then their own sub-blocks, and so on. In this way, the process is iterative, 
but is very useful in designing the functional details ofthe mechanism. Note that there is no single 
correct version ofa functional block diagram, and many variations are possible. The end result of 
the functional block diagram may be of less importance than the act of creating the diagram. The 
act of creating it allows the designer to critically examine the design objectives and the functions 
to achieve them, the function inputs and outputs, and their relations to each other and determine 
if additional functions are needed. This is a great way to engage the creative process of design. 

The best way to further demonstrate functional decomposition and the generation of functional 
block diagrams is through Examples 12.5-A and 12.5-B. These demonstrate functional decomposi- 
tion as applied to the design ofthe torque transmission device and to the one-direction rotational 
device. There are a number of possible ways to prepare these diagrams, based on the assignment 
of various functions. 


EXAMPLE 12.5-A DESIGN OF TORQUE TRANSMISSION MECHANISM 


FUNCTIONAL DECOMPOSITION 

The creation ofa functional block diagram for the torque transmission mechanism is presented 
here. The first step prior to drawing the diagram is to review the Problem Description, the 
Design Goal Statement, and the Design Objectives listed in Table 12.1-A. Some of these will 
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EXAMPLE 12.5-A Continued 


be useful when creating the diagram, while others will not apply. Also, a review of any concep- 
tual sketches (if available) or other concept generation results should be done. 

The diagram should start with the specification of the bounding box drawn as a dotted line, 
as shown in Figure 12.8. All the external inputs such as energy (forces) and materials entering 
the system are specified, as well as all output energy and materials exiting the system. These 
inputs and outputs are shown as arrows that cross the bounding box. In this example, the 
inputs are specified as torque and shaft misalignment, while the output is specified as torque. 
Next, the designer must create the practical/necessary functions that need to take place within 
this mechanism, to match up with its inputs and outputs. Although there is no shape or form to 
the proposed mechanism yet, the designer may realize that the mechanism will need to be con- 
nected to the external shaft that supplies the torque, in some way. Also, some way to connect 
the mechanism output to an external receiving shaft is needed. These two functions are added 
to the diagram, labeled as "Connect to Input Shaft" and "Connect to Output Shaft." Upon 
further reflection, the designer may realize that the mechanism will be rotating, and its rotat- 
ing parts must be supported on both ends. However, the output end may be misaligned with 
respectto the input. This information is added to the diagram with the function blocks labeled 
as "Support Input Structure" and "Stabilize Output Structure." The word stabilize is used since 
it is known that the output will be misaligned, yet it must still be stable enough to allow for 
the transmission of torque. Finally, there must be some way to connect the input side of the 
mechanism to the output side. This function is labeled as “Couple Input to Output,” which is a 
rather broad definition, but will be refined further in the next step. As a note, the actual process 
to create Figure 12.8 took a few iterations, until there was a smooth progression of functional 
steps, separated by arrows of force or material flows. 

Although Figure 12.8 is helpful, it lacks sufficient detail to be immediately useful. 

Therefore the next step is to decompose each functional block, into a set of lower-level 
functional blocks, with more detail. Figure 12.9 shows a lower-level functional block diagram, 
based on the information from Figure 12.8. Each of the original blocks from the higher-level 
diagram now appear as dotted bounded blocks, with the proposed lower-level functional blocks 
within. Also note that a new external input has been added as an arrow, listed as "Ground 
Link." This input was necessary since the mechanism must be supported in some way, with 
respect to ground. Since the ground link arrow enters the system as a whole, it should be added 
to the higher-level diagram of Figure 12.8. However, this has been purposefully left as is, to 
demonstrate the iterative nature of drawing functional block diagrams, and the relationship 
between high-level to low-level diagram creation. 

The blocks of Figure 12.9 provide more detailed functional information. For example, func- 
tions such as alignment, fastening, allowing motion or support, constraint, stabilization, and 
so on, have been added. It is likely that some blocks may still lack sufficient detail, and those 
functional blocks can be decomposed further into an even lower-level diagram, as needed. For 
brevity, this is not shown here. The remaining details of Figure 12.9 are left to the reader to 
explore. 

When the functional decomposition of the Torque Transmission Mechanism is com- 
pleted, the resulting block diagram can be used for other purposes. For example, it can be used 
to communicate the functional details to other designers or customers for feedback, or it could 
be used for mechanical component selection or design. 
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Figure 12.8 High-level functional block diagram of torque transmission mechanism. 
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Figure 12.9 Lower-level functional block diagram of torque transmission mechanism. 
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EXAMPLE 12.5-B DESIGN OF ONE-DIRECTION ROTATIONAL DEVICE 


FUNCTIONAL DECOMPOSITION 

The creation of the functional block diagram for the one-direction rotational device is presented 
here. Prior to drawing the diagram, the designer should review the Problem Description, the 
Design Goal Statement, and the Design Objectives listed in Table 12.1-B. Also, there are some 
conceptual sketches developed for the one-direction rotational device in Example 12.4-B, as 
shown in Figure 12.4. These sketches will be particularly useful, since they can help to define 
the block functions in a more specific way. 

The diagram creation begins with the specification of the bounding box drawn as a dotted 
line, as shown in Figure 12.10. All the external inputs entering the system, as well as all outputs 
exiting the system, should be defined first. In this example, the inputs are CW input torque and 
CCW input torque, while the output is only CW torque. Next, the designer must create the 
practical/necessary functions needed within this mechanism, to match up with its inputs and 
outputs. Some hypothetical steps that the designer may consider when developing the func- 
tional blocks are now described. The designer may consider the way that the mechanism will 
need to be connected to the external CW and CCW input torque, in some way. Also, some way 
to connect the mechanism output to an external receiving link is needed. These two functions 
are added to the diagram, labeled as “Connect to Input Link” and “Connect to Output Link.” 
Next, the designer may consider that the purpose of the mechanism is to transmit CW rotation 
and to prevent CCW rotation, hence two functional blocks are added as “Allow Rotation” and 
“Prevent Rotation.” Note that the inputs to these blocks are “CW Torque” and “CCW Torque,” 
respectively, which helps to qualify the meaning of the subsequent blocks. Note that only the 
block for “Allow Rotation” has an output torque. Finally, there must be some way to support 
this mechanism with respect to the ground plane. This is added by the function “Support from 
Ground” with the input arrow being labeled as “Ground Link.” Since the manner of support is 
not yet clear, the output arrow is dashed and is to be defined in a lower-level diagram. 

Although Figure 12.10 is helpful, it requires more detail to be useful. The next step is 
to decompose the functional blocks into a set of detailed lower-level functional blocks. 
Figure 12.11 shows a lower-level functional block diagram, where some of the original blocks 
from Figure 12.10 now appear as dotted bounded blocks. 

In this example, the conceptual sketches from Figure 12.4 are available and can be help- 
ful for defining the lower-level functions. For example, Figure 12.4(a) illustrates a rotating 
wheel and Figure 12.4(b) illustrates a rotating disc, where both spin CW. Additionally, there 
is a linkage that is pushed into contact with the wheel or disc, labeled as a pawl or follower, 
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Figure 12.10 High-level functional block diagram of one-direction rotational device. 
(Continued) 
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EXAMPLE 12.5-B Continued 


respectively. This information may be incorporated into Figure 12.11. The designer may begin 
by expanding the level of detail of the “Support from Ground” block from Figure 12.10. In this 
case, some function to support the pawl (or follower) with respect to ground is needed, which 
has been added as the “Support Pawl Link” block. In addition, some function to press the pawl 
against the rotating wheel is needed. This is added as the “Push Pawl Against Wheel” block. In 
association with this, a block labeled “Apply Force on Pawl” is added. These three blocks are 
bounded by the dotted block that represents a higher level function “Support from Ground.” 

Next, the designer may consider the decomposition of the high-level blocks called “Allow 
Rotation” and "Prevent Rotation.” From Figure 12.4, it is known that there is a rotating wheel, 
and hence the block "Apply CW Torque to Wheel" has been added. The output of this block 
must lead to a function that allows rotation to take place. Since it is known that the Pawl from 
Figure 12.4 will be involved, this can be written more specifically as "Allow Pawl to Slip over 
Wheel," thereby allowing the wheel to rotate. In the other case, the "Apply CCW Torque to 
Wheel" block leads to the function that states "Jam Pawl into Wheel," thereby preventing the 
wheel from rotating. In this way, the functional diagram is made more specific, by incorporat- 
ing information from the conceptual diagram. 

Some blocks in Figure 12.11 may still lack sufficient detail, and those functional blocks can 
be decomposed further into an even lower-level diagram, as needed. 
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Figure 12.11 Low-level functional block diagram of one-direction rotational device. 


Functional decomposition is a great method to create and develop the functions or actions 
needed for a mechanism to achieve its design objectives. The design student is encouraged to 
practice this method further, using some of the examples provided later in this chapter. More 
examples and advanced application of the functional decomposition method can also be found in 
books such as references 20-22. 
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12.3.3.2 Parameter Specification within Preliminary Design 


After performing concept generation activities, and also functional decomposition of the concept, 
a number of new details, points of interest, and questions about the concept will likely arise. These 
details mayinclude questions regarding the forces exerted, the speeds achieved, the range of motion, 
and so on. Also, questions regarding the materials to be used, the shape and strength of the com- 
ponents, use of standard parts such as bolts and springs, and other points will arise. These specific 
design details are referred to as Design Parameters. The main purpose of the preliminary design pro- 
cess is to develop the design parameters with sufficient level of detail to allow for estimates on the 
ability of the concept to satisfy the design objectives. Example 12.6-B illustrates one way to develop 
the preliminary design of the one-direction rotational device, in the context of component design, 
selection, and configuration. For brevity, only development of Concept A is provided. 


EXAMPLE 12.6-B DESIGN OF ONE-DIRECTION ROTATIONAL DEVICE 


PRELIMINARY DESIGN: PARAMETER DEVELOPMENT 

FOR CONCEPT A, INVOLVING COMPONENT DESIGN, 
SELECTION AND CONFIGURATION 

Some preliminary design details of Concept A can be developed, using the conceptual sketch 
of Figure 12.4(a) and the functional block diagram of Figure 12.11. The process begins by con- 
sidering all the outstanding questions that arise when reviewing this existing information. In the 
case of Concept A shown in Figure 12.4(a), these questions may be (in no particular order): 


e What is the diameter of the wheel? 

* How many teeth should be used on the wheel? 

e What angle should the teeth have? 

e How thick is the wheel? 

* How longis the pawl? 

e Where is the pawl located relative to the wheel? 

* How much force will the pawl exert on the wheel teeth? 
e Etc. 


In the case ofthe functional block diagram of Figure 12.11, these questions may be (in no 
particular order): 


* How will the mechanism be connected to the input link? 
* How will the pawl be supported? 

* How will force be applied to the pawl? 

* How will the wheel be supported? 

* How will the mechanism be connected to the output? 

e Etc. 


Some information is already available, from the design objectives listed in Table 12.1-B: It is known 
that the wheel and pawl should be made from steel. It is known that the overall size ofthe mechanism 
must fit within 30 X 30 X 15 mm. It is known that the mechanism will employ ball bearings, which 
provide for low friction rotation, and also satisfy the design objective for a long life cycle. It is known the 
mechanism should apply at least 100 N- m of output torque in the CW direction, and so on. 

The next step is to sort through all these design questions/details and prioritize them 
in terms of precedence relationships and importance. Precedence means that some design 
parameters must be specified or established, before other design parameters can be dealt with. 
For example, the diameter of the wheel should be established prior to establishing how many 
teeth to use, or what the tooth angle should be. Also, the overall size of the mechanism should 
be established first (this is provided by the design objectives), before establishing the diameter 
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EXAMPLE 12.6-B Continued 


of the wheel. In addition, the pawl support should be established before determining how long 
the pawl will be. The most important and highest precedence design parameters are known 
as Design Drivers. These are early-stage design choices and details that heavily influence the 
remainder of the design decisions. A list of suggested design parameters are presented next in 
relative priority/importance. The design drivers are indicated as well. 


. Wheel diameter (design driver) 


. Connection of mechanism with input link (design driver) 


. Wheel support system (design driver) 

. Connection of mechanism with output link 
. Pawl support system 

. Location of the pawl relative to the wheel 

. Length of the pawl 

. Angle of the teeth 

. Force of pawl exerted on the wheel 

. Number of teeth on the wheel 

. Thickness of the wheel 

mete: 


SO ANKDNHBWN — 


=.. = 
NF 0c 


Once the prioritized list of design parameters has been prepared, the next step is to estab- 
lish a set of values or component choices for these parameters. This can be done in the form 
of a table, which lists the prioritized design parameters, along with the proposed values and 
specific details. Table 12.4-B illustrates this as applied to this example. This table consists of 
three columns, where the third column is titled Rationale for Choice, to help illustrate how 
the proposed values were developed or chosen. In some cases, the parameter values must be 
developed from scratch, such as the number of teeth, or the location of the pawl. In other 
cases, pre-existing mechanical components can be selected for parameter values, such as ball 
bearings and shaft diameters for the wheel support system. Developing the parameter values 
begins at the top of the table, since those parameters have highest priority. Lower priority 
parameter values must be developed so that they are compatible with the higher level values. 


TABLE 12.4-B PRELIMINARY DESIGN PARAMETERS FOR CONCEPT 
A: ONE-DIRECTION ROTATIONAL DEVICE 


Preliminary Design Proposed Value Rationale for Choice 
Parameters (Units) 


Wheel diameter 10mm Fits within maximum permitted volume and still 
allows space for pawl and spring. 


Connection to input link Cotter pin Selected after review of various attachment methods 
connection in mechanical design books [25]. 


Wheel support system Ball bearing and Specified in design objectives. Selected after review 
shaft system of mechanical design books. 


Connection output link Cotter pin Selected since cotter pin is used for input 
connection connection, to keep system common. 


Pawl support system Bushing and shaft Selected after review of various methods for 


simplicity and strength. 


(Continued) 
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EXAMPLE 12.6-B Continued 


TABLE 12.4-B Continued 


Location of pawl 4mm to left and Fits within maximum permitted volume and 
2mm above wheel | accommodates wheel and support size. 


Length of pawl 6mm Fits within maximum permitted volume and 
accommodates wheel and support size. 


Angle of teeth 20 degrees Low angle allows easy slip of pawl over teeth during 
CW motion. 


Pawl force on wheel SN Keeps pawl firmly in place against teeth for CCW, 
but still allows for easy CW slip. 


Number of teeth 16 Maintains 20 degree angle and allows enough 
height for good pawl engagement. 


Thickness of wheel Standard material thickness available from supplier, 
allows for quick machining. 


Etc. 


After the preparation of Table 12.4-B, a new “preliminary design sketch” should be prepared 
that consolidates all the new design parameters and choices. Ideally, this new preliminary 
design should now embody a sufficient level of detail, that some amount of engineering analy- 
sis can be done to assess the performance of the design concept. 


When the preliminary design activity is completed, a newset of detailed design parameters should 
emerge. These parameters should be of sufficient number and detail that some level of engineering 
analysis can be done to assess the design concept properties or performance. Specifically, to assess 
if the proposed preliminary design will satisfy the design objectives for the project. In the case of 
Example 12.6-B, since the wheel diameter, thickness, teeth dimensions, and material have been speci- 
fied, as wellas the parameters of the pawl, there is now sufficient information to perform engineering 
stress analysis. This stress analysis can be directly used to determine if the teeth or pawl are strong 
enough to meet the design objective of 100 N-m of output torque in the CW direction, without 
damage. Or, these design parameters can be used to determine if the mechanism meets the design 
objective of maximum size to fit within the specified volume. The main purpose of preliminary design 
is to (a) develop and specify the design parameters needed to analyze the design, and (b) determine to 
what degree it can satisfy the design objectives. Ifit is determined that some design objectives are not 
met, the corresponding parameters should be changed in an attempt to shift the design to meet those 
objectives. As is the nature of design, iteration will occur when parameter choices are conflicting, but 
priorities should be used to resolve these conflicts to achieve the best balance. 


12.3.3.3 Decision Making within Preliminary Design 


After performing the preliminary design and analysis for each of the concepts, a great deal of infor- 
mation will be available about each of the possible design solutions. Also, the amount of work 
needed to further develop the design details will begin to increase exponentially, as the level of 
detail increases. This is a critical phase of the design process. The designer or design team has finite 
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TABLE 12.5 BLANK DESIGN SELECTION TABLE OUTLINE 

Design Objectives Value (Units) Concept A Concept B Concept C 
Torque (N-m) 

Angular alignment (degrees) 

Mass (kg) 

Material (type) 

Shaft coupling (yes/no) 

Operating speed (rpm) 

Cycle life (years) 

TOTAL SCORE: — 


time and resources and cannot continue toward the detailed design of each and every possible 
design concept. However, the designer must ensure that no concepts are abandoned prematurely 
without proper consideration. At this stage, there is likely sufficient information on each concep- 
tual design alternative to make estimates on the concepts’ ability to satisfy the design objectives. 
This information must be consolidated and reviewed. 

Since not all design alternatives can be pursed for further development, a Design Selection must 
take place, where the designer will choose a single design concept for further development, while 
the remaining concepts will be shelved. There are many possible ways to choose one design concept 
from among the alternatives. For example, it could be done by listing the pros and cons of each 
concept. It could be done through a committee of experts who review each concept and provide 
their opinion. It could also be done by using the designer’s best guess and judgement. Each of 
those selection methods has its merits and disadvantages. However, the purpose of any selection 
method is to choose the best conceptual design alternative based on the factual information avail- 
able. Therefore, the authors of this text present the use of a logical Design Selection Methodology to 
select a single design concept, from among all the developed design alternatives. 

The Design Selection Methodology presented here makes use of a Selection Table that scores each 
design concept, against the design objectives and constraints for the project. Table 12.5 provides 
an example of a blank design selection table for the torque transmission device. 

Upon examination of Table 12.5 we can see the first column (left) contains all the design objec- 
tives related to the design. Their units of measure are listed in the next column. The next three 
columns (3rd, 4th, and Sth) are each devoted to a specific design concept. Each design concept 
must be sufficiently developed, so that a value may be estimated corresponding to each objective. 
Along the bottom of this table (last row), a tally of scores is to be computed. 

Although Table 12.5 appears reasonable at first glance, it cannot be used directly as shown. The 
reason for this is illustrated in Table 12.6. Assume that Concept A, Concept B, and Concept C have 
been developed to the point where values for the design objectives can be estimated and have been 
entered into Table 12.6. To determine which concept best (i.e., more closely) satisfies all the design 
objectives, it would be desirable to add all the values, to obtain the best score. However, there are 
different units for the values for each design objective, therefore they cannot be added together. 
Further, ithas not been declared whether a high value or low value for the design objective is a good 
or bad characteristic. For example, it is not possible to get a total score by adding torque values 
with alignment values, with mass values, with material values, and so on. 

In order to make proper use of a design selection table, the design objective values for each 
concept must first be mapped with the use of evaluation scales. Since each design objective has dif- 
ferent units of measurement with a different measurement range, direct addition is not possible. 
Therefore, mapping design objective values onto a common numeric evaluation scale becomes 
essential to process the information. Table 12.7 provides an example of an evaluation scale for 
the design objective of Torque. The left column of the scale provides the design objective with its 
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TABLE 12.6 EXAMPLE OF DESIGN SELECTION TABLE RENDERED UNUSABLE DUE TO 


MIXED UNITS 

Design Objectives | Value (Units) Concept A Concept B Concept C 
Torque (N-m) 2.5 3.5 8.0 
Angular alignment (degrees) 45 35 25 
Mass (kg) 0.5 1.6 2.0 
Material (type) ABS ABS Acrylic 
Shaft coupling (yes/no) Yes Yes Yes 
Operating speed (rpm) 60 50 55 
Cycle life (years) 2.5 3.5 2.5 
TOTAL SCORE: — 22? 222 22? 


TABLE 12.7(A) EVALUATION SCALE FOR TORQUE DESIGN OBJECTIVE 
Design Objective Torque (N-m) Value Lists Numeric Score 
24.1 10 
3.1-4.0 9 
2.7-3.0 7 
2.5-2.6 5 
2.0-2.4 3 
<2.0 0 


units of measure, along with the proposed range of values. These ranges of values represent per- 
formance characteristics against which the design concepts are judged. The right column contains 
the associated scores given, if the design objective falls within a particular range. In this way, an 
evaluation scale is used to “map” quantitative “scores” onto design objectives. This is needed, since 
a numeric analysis will be performed later, where these numeric evaluation scales are used. In the 
example of Table 12.7, the scores have a numeric range from 10 to 0 to describe the design objec- 
tive as being: 10 = excellent, 9 = great, 7 = good, 5 = adequate, 0 = poor, or some other variation. 
Any numeric score range would be acceptable, however a range from 10 to 0 is recommended, as 
will be described later. 

An evaluation scale is needed for each of the design objectives. Tables 12.7(a)-12.7(c) provide 
examples for all the evaluation scales needed to map the design objectives for the torque transmis- 
sion device, into a common selection table. By creating all of these scales, the three design concepts 
can now be compared in a meaningful and numeric way. 

A few more comments are made about the evaluation scales. First, the scales can have ranges 
that are linear or nonlinear. The only important aspect is that the ranges can be mapped onto scores 
that are deemed excellent (Score = 10) through to poor (Score = 0). Also, different design objec- 
tives can have different rows of ranges, where Table 12.7(b) has six rows while Table 12.7(c) has 
four rows. Yet both tables have numeric ranges from 10 to 0. Also, high values for design objectives 
may bea good or bad trait. For example, note the scale for mass in Table 12.7(b). Here, a high value 
for mass is a bad trait, so higher mass receives a lower score, whereas a high value for operational 


speed is a good trait, so higher operational speeds receive a higher score. 
A proper selection table can now be created with the corresponding evaluation scales for each 
of the design objectives. Table 12.8 shows a proper selection table for the torque transmission 
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TABLE 12.7(B) EVALUATION SCALE FOR THE DESIGN OBJECTIVES OF ANGULAR 
ALIGNMENT (DEGREES), MASS (KG), AND OPERATING SPEED (RPM)^ 
Design Objective Angular Design Objective Design Objective Operating Numeric 
Alignment (degrees) Mass (kg) Speed (rpm) Score 
>40 < 0.8 >90 10 
40-30 0.8-1.0 60-90 9 
25-29 1.1-1.2 51-59 7 
20-24 1.3-1.5 45-50 5 
15-19 1.6-2.0 40-44 3 
<15 >2.0 <40 0 


* All performance characteristics are mapped to a common numeric score ranging from 10 to 0, where 10 is considered excellent and 0 is considered poor. 


TABLE 12.7(C) EVALUATION SCALE FOR THE DESIGN OBJECTIVES OF MATERIAL (TYPE), 
SHAFT COUPLING (YES/NO), AND CYCLE LIFE (YEARS)^ 


Design Objective Material (type) | Design Objective Coupling | Design Objective Cycle Life | ^ Numeric 
(yes/no) (years) Score 
ABS Yes 24 10 
Polycarbonate — 3-4 9 
Acrylic — 2.5-2.9 5 
Other No «2.5 0 


* All performance characteristics are mapped to a common numeric score ranging from 10 to 0, where 10 is considered excellent and 0 is 


considered poor. 


TABLE 12.8 DESIGN SELECTION TABLE FOR THE TORQUE TRANSMISSION DEVICE 
MAKING USE OF EVALUATION SCALES FROM TABLES 12.7(A)-(C) 


Design Objectives Evaluation Scale Concept A Concept B Concept C 
Torque Table 12.7(a) 5 9 10 
Angular alignment Table 12.7(b) 10 9 7 
Mass Table 12.7(b) 10 3 3 
Material Table 12.7(c) 10 10 5 
Shaft coupling Table 12.7(c) 10 10 10 
Operating speed Table 12.7(b) 9 S 7 
Cycle life Table 12.7(c) 5 9 5 
TOTAL SCORE: — 59 55 47 


device. Table 12.8 was constructed by mapping the information contained in Table 12.6, with the 
evaluation scales of Tables 12.7(a)-(c). 
Based on Table 12.8, a numeric score can now be tallied for each design concept, as shown in the 


bottom row denoted as Total Score. On the basis of this total score, a decision can be made about 


which design concept generally satisfies most of the design objectives. In the example of Table 12.8, 
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TABLE 12.9 WEIGHTING TABLE FOR THE DESIGN OBJECTIVES OF THE TORQUE 
TRANSMISSION DEVICE 

Design Objectives Weighting Factor Normalized Weight 
Torque 3x 0.3 

Angular alignment 2x 0.2 

Mass 1x 0.1 

Material 0.5x 0.05 

Shaft coupling 0.5x 0.05 
Operating speed 1x 0.1 

Cycle life 2x 0.2 


it can be seen that Concept A has the highest score with a value of 59. Since higher values in each 
evaluation scale correspond to a value of excellent, the highest total score generally corresponds to 
the concept that best satisfies the design objectives compared to the other concepts. 

An advanced version ofthe design selection table is known as the Weighted Design Selection 
Table. In many cases of engineering design, the design objectives have different levels of 
importance. The relative levels of importance can be quantified by assigning weighting fac- 
tors to the design objectives. For example, consider the torque transmission device. The 
designer or the design team may feel that the design objective of torque is more important 
than the design objective of mass. Additionally, cycle life may be deemed more important than 
mass, but less important than torque, and so on. For example, Table 12.9 lists a hypothetical 
weighting table. 

The choice of numerical weights of design objectives is important. By assigning weights a 
ranked list is created, such that objectives with higher weight have higher importance over others, 
with that importance being numerically proportional to their weighted scores. Weighting factor 
values of 1.0X imply equal importance with other objectives. Assigning relative weights require 
experience and should be done sparingly. To help with the process of assigning weighting factors, 
a number of techniques have been developed such as the Pairwise Comparison method and the 
Hierarchical Weighting Factor method [26]. 

A new Weighted Design Selection Tableis shown in Table 12.10. This table contains all the previ- 
ous information from Table 12.8, but also incorporates the weighting factors for the design objec- 
tives from Table 12.9. The original concept scores are shown, but are no longer tallied. Instead, a 
new column has been placed to the right of the original concept scores, called ^weighted score." 
This column contains the original score multiplied by the normalized weight factor. The weighted 
score is tallied for each concept. It is interesting to observe how the weight factors can influence 
the decision-making process. Note that Table 12.8 indicates that Concept A has the highest total 
score, while Table 12.10 indicates that Concept B has the highest total score with a value of 8.1. 
This indicates that Concept B best meets the design objectives, when taking into account the rela- 
tive importance of those design objectives. 

A design selection table is a useful tool to help a designer choose from among alternative 
designs. Its great value is to create some objectivity during concept selection, by numerically evalu- 
ating possible design concepts. However, it should be emphasized that design selection tables are 
tools that require careful use. Care must be taken when estimating the design objective values for 
each concept, creating the evaluation scales, and assigning of relative weighting factors. Design 
selection tables are best used along with additional input from other design team members, client 
opinion, and thorough review of all design concepts. Ultimately, a single design concept is chosen 
and is taken to the next phase ofthe design process, known as detailed design. 
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TABLE 12.10 WEIGHTED DESIGN SELECTION TABLE FOR THE TORQUE TRANSMISSION 


DEVICE 

Concept A Concept B Concept C 
Design Objectives | Evaluation | Normalized] Original | Weighted| Original | Weighted| Original | Weighted 

Scale Weight Score Score Score Score Score Score 

Torque 12.7(a) 0.3 5 1.5 9 2.7 10 3.0 
Angular alignment 12.7(b) 0.2 10 2.0 9 1.8 7 1.4 
Mass 12.7(b) 0.1 10 1.0 3 0.3 3 0.3 
Material 12.7(c) 0.05 10 0.5 10 0.5 5 0.25 
Shaft coupling 12.7(c) 0.05 10 0.5 10 0.5 10 0.5 
Operating speed 12.7(b) 0.1 9 0.9 5 0.5 7 0.7 
Cycle life 12.7(c) 0.2 5 1.0 9 1.8 5 1.0 
TOTAL SCORE: — — — 7.4 — 8.1 — 7.15 


12.3.4 Detailed Design 


The Detailed Design phase involves further development of the best concept selected during the 
decision making phase. Detailed design can involve many aspects, which generally involves devel- 
opment of the selected preliminary design to the point where it can be built. Detailed design often 
involves activities such as: Mathematical Modeling or Computer Simulation to predict performance, 
creation of detailed Engineering Drawings, preparation of a Work-Plan and Timeline, and the prepa- 
ration of a Bill of Materials to list the needed parts and estimate costs. 

Detailed engineering analysis often begins with mathematical modeling and analysis to predict 
the performance of the design. Many undergraduate engineering courses provide the knowledge 
to make such models, such as courses in solid mechanics, dynamics, mechanisms and machines, 
and others. In this textbook, Chapters 1 through 11 present the detailed mathematical modeling 
and analysis of various mechanisms. In this way, mechanism performance can be predicted based 
on the design parameters, with simple hand calculations. In some cases, the mathematical models 
are too complex to solve by hand and require a computer for solution. This can be done by using 
mathematical software such as PTC MathCAD, Wolfram Mathematica, or Mathworks MATLAB, 
among others. 

In some cases, the physical configuration of the mechanism may be very complex, with several 
linkages and numerous joints. Although mathematical modeling is possible, it may be more conve- 
nient to use special-purpose computer simulation software that is made to model mechanisms and 
machines. For example, motion simulation software can be used to model and analyze the kinemat- 
ics and dynamics of complex mechanisms. Such software can also reveal the reaction forces between 
the various links in contact within the mechanism. Figure 12.12 shows an example of the motion 
simulation ofthe one-directional rotation device. This simulation was done with Working Model2D 
software. In the simulation, in addition to the motion study, the reaction forces at the revolute joints, 
as well as the contact forces exerted between linkages, are shown. These reaction and contact forces 
are computed for each increment in time, as the simulation moves through its various positions. 

After designing the system of linkages and their connections within a mechanism, it becomes 
necessary for the detailed design of each individual link in that mechanism. Each link must be 
strong enough to withstand the forces exerted on it, therefore, it is usually necessary to determine 
the internal stress. The motion simulation software described previously allows for the calcula- 
tion of the external forces acting on a link, but does not compute the resulting internal stress. 
Determination of internal stress is important. If the internal stress becomes too high, the linkage 
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Figure 12.12 Dynamic motion simulation of one-direction rotational device. 


may deform excessively, or even break. 'The subject of internal stress and deformation of objects 
is called Solid Mechanics [27, 28] and is outside the central scope of this book. Mechanism links 
are often complex in shape, and hence analysis of their internal stress is often done with computer 
simulation. A particularly useful simulation method to compute the internal stress of a link and its 
deformation is known as the finite element method [29]. Figure 12.13 provides an example ofthe 
application of the finite element method to the central linkage in a universal joint. Note that the 
central link has been discretized into hundreds of tetrahedral elements, and the shading of each 
element represents the magnitude ofthe stress at that location. 

The physical shape of a linkage in a mechanism should be designed to minimise internal stress 
and also to satisfy the kinematic requirements. Presently, computer-assisted design (CAD) tools 
are available to create a computer model of the linkage. CAD tools offer considerable ease to 
quickly create drawings and, more importantly, allow for changes to be made easily, which helps 
during the iterative process of design. Sometimes, CAD tools can also be restrictive in their capa- 
bilities, making it difficult to draw certain shapes or forms. However, the advantages of CAD-based 
drawing have made it the standard method to produce linkage drawings. There are both 2D- and 
3D-based CAD software tools available, with 3D tools becoming the norm. Examples of modern 
engineering-based CAD software include: AutoCAD, SolidWorks, CATIA, Pro/ENGINEER, 
Siemens NX, and other tools. Many ofthe 3D models of mechanisms and machines shown in this 


Figure 12.13 Finite element method simulation of torque transmission device. 
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Figure 12.14 Detailed engineering drawings of the u-shaped link in the torque transmission device. 


book were created with the Solidworks or Pro/ENGINEER CAD software. Examples include: the 
Clutch mechanism in Figure 13.11, the Synchronizer in Figure 13.13, and the Zero-max drive in 
Figure 13.48. 

Once a 3D computer model of a mechanism is made using CAD software, a number of things 
can be done. The finite element method can be applied to predict the deformation and internal 
stress that a linkage of the mechanism will undergo. If the deformation or stress is found to be too 
high, the 3D linkage model can be re-designed and altered with the CAD software. The re-designed 
linkage can be analyzed again with the finite element method to determine its new performance. In 
this iterative way, a designer can converge toward a linkage design solution that satisfies the design 
objectives such as: geometry; strength, weight, stiffness (ability to withstand deformation), and 
others. This iterative-based design approach is often sufficient to create a good combination of per- 
formance characteristics for a linkage and the mechanism overall. Alternatively, there is a branch 
of engineering design that focuses on finding the mathematically optimum balance between the 
aforementioned design objectives, which is called Optimization [30]. Numerous optimization 
methods have been developed for design optimization, and mechanical designers are encouraged 
to explore optimization techniques for performance-critical applications such as aircraft structures, 
airfoils, turbine blades, and others. 

After a 3D linkage model has been designed, simulated, and perhaps optimized, a set of detailed 
engineering drawings can be produced. Figure 12.14 provides an example of a typical detailed 
drawing for the central link in the torque transmission device. Normally, such a drawing is pro- 
duced for each and every part within the mechanism, which results in a set of several or more 
drawings. Such drawings are typically provided to a machine shop for fabrication of the parts. 

Upon preparing all of the engineering drawings, a production plan must be created to fabricate 
the design. Project planning [31] is important, since it serves to make sure all the resources needed 
to implement the design are available. It also serves to promote effective communication between 
the designer (or design team) and the client. Additionally, it serves to benchmark and measure 
progress on the design. At the most basic level, a project plan should include: 


1. list of tasks (and components) needed to complete the project 

2. An estimate of the time duration of each task 

3. Sequential ordering and priority of those tasks 

4. Cost and resource (equipment or people) estimates for each task 
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Figure 12.15 Gantt chart for the design of the torque transmission device. 


A convenient and graphical format to consolidate project plan information is with the use of Gantt 
charts [31]. Figure 12.15 illustrates a simple Gantt chart for the design and fabrication ofthe torque 
transmission device. 


12.3.5 Embodiment (Prototyping) 


The Embodiment phase of the engineering design process involves the physical construction of a 
prototype to demonstrate the operation of a design. Prototyping is a highly important activity in 
the design process and serves a number of purposes. Translating a conceptual design idea into a 
physical prototype helps a designer learn and experience the physical limitations of construction, 
fabrication, and use of materials for a design. Early-stage prototypes often serve as a stepping stone 
for generating better designs. Also, early-stage prototypes can help communicate a design concept 
within a design team, or between a designer and the client. When presenting a physical prototype 
to a team or client, it is quite common to hear responses such as “OK, now I understand how it 
works” or even “Oh, I didn’t realize it worked in that way.” Such responses are quite common, even 
if the team or client had previously seen the design concept in the form of a sketch or engineering 
drawings. This is especially true for the design of mechanisms and machines, where the interplay of 
moving parts can often be difficult to comprehend or communicate with two-dimensional drawings. 
An additional value of prototyping is to demonstrate the functional performance or functional out- 
comes of a design concept. This is known as testing and evaluation, where a developed prototype is 
tested to see how well it meets the design objectives. This allows the designer to evaluate ifthe design 
has met, exceeded, or fell short of the intended design objectives, and it may warrant a re-design. 

There are a number of classifications of prototypes, each with different purposes. An alpha pro- 
totype is a rough, first attempt at creating a physical implementation of a design concept. An alpha 
prototype may sometimes take the form of cardboard cutouts or plastic pieces glued together. They 
often serve to show the size or geometry of a design, or may even show limited mechanical func- 
tion. Functional prototypes are prototypes that successfully demonstrate the intended function of a 
design concept, and can be tested to evaluate the design performance. In some cases a functional 
prototype may not have a finished or aesthetic appearance, since it only serves to demonstrate 
function. Visual/scale prototypes are intended to show form, finish and aesthetic appearance, but 
often do not function. For mechanism and machine design, it is often helpful to prepare an alpha 
prototype for complicated mechanisms. This may be done during the preliminary design phase, as 
depicted in Figure 12.1, to help with concept evaluation. A functional prototype should be devel- 
oped during the embodiment phase, after the detailed design is complete. When constructing a 
functional prototype, an effort should be made to use the intended materials, parts, and manufac- 
turing process to the best extent possible, as specified by the detailed design. This helps to validate 
many aspects of the design and its manufacturability. 

There are many resources available to help an engineering designer to construct prototypes. 
This includes specialty parts suppliers [32-34], materials suppliers [32, 35], machine shops, 
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Figure 12.16 Example of 3D printing of prototype parts for the palm and thumb pieces of new prosthetic hand: (a) with 
support structures, (b) released from supports. 


and commercial businesses that specialize in various prototyping services. For mechanism and 
machine prototyping, a designer should keep up to date in the latest small-run machining and fab- 
rication technologies. This includes traditional technologies such as CNC machining [36], laser 
machining [37], EDM machining [38], and other limited run technologies. For the purposes of pro- 
totype construction, avoid technologies that require expensive setup costs, such as injection molding 
or stamping, where the molds or dies can have high initial cost. A new and exciting technology for 
creating 3D prototypes of mechanisms and machines is called “3D printing" or "rapid prototyping” 
[39]. An example of a part manufactured by rapid prototyping at the University of Victoria using 
polycarbonate plastic is shown in Figure 12.16. This is a rapid prototype of the palm and thumb 
pieces for an experimental prosthetic hand. The original version ofthis hand is shown in Figure 1.30, 
which was manufactured by traditional machining, whereas the new version shown in Figure 12.16 is 
made up of hundreds of overlapped and fused layers of polycarbonate plastic. Figure 12.16(a) shows 
the rapid prototype with plastic support structures that are needed during the layering process, and 
Figure 12.16(b) shows the final structures after they are released from the supports. 

An example of an alpha prototype for the torque transmission device is shown in Figure 12.17. 
The prototype shown is for Concept B of Table 12.6. One of the design objectives was the mate- 
rial; therefore, Concept B was created using ABS plastic. The prototype is crudely constructed; 
however, it functionally represents the concept, and it works well enough to undergo the testing 
and evaluation process. 


12.3.6 Testing and Evaluation 


Testing and evaluation is an essential part of the engineering design process. Upon completion 
of the detailed design phase and the subsequent construction of a prototype, the design must be 
evaluated to determine if the design objectives have been satisfied. 

Testing and evaluation can take different forms, with specific types of tests used to determine 
various types of performance. For example, some tests may simply provide qualitative statements 


Figure 12.17 Functional prototype for the torque transmission device. 
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(value statements) and observations. This may consist of yes/no statements, or statements that 
declare great, good, acceptable or poor performance. Other types of tests are quantitative (numeric, 
measurable) in nature and seek to establish specific units of measure such as: meters/second of 
speed, kilograms of mass, newtons of force, decibels of sound, and so on. 

The design process described in this chapter is centered on the establishment of design objec- 
tives and the evaluation of those design objectives. Hence, design engineers should try to conduct 
their tests in such a way as to test for quantitative results. Quantification of test results (with proper 
testing) allows designers and clients to agree that the design objectives have been met. 

The establishment of a test procedure is not trivial. In fact, there exists a formal method of 
creating a scientifically valid experiment, called Design of Experiments. Many books are dedicated 
specifically to the subject of design of engineering experiments, and formal approaches have been 
developed, such as those in [40-41 ]. The subject is outside the central scope of this book, however, 
the basic details of setting up a simple experiment are presented here. Processing the results of these 
experiments in a statistically meaningful way is left to the aforementioned books. 

Beyond the design of the experiment is the design of the experimental apparatus itself—that 
is, the device which will provide the test forces or torques and also provide the support applied to 
the prototype, as well as the measurement tools that will collect data from the prototype. In fact, 
the design of the test apparatus may be just as involved and complex as that of the design of the 
prototype to be tested. For example, the test apparatus used to test and evaluate the torque trans- 
mission device of Figure 12.17 is shown in Figure 12.18. 

A good test plan or test procedure must be developed prior to testing, or prior to designing a test 
apparatus. Such a test plan should include the following aspects: 


1. Scope of the test, which includes: 
* The goal/purpose and justification for the test 
* The relevant parameters for the test 
* The expectations of the test (Hypothesis) 
2. Administrative details: 
e Date and location of testing 
* Whois conducting the test 
3. Design of the test (known as Design of Experiment) 
* Type oftesting method and its relevance 
e List of test apparatus, measurement equipment, and model numbers 
* Identification of “dependent” and “independent” variables 
* Sampling procedure: Number of samples? Number of combinations? 
4. Detailed, step-by-step procedure to conduct the test 


Figure 12.18 Test apparatus for torque transmission device. 
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Figure 12.19 ABS plastic prototype of torque transmission device. 


5. Conduct/Perform the test 

* Safety precautions 

e Data collection method (written, recorded, digital, etc.) 

e Observation of external factors (temperature, wind, noise, vibration, etc.) 
6. Analysis oftest data 
7. Discussion of results and conclusions 

* Interpretation of data analysis, and other observations 

* Written test report 


An example of a test being conducted is shown in Figure 12.19, where the prototype of the 
torque transmission mechanism is mounted in the test apparatus. With this test apparatus, different 
amounts of torque can be applied while the mechanism is rotated. Also, different relative angles 
between the input and output shaft can be tested. The main purpose of testing is to demonstrate 
that the design meets the performance expectations (design objectives) that were set out at the 
start of the design endeavor. A proper test plan, test procedure, and test report will provide clear 
documentation, for the design team and the client, that the design has been proven and demon- 
strated to work as intended. 


12.3.7 Design Reporting and Documentation 


Preparing a Design Report with supporting documentation is an essential part of the design pro- 
cess. This report should provide the answers to basic questions like why the design was undertaken 
and what purpose the design serves. It should allow the reader to follow the steps the designer used 
to go through the design process outlined in Figure 12.1. Additionally, it should provide enough 
supporting documentation and detail, so that the design can be reproduced by other engineers. 

Generally, a single design report is provided for simple designs, once the design activity is com- 
pleted. For more complex designs, a series of design reports are generally written. This may include 
a design proposal, a conceptual design report, and the final design report. 

A Design Proposal identifies the design problem and outlines the design project to be undertaken. 
It should include an introduction describing the purpose of the work, background information 
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for novice readers, and a literature review describing similar projects already done by others. 
Also, it should clearly indicate the Design Goal Statement, the proposed Design Objectives and 
Constraints for the project, rationale and justification for them, and the project work plan. 

A Conceptual Design Report is a mid-phase design report intended to communicate the concep- 
tual and preliminary design concepts developed for the design activity, for review by the client or 
other stakeholders. It should include refreshed and up-to-date contents from the design proposal 
report (i.e., purpose, background, literature, design goals, and design objectives). Also, it should 
present the Conceptual Design Alternatives that have been generated, their sketches and descrip- 
tions, preliminary engineering analysis of those generated design alternatives, and the Design 
Selection Methodology employed to select the best design approach. Additionally, it should also 
provide an updated project work plan that outlines the remaining steps to complete the project. 

A Final Design Report is a professional-level engineering report providing a full description 
of the overall design process undertaken, from start to finish. The final design report should be 
a complete document that stands alone and that can be provided to clients or third parties with 
interest in the design. Therefore, it will include all the contents of the design proposal report, 
(with updates), and the conceptual design report (with updates). In addition, the final design 
report will include a detailed description of the final design, including: clear pictures and drawings 
of the design, a description of the features and functions, detailed engineering analysis (calcula- 
tions of performance to demonstrate that design objectives have been met, for example: speed, 
weight, workspace, force, torque, stress, etc.), cost estimation for production, detailed engineer- 
ing drawings, testing and evaluation data, discussion of test results, conclusion, and future work 
recommendations. 


12.4 SUMMARY 


A general engineering design process suitable for mechanism and machine design has been pre- 
sented. This design process methodology suggests methods for information gathering, the formu- 
lation of design goals, and developing a set of clear design objectives. It presented creative strategies 
for generating and developing initial design concepts and then developing a preliminary design of 
those concepts. It presented a design selection methodology using selection tables to numerically 
evaluate various design concepts with each other. Methods to develop detailed designs were sug- 
gested, along with ideas on how to fabricate prototypes. Testing and evaluation procedures were 
suggested, along with suggestions on the writing of final design reports. In addition to the presented 
design methodologies, the reader is encouraged to continually seek and review other examples of 
mechanisms and machines, build their knowledge base of the state of the art, practice design on a 
frequent basis, and build up their experience levelin design. In the next chapter, some case studies 
on the design of various mechanisms and machines are presented. 


PROBLEMS 


Problem Formulation 


P12.1 Asadesign engineer, you meet with a potential cli- 
ent. After the meeting, the client provides you with 
a statement (see below) describing their thoughts 
and ideas on the subject. Read this statement and 
prepare the following: 


(a) clear Design Goal Statement 


(b) at least six Design Objectives along with their target 
values, which are of most relevance to this problem. 
Conduct some information gathering activities to 
find suitable target values for your design objectives. 


Client Statement: Our company is in the business of mak- 
ing large highway advertisement signs. We seek a device 


that is able to trace out a specific shape in space and then 
cut shapes out of sheets of 1-mm-thick paper. The shapes 
we have in mind are simple circles, squares, triangles, 
stars, or similar. The cutout shapes need to be sized from 
300 mm up to 1000 mm. The device should be manually 
controlled by a person, without the use of computers, and 
may make use of an assistive power source like electricity 
or compressed air. We have a set of master shapes that are 
30 mm to 100 mm in size, and we would like the opera- 
tor to trace out those master shapes with the device, which 
will amplify that trace 10x in order to cut it out from the 
paper stock. The machine should produce about 50 shapes 
per day and last for a reasonable period of time before it 
needs servicing. 


PROBLEMS 


P12.2 You are a design engineer on contract with a manu- 
facturing company, to help design their products. The 
company is working on a new piece of equipment to 
harvest crops, but has encountered a technical prob- 
lem. They provide you with a statement (see below) 
describing their thoughts and ideas on the problem. 
Read this statement and prepare the following: 

(a) clear Design Goal Statement 

(b) at least six Design Objectives along with their target 
values, which are of most relevance to this problem. 
Conduct some information gathering activities to 
find suitable target values for your design objectives. 


Client Statement: We are working on a new piece of agri- 
cultural equipment, to be used to harvest crops. As part of 
this machine, we need a device that will transmit rotation 
and torque between two parallel shafts, where the shafts 
are separated by a large distance. It is very important that 
all of the rotational motion from one shaft be transmit- 
ted into the other shaft, with no relative slip between the 
two shafts. A speed ratio of one-to-one between the two 
shafts is desired. Previously, we had tried to use V-belts 
and pulleys to transmit the motion, but due to the high 
torque and moist environment, the belts kept slipping, 
causing relative rotation between the shafts. It is impor- 
tant to minimize the energy loss in transferring the 
torque and motion, so methods to achieve that should be 
implemented. 


P12.3 You are an engineer employed at a heavy equip- 
ment manufacturing facility, and you meet with the 
assembly line workers. The assembly line workers 
describe their needs for a mechanism to assist their 
work, and they provide you with a written statement 
(see below). Read this statement and prepare the 
following: 

(a) clear Design Goal Statement 

(b) at least six Design Objectives along with their 
target values, that are of most relevance to this 
problem. Conduct some information gathering 
activities to find suitable target values for your 
design objectives. 


Client Statement: The assembly line workers are currently 
assembling electric-powered forklifts. As part of 
the assembly process, we are required to pick up a 
tilt-cylinder part which weighs 40 kg, maneuver it 
into position, and bolt it into place. The final part 
position is such that it causes the workers to lean 
forward excessively while they manoeuver it into 
place. In addition, the part is difficult to hold, since 
it has no external shapes which are easy to grab 
with the hands. On a number of occasions, the part 
slipped and was dropped, but fortunately, no one 
has been hurt. A machine is needed that can help us 
complete this assembly task and overcome the exist- 
ing problems. 
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Conceptualization 


P12.4 One aspect of creativity is using conventional 
objects in unconventional ways. As an exercise to 
stimulate your creativity, list 10 different uses for a 
pendulum. 

P12.5 As an exercise to stimulate your creativity, list 
10 different uses for a four-bar crank-rocker 
mechanism. 

P12.6 As an exercise to stimulate your creativity, 
list 10 different uses for a rack and pinion gear 
configuration 

P12.7 As an exercise to stimulate your creativity, list 10 

different uses for a slider-crank mechanism. 
For problems P12.8 to P12.10, create a 2D mor- 
phological chart to generate some novel design con- 
cepts, given the information provided below. For the 
2D chart, begin by selecting a function/attribute for 
each dimension. Next, come up with 3-4 alterna- 
tives for each dimension. Then, construct a morpho- 
logical chart to identify possible alternative design 
concepts. For those concepts that lead to interest- 
ing ideas, place the words “idea #” in the box, and 
describe the ideas below the chart in 2-3 sentences. 

P12.8 You work for a manufacturer of renewable power 
generation equipment and have been asked to come 
up with a totally new way to harvest energy from 
the wind. Construct a 2D morphological chart to 
generate ideas, given the method described above. 

P12.9 You work for a manufacturer of water pumps and 
have been asked to come up with a totally new way 
to pump water out of a reservoir tank. Construct a 
2D morphological chart to generate ideas, given the 
method described above. 

P12.10 You are working in an automobile design team, 
and the team leader has asked you to come up with 
a totally new type of braking system for the vehicle. 
Construct a 2D morphological chart to generate 
ideas, given the method described above. 

P12.11 Create three different design concept sketches 
that represent possible solutions to the problem 
described in P12.2, given the design goal and the 
design objectives that you prepared. For each 
sketch, provide 2-3 sentences describing how the 
concept works. 

P12.12 Create three different design concept sketches that 
represent possible solutions to the problem described 
in P12.3, given the design goal, and the design objec- 
tives that you prepared. For each sketch, provide 2-3 
sentences describing how the concept works. 


Preliminary Design: Functional 
Decomposition 


For problems P12.13 to P12.15, create a set of 
functional decomposition diagrams, given the 
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information provided below. You may also con- 
duct information gathering to learn more about the 
objectives and functions of these devices. Begin with 
a high-level diagram (single block) and then create 
a mid-level detail diagram (several blocks) and a 
low-level detail diagram (of any one of the mid-level 
blocks). Remember to clearly identify the inputs 
and outputs of this system, and those between the 
blocks. 

P12.13 Create a functional decomposition diagram for a 
bicycle, given the method described above. 

P12.14 Create a functional decomposition diagram for a 
portable cordless drill, given the method described 
above. 

P12.15 Create a functional decomposition diagram for 
a hydraulic lift jack, given the method described 


above. 


Preliminary Design: Decision 
Making 


Problems P12.16 to P12.17 are exercises in the 
preparation and use of design selection tables, as 
part of the concept selection process. The first step 
is to prepare a blank selection table similar in for- 
mat to that of Table 12.5. 'The design objectives in 
the first column of your selection table should be 
specific to your design problem. The next step is to 
populate your selection table with values that reflect 
the properties of each design concept A, B, and C, 
in a way similar to Table 12.6. 

P12.16 Create a design selection table using the design 
objectives that were developed to answer question 
P12.2. The table should evaluate the three differ- 
ent design concept sketches that you prepared as 
an answer to question P12.11. The values used to 
populate your table should be based on estimates 
on the performance of your concept sketches. Use 
information gathering methods to assist with deter- 
mining appropriate values for the table. 


P12.17 Create a design selection table, using the design 


objectives that were developed to answer question 
P12.3. The table should evaluate the three differ- 
ent design concept sketches that you prepared as 
an answer to question P12.12. The values used to 
populate your table should be based on estimates 
on the performance of your concept sketches. Use 
information gathering methods to assist with deter- 
mining appropriate values for the table. 

Problems P12.18 to P12.19 are exercises in the 
preparation and use of evaluation scales. These 
evaluation scales should be similar in form to those 
shown in Tables 12.7(a), 12.7(b), or 12.7(c). 


P12.18 Given the design selection table you created in 


problem P12.16, create a suitable evaluation scale 
for each of your design objectives. 


P12.19 Given the design selection table you created in 


problem P12.17, create a suitable evaluation scale 
for each of your design objectives. 

Problems P12.20 to P12.21 are exercises in the 
preparation of design selection tables that incorpo- 
rate numeric scores as values for the design objec- 
tives, in a format similar to that of Table 12.8. 


P12.20 Given the initial design selection table you cre- 


ated in problem P12.16, along with the evaluation 
scales you created in problem P12.18, create a final 
selection table that uses the scores to populate the 
table. At the bottom of the table, compute the total 
score for each design concept, A, B, and C. Does the 
concept with the highest score match your expecta- 
tions for the best design concept? Explain your 
answer. 


P12.21 Given the initial design selection table you created 


in problem P12.17, along with the evaluation scales 
you created in problem P12.19, create a final selec- 
tion table that uses the scores to populate the table. 
At the bottom of the table, compute the total score 
for each design concept, A, B, and C. Does the con- 
cept with the highest score match your expectations 
for the best design concept? Explain your answer. 
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MACHINES 


INTRODUCTION 


This chapter describes an assortment of case studies in mechanism and machine design. Many 
of these mechanisms are in common use. By reviewing these case studies, the student of 
design will benefit in two ways. First, by following along with the problem formulation pro- 
cess whereby unstructured information is converted into a structured set of design goals and 
design objectives. Second, by being exposed to various practical solutions in mechanism and 
machine design. 

Each case study begins with a problem description that provides general information normally 
available to a designer. Such information is typically unstructured, and is obtained from various 
sources and information gathering methods, as described in Section 12.3.1. From this, a design 
goal statement is formulated, which serves to guide the designer in the design process. Next, a set 
of design objectives are proposed, which specify performance values which the design must meet. 
Given the generality of the case studies provided here, the design objectives presented do not 
constitute a complete list, but serve as an example. Next, one or more possible design solutions 
that satisfy the design goal and design objectives are described, along with a diagram and video that 
graphically demonstrates their operation. Finally, a design summary and set of recommendations 
are provided to highlight the strengths and limitations of the design solutions. The reader is also 
encouraged to consider alternate solutions beyond those presented here. At the end of this chapter, 
several exercise problems that allow the reader to practice the various phases of the design process 
are presented. The exercise problems make reference to the case studies of this chapter, as well as 
to design problems listed in Appendix A. 


13.2 SHAFT COUPLING 


In mechanism and machine design, transmission of rotational motion between two shafts is 
frequently required. In Section 12.2, two examples are introduced involving the design of shaft 
coupling mechanisms. A few additional case studies of rotational motion transmission between 
two shafts are now presented. 
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13.2.1 Hooke's Coupling 


Problem Description 


It is necessary to transmit torque from one shaft to another, however, the two shafts may not be 
lined up along a straight line. Each shaft may become oriented in a way such that their axis center- 
lines will intersect, but may not be parallel. A device is needed that connects to each shaft, and will 
allow the output shaft to develop an angle of up to 30 degrees off axis, with respect to the input 
shaft. The input and output shafts cannot be modified, so a simple way is needed to connect this 
device to them. The device should transmit reasonable amounts of torque. 


Design Goal Statement 


Design a mechanism to transmit torque between two rotating shafts, where the input shaft and 
output shaft are not collinear, although the shaft centerlines must intersect. The mechanism must 
connectto the input and output shafts in a simple way, and allow both shafts to have a relative angle 
from 0 to 30 degrees with respect to each other, as they rotate. The mechanism must be simple by 
employing relatively few parts, and it should be strong enough to transmita specified value oftorque. 


Proposed Design Objectives 


Design objectives for Hooke's coupling mechanism are listed in Table 13.2.1. 


Proposed Design Solution 


There are many possible design solutions for the described problem and design objectives. One 
well known solution is a Hooke's coupling, also referred to as a universal joint, as illustrated in 
Figure 13.1(a). This coupling consists of an input and output shaft, denoted as links 2 and 4, respec- 
tively. They are connected by revolute joints to link 3. Link 3 is able to rotate within link 2, such 
that its rotation is perpendicular to the axis of link 2. Also link 3 is able to rotate within link 4 in a 
similar fashion. Figure 13.2 shows an application of a Hooke's coupling in the steering linkage of 
a classic automobile. The axis of the steering wheel shaft is misaligned with the axis ofthe steering 
gearbox shaft. A Hooke's coupling is employed to transmit motion between the shafts. 

The Hooke's coupling satisfies the design objects presented in Table 13.2.1. However, it does 
present an interesting peculiarity, with regard to the relative speeds between the input shaft and 
output shaft, during its operation. This issue is described next, along with the implications for vari- 
ous applications. For the Hooke's coupling shown in Figure 13.1(a), the rotational speeds of the 
input and output are designated as 6, and 6, . If the angle between the centerlines ofthe shafts is 
B, then starting from the configuration illustrated, the speed ratio, 6, /0,, between links 4 and 2 is 
illustrated in Figure 13.1(b). The speed ratio is plotted for different values B = 0, B = 20°, and 8 = 
40°. When f = 0, the shafts are collinear and the speed ratio is unity for all values of 07. However, 
when 0, and 0; is constant, 6, will fluctuate. Therefore, a Hooke's coupling cannot maintain 


TABLE 13.2.1 DESIGN OBJECTIVES FOR HOOKE'S COUPLING MECHANISM 


Design Objective Description Value (Units) 
Torque Mechanism must transmit a minimum torque 200 (N-m) 
Angular alignment Mechanism must operate with relative angles of 0 to 30 30 (degrees) 


degrees between input and output shafts 


Spacial alignment 


Centerline of shaft axes will intersect Shaft centerlines intersect 


Shaft coupling Input and output shafts will be connected by keys, collets, Keys, collets 
or other common means 
Operating speed Low-speed operation 0-60 (rpm) 


13.2 SHAFT COUPLING 481 


75° 


230° 


Figure 13.2 Hooke’s coupling used in steering linkage. 


Video 13.3 
Hooke’s 


Coupling 


Video 13.4 
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a constant speed ratio between the input and output, unless the shafts are collinear. For a single 
Hooke’s coupling, as shown in Figure 13.3, the magnitude of variation of the speed ratio increases 
as B enlarges. An animation of this mechanism in operation is provided in [Video 13.3]. 

To avoid the problem of variable speed ratio, two Hookes’ couplings can be combined. In this 
way, the variable speed ratio of one coupling may be counteracted by that of the other coupling. 
Figure 13.4 shows such an arrangement. There will be a constant speed ratio between links 2 and 
6 if the angles between the shafts of both Hooke’s couplings are equal. In other words, the angle 
between link 2 and 4 must be equal to the angle between link 4 and 6. This scenario avoids output 
speed variation, but requires considerable spacial volume to implement, since two couplings are 
needed. An animation of the double Hooke’s coupling in operation is provided in [Video 13.4]. 


Summary and Suggestions 


The Hooke’s coupling is a design solution that meets the design objectives of Table 13.2.1. It can 
transmit torque at high angular misalignments, is simple in design, and can easily be implemented 
into a variety of mechanisms. A single Hooke’s coupling will exhibit a variable speed ratio between 
input and output shafts. It will work well for low-speed applications, such as turning a steering 
wheel column. However, for high speed applications, this fluctuation of output speed can induce 
dynamic forces. 
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Figure 13.3 Hooke's coupling [Video 13.3]. 
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Figure 13.4 Double Hooke's coupling [Video 13.4]. 


As the speed increases, the magnitude of these dynamic forces can increase significantly, and lead 
to excessive vibration. To prevent dynamic forces leading to vibration, a double Hooke's coupling 
can be used, or other types of shaft couplings can be used for high-speed applications. 


13.2.2 Constant-Velocity Coupling 


Problem Description 


A torque needs to be transmitted from one shaft to another, similar to case study 13.2.1. The ori- 
entation of the input and output shafts is such that their centerlines will intersect, but may not be 
parallel. The output shaft should be able to develop an angle of up to 30 degrees offaxis, with respect 
to the input shaft. The primary need is to maintain a constant-velocity ratio between the input and 
output shafts, regardless of angular misalignment. The mechanism should be able to transmit high 
torques and also operate at high speeds. 


Design Goal Statement 


Design a mechanism to connect two rotating shafts that are not collinear, to allow for transfer of 
high torques at high speeds. The mechanism must connect to each shaft in a simple way, and allow 
both shafts to have a relative angle from 0 to 30 degrees with respect to each other, as they rotate. 
The mechanism design must be such that the velocity ratio between the input and output shafts 
remains constant at all times. 


13.2 SHAFT COUPLING 483 


TABLE 13.2.2 DESIGN OBJECTIVES FOR CONTANT-VELOCITY COUPLING 
Design Objective Description Value (Units) 
Torque Must transmit a high torque 150 (N-m) 
Angular alignment Mechanism must operate with relative angles of 0 to 30 30 (degrees) 
degrees between input and output shafts 
Spacial alignment Centerline of shaft axes will intersect Shaft centerlines intersect 
Shaft coupling Input and output shafts will be connected by keys, collets, | Keys, collets 
or other common means 
Velocity ratio Ratio of output vs. input velocity must remain constant Constant 
Operating speed High-speed operation 60-600 (rpm) 


Proposed Design Objectives 


Design objectives for constant-velocity coupling are listed in Table 13.2.2. 


Proposed Design Solution 


Video 13.5 
Constant- 


Velocity 
Coupling 


There are many possible design solutions for the described problem and design objectives. One 
well-known solution is a constant-velocity coupling that can transmit rotational motion between two 
shafts whose axes intersect, but are not necessarily parallel. An illustration of a constant-velocity 
coupling is shown in Figure 13.5. The complete mechanism is illustrated in Figure 13.5(a), while 
Figure 13.5(b) illustrates the major internal components. An animation of this mechanism in 
operation is provided in [Video 13.5]. As the animation progresses, a portion of the mechanism 
gradually disappears, revealing the inner components. A cross-section of the coupling is shown 
in Figure 13.6(a). The input and output shafts are connected to the inner and outer journals of 
the coupling. The angle between the shafts is $. There are six grooves in the inner journal and six 
corresponding grooves on the outer journal. Between each pair of grooves is a ball that transmits 
force from one journal to the other corresponding journal. All grooves are at an oblique angle with 
respect to the centerline axis of the shaft. Each pair of corresponding grooves have opposite oblique 
directions. As illustrated in Figure 13.6(b), each ball remains in the plane of symmetry between 
the two shafts, regardless of the value of $. The perpendicular distance a to the center of the ball is 
the same for both shafts. Since forces and motions are transmitted through the balls, the input and 
output shafts rotate at the same speed. 

Aconstant-velocity joint is commonly used in front wheel drive vehicles. Smooth transmission 
of motion is achieved despite changes in alignment between the shafts. The animation provided in 
[Video 13.5] shows the case where the axes of rotation of the shafts remain stationary. However, 
if the angle between the centerlines of the shafts changes, the input and output rotational speeds 
would still remain equal. 


P 


(a) (b) 
Figure 13.5 Constant-velocity coupling [Video 13.5]. 
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Figure 13.6 Constant-velocity coupling. 


Summary and Suggestions 


This type of joint is relatively compact, can transmit high torques at high speeds, and meets the 
design objectives ofthis problem. Constant-velocity joints rely on low rolling friction between the 
balls and their respective grooves. It is important that the grooves remain well lubricated and are 
free from foreign debris; otherwise wear will rapidly occur. 


13.2.3 Oldham Coupling 


Problem Description 


A torque needs to be transmitted from an input shaft to an output shaft. The two shafts will be used 
in an application such that their centerlines are always parallel, but are not necessarily collinear. As 
part ofthe normal operation ofthe machine, the centerlines ofthe two shafts may become offset by 
a lateral distance that ranges from 0 to 3 shaft diameters. Also, the input and output shafts in this 
machine need to have a constant velocity ratio, regardless of offset misalignment. 


Design Goal Statement 


Design a coupling mechanism for use between two parallel, rotating shafts that are offset, to allow 
for transfer oftorque. The mechanism must couple these rotating shafts, such that their relative lat- 
eral offset can vary from 0 to 3 shaft diameters. The velocity ratio between the input and output shaft 
mustremain constant at all times. The mechanism must be simple and transmit moderate torques. 


TABLE 13.2.3 DESIGN OBJECTIVES FOR OLDHAM COUPLING 


Design Objective Description Value (Units) 
Torque Must transmit a specified torque S0 (N-m) 
Alignment Input and output shafts must remain parallel throughout | Parallel 
operation 
Spacial alignment Input and output shafts may be offset by 0 to 3 shaft 0-3 (units of diameter) 


diameters during operation 


Shaft coupling Input and output shafts will be connected by keys, Keys, collets 
collets, or other common means 


Velocity ratio Ratio of output vs. input velocity must remain constant | Constant 


Operating speed Low speed operation 0-60 (rpm) 
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Proposed Design Objectives 
Design Objectives for Oldham coupling are listed in Table 13.2.3. 


Proposed Design Solution 


There are many possible design solutions for the described problem and design objectives. One 
well-known solution is an Oldham coupling, as illustrated in Figure 13.7(a). Figure 13.7(b) illus- 
trates an exploded view of the Oldham coupling, and Figure 13.7(c) illustrates a skeleton diagram 
of this coupling. An animation of this mechanism in operation is provided in [Video 13.8] and 
is illustrated in Figure 13.8. The input and output of this device are links 2 and 4, respectively. As 


the animation progresses, the output shaft is deliberately offset by a lateral amount to show how 
the mechanism transmits torque yet maintains a constant velocity ratio. The input link motion is 
transmitted to the output through an intermediate link 3, by means of a tongue-and-groove. Each 
tongue-and-groove pair allows relative sliding between the links. Since link 3 ensures the angular 
difference between the tongue-and-groove pairs remains constant as the links rotate, links 2 and 4 
always have the same rotational speed. 

Figure 13.9 shows an example application of an Oldham coupling employed in an automobile 
radio. A close-up view of the coupling is provided in Figure 13.9(b), where the centerlines of the 


Figure 13.7 Oldham coupling. 
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Figure 13.9 Application of an Oldham coupling: (a) Automobile radio, (b) Closeup of Oldham coupling. 


control knob shaft and the tuner shaft are identified. The coupling is used to increase the lateral 
offset space between the control knobs to accommodate a tape cassette, and to also permit the 
tuner components to be moved inboard, leaving clearance within the casing. 


Summary and Suggestions 


This type of coupling is simple in design, is compact, and meets the design objectives of this prob- 
lem. Since Oldham couplings rely on relative sliding motion, low friction between the tongue and 
groove is important. This is commonly achieved by using dissimilar materials for the components, 
such as Nylon or Teflon for link 3. Alternatively, lubricants may be used. Without proper lubrica- 
tion, significant frictional losses will occur during torque transfer. Note that link 3 will radially 
oscillate when there is an angular offset between input and output shafts. This oscillation will cre- 
ate dynamic forces at high speeds, which makes Oldham couplings undesirable for high-speed 
applications. 


13.2.4 Offset Drive 


Problem Description 


A torque needs to be transmitted from one shaft to another shaft, similar to case study 12.5.3. 
The two shafts will operate in an application where their centerlines are always parallel, but are 
not necessarily collinear. The centerlines of the two shafts will be laterally offset by an amount 
from 0 to 3 shaft diameters, however, this offset will not change during operation. The speed ratio 
between the input and output shafts should remain constant, regardless of offset. The applica- 
tion requires high efficiency to minimize power transmission loss. Also, the transmission of high 
torques is important. 
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Design Goal Statement 


Design a coupling mechanism for use between two parallel, rotating shafts that are laterally offset, 
to allow for transfer of torque. The mechanism must couple these rotating shafts, such that their 
relative offset can vary from 0 to 3 shaft diameters. The speed ratio between the input and output 
shafts must remain constant at all times. The mechanism must transmit high torque and must have 
low frictional loss. 


Proposed Design Objectives 


Design objectives for an offset drive are listed in Table 13.2.4. 


Proposed Design Solution 


One possible, well-known solution for this design problem is an offset drive, as illustrated in 
Figure 13.10. 

It can transmit rotational motion between two shafts that are parallel, yet offset by a specific 
amount. The offset drive is designed around the principle of the four-bar mechanism. In particular, 
the offset drive consists of three identical drag-link mechanisms, as described in Section 1.7.1. 
To function properly, the linkages must be designed such that they obey the rules of a drag-link 


TABLE 13.2.4 DESIGN OBJECTIVES FOR AN OFFSET DRIVE 


Design Objective Description Value (Units) 

Torque Must transmit a specified torque 100 (N-m) 

Alignment Input and output shafts must be parallel Parallel 

Spacial alignment Mechanism must allow for input and output shaft offset 0-3 (units of diameter) 


from 0-3 shaft diameters 


Shaft coupling Input and output shafts will be connected by keys, collets, Keys, collets 
or other common means 

Velocity ratio Ratio of output vs. input velocity must remain constant Constant 

Efficiency Low frictional loss, defined as torque output divided by 85% 


torque input 


Operating speed Low-speed operation 0-60 (rpm) 


Middle disc 


Three 
links 


(a) (b) 
Figure 13.10 Offset drive [Video 13.10]. 
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mechanism geometry. An animation of this mechanism in operation is provided in [Video 13.10], 
which shows three discs, connected by six links. On each side, one disc is connected to the middle 
disc by three links that remain parallel as the mechanism moves. There are effectively three drag-link 
mechanisms that work together, where the linkage lengths must be selected such that they can 
pass over one another. For any drag-link mechanism, the base link must have the shortest length. 
For the offset drive, the base link corresponds to the offset distance between the axes of the input 
and output shafts. A big advantage of the offset drive is that the rotational joints that comprise the 
four-bar mechanisms may use ball bearings. Since bearings are used, the resulting friction of the 
device is low, allowing for better efficiency when transmitting high torques. 


Summary and Suggestions 


The offset drive design is compact, is low friction, and meets the design objectives of this problem. 
It overcomes the frictional loss problems that occur with an Oldham coupling. However, the offset 
distance cannot be changed during operation, since this would effectively alter the base link length 
of the four-bar mechanism design, which would impact the operation. For situations where a con- 
stant offset distance is acceptable, the offset drive would work well and provide high efficiency. 


13.3 SHAFT ENGAGEMENT MECHANISMS 


13.3.1 Clutch Mechanism 


Problem Description 


Aninput shaft need to transmit torque to an output shaft, where the two shafts will be connected and 
disconnected from each other at various times. The amount of torque transmitted should be suitable 
for automotive drive-train or other high-torque applications. The two shafts should be aligned such 
that their centerlines are always collinear. During normal operation, the input shaft will be spinning, 
and it cannot be stopped during the connection/disconnection process. Also, the output shaft may 
be fully stopped or partially spinning prior to becoming connected to the input shaft. A mechanical 
action should be used to connect or disconnect the two shafts, using human input force. The connec- 
tion/disconnection process will take place several dozen times per day, for a few years. 


Design Goal Statement 


Design a device that can connect/disconnect two collinear, rotating shafts, using human input force. 
While connected, the device must allow for the transmission of high torques suitable for automotive 
drive-trains. The device must allow the input shaft to continuously spin, while connecting/discon- 
necting the output shaft. The device must function for 100,000 connection/disconnection cycles. 


Proposed Design Objectives 


Design objectives for a clutch mechanism are listed in Table 13.3.1. 


Proposed Design Solution 


[Video 13.11] 


Clutch 
Mechanism 


One possible solution for this design problem is a clutch mechanism, as shown in Figure 13.11. This 
mechanism is able to connect and disconnect two collinear shafts, by using a spring-loaded friction 
pad. Figure 13.12 shows across section ofthe well-known plate clutch, used in automobiles equipped 
with manual transmissions. The engaged and disengaged configurations are illustrated. The input 
shaft supplies torque from the engine and is rigidly connected to the flywheel plate. The output shaft 
supplies torque to the transmission and is rigidly connected to the friction pad. To disengage the 
clutch, the pedal is depressed by the foot of a human operator, as shown in Figure 13.12(a). In this 
configuration, it can be seen that the friction pad and flywheel are disconnected from each other. 
To engage the clutch, the pedal is released, thereby allowing the diaphragm spring to press the fric- 
tion pad against the flywheel and thus providing a direct connection between the input and output 
shafts, as illustrated in Figure 13.12(b). In the first instant of contact the flywheel is spinning while 
the friction pad is stationary. However, the resulting friction between the two surfaces gradually 
transfers rotational motion and torque, until the output shaft reaches the same rotational speed as 
the input. An animation of the plate clutch in operation is provided in [Video 13.11]. 
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TABLE 13.3.1 DESIGN OBJECTIVES FOR A CLUTCH MECHANISM 


Design Objective Description Value (Units) 
Torque Transmit automotive drive-train level torque 400 (N-m) 
Operating speed of output shaft Output shaft speed same as input when connected. 0-3000 (rpm) 
Drops to zero speed when disconnected 
Operating life Number of connection/disconnection cycles before 100,000 (cycles) 
repair or replacement 
Operation force Force needed to engage/disengage device, must use 300 (N) 
human leg power 
Constraint Description Value (Units) 
Operating speed of input shaft Input shaft always operates at speed and cannot stop 1000-3000 (rpm) 


during operation 


Summary and Suggestions 


The clutch mechanism meets the design objectives of this problem, by providing a way to connect/ 
disconnect two collinear shafts to allow for the transfer of high torques. It employs a flywheel and 
friction pad system that is brought into contact when a spring-loaded force is removed via a foot 
pedal. In this sense, a plate clutch remains engaged until operator input is provided to disengage 
it. When engaging a clutch, some degree of operator skill is required, since the engagement must 
occur gradually. Sudden full engagement between the friction pad and flywheel causes a stop-start 
slipping, since the fast spinning input is not matched to the stationary output. The resulting reaction 
forces can slow the input shaft and feedback into the engine, thereby stalling the engine. 


13.3.2 Synchronizer 


Problem Description 


An input shaft is engaged with an output shaft, via two gears in mesh. Torque should be trans- 
mitted from input to output, via the two gears, where the torque transfer can be engaged and 
disengaged at various times. The amount of torque transmitted should be suitable for automo- 
tive drive-train applications. During normal operation, the input shaft will be spinning during the 
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Figure 13.11 Clutch mechanism [Video 13.11]. 
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Figure 13.12 Clutch cross section:(a) Disengaged, (b) Engaged. 


engage/disengage process. Also, the output shaft may be fully stopped or partially spinning prior 
to engagement with the input shaft. A mechanical action must be used to engage or disengage the 
two shafts, using human input force, and will take place several dozen times per day, for a few years. 


Design Goal Statement 


Design a device that can engage/disengage the torque transfer between two rotating shafts. The 
two shafts must employ gears in mesh for torque transfer. While engaged, the device must allow 
for the transmission of high torques suitable for automotive drive-trains. Human input force must 
supply the mechanical action to engage/disengage the shafts, while the input shaft continuously 
spins. The device must function for 100,000 engage/disengage cycles. 


Proposed Design Objectives 


Design objectives for a synchronizer are listed in Table 13.3.2. 
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TABLE 13.3.2 DESIGN OBJECTIVES FOR THE SYNCHRONIZER 


Design Objective Description Value (Units) 

Torque Transmit automotive drive-train level torque 400 (N-m) 

Operating speed of output shaft | Output shaft speed same as input when engaged. 0-1000 (rpm) 
Drops to zero speed when disengaged 

Operating life Number of connection/disconnection cycles before 100,000 (cycles) 
repair or replacement 

Operation force Force needed to engage/disengage device, must use 150 (N) 
human leg power 

Constraint Description Value (Units) 

Connection method Mechanism used to couple the two shafts together Gears 

Maximum operating speed of Maximum speed of input shaft during operation 3000 (rpm) 


input shaft 


Proposed Design Solution 


One possible solution for this design problem is a synchronizer mechanism, as illustrated in 
Figure 13.13. It is used to rigidly couple or uncouple a gear to/from a shaft, on which the gear 
is mounted. The synchronizer is commonly employed in manual transmissions of automobiles, 
as described in Section 6.2.2. When a gear and shaft are rigidly coupled, they act as one solid 
component capable of transmitting power through a meshing gear. When uncoupled, the gear 
will spin freely relative to the shaft, and no power may be transmitted. When used in the manual 
transmission application, the gear on the input shaft is always in mesh with the gear on the output 
shaft. The coupling process is carried out with no movement of the gear along the axis of the input 
shaft. Therefore, an operator can change transmission speed ratios without clashing the gear teeth. 

To help with understanding the operation of a synchronizer, the operation of a manual trans- 
mission that incorporates them should be reviewed. In addition, the review of Figures 6.14, 6.15, 
and 6.16 is needed. As noted in Figure 6.14, gear 3 remains in mesh with gear 7 for all speed ratios. 
However, when the transmission is in “second gear” (Figure 6.15(d)), one of the synchronizers 
rigidly couples gear 7 to the output shaft, thereby allowing power to be transmitted through gears 
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(a) (b) 
Figure 13.13 Synchronizer [Video 13.13]: (a) Nuetral, (b) Engaged. 
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3 and 7. For all other speed ratios of the transmission, gear 7 is uncoupled from the output shaft, 
and alternative gears are used to transmit power. 

Figure 13.14 shows cross-sectional views of a synchronizer in distinct configurations that occur 
during the engagement process. To commence engagement, the operator must first cut off torque 
being delivered to the transmission, by disengaging the clutch, as described in Section 13.3.1 and 
shown in Figure 6.14. Figure 13.14(c) illustrates the disengaged configuration in which the gear is 
free to spin on its shaft. Components of the synchronizer include the hub, which is splined to the 
shaft, and the sleeve, which is splined to the hub. By pushing the shift fork in the direction shown, the 
hub and sleeve move toward the gear. Spring-loaded balls located in detents in the sleeve deter relative 
movement between the hub and sleeve. Figure 13.14(d) illustrates the condition of initial contact 
between synchronizing cones on the gear and hub. As the cones are pressed together, frictional forces 
cause the gear, hub, and sleeve to rapidly achieve a common rotational speed. Upon further move- 
ment of the shift fork, the sleeve is forced to slide relative to the hub, toward the gear. At this point, 
the internal spline teeth on the sleeve slide over the external spline teeth on the gear. This is possible 
since the spline teeth on both the sleeve and gear have tappered end tips. Since the rotational speeds 
ofthe sleeve and gear are now the same, there is no clashing of the spline teeth. When the sleeve moves 
with respect to the hub, the balls move down against their springs. Now the gear is locked to the shaft 
through the sleeve, and the engagement is complete, as shown in Figure 13.14(e). 

[Video 13.14] provides an animated sequence of the engagement of the synchronizer illus- 
trated in Figure 13.14. Another illustration of a synchronizer is shown in Figure 13.13, in the 
uncoupled and rigidly coupled configurations. In the animation provided in [Video 13.13], when 
the synchronizer is uncoupled, the meshing gears stop rotating. However, in this instance, they are 
free to rotate at any speed. 


The synchronizer mechanism meets the design objectives of this problem by providing a way to 
engage/disengage the torque between two shafts that are always coupled together by gears in 
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Figure 13.14 Cross section ofa synchronizer [Video 13.14]: (a) Overall view, (b) Enlarged view, (c) Disengaged, (d) Speeds synchronized. (e) Engaged. 
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mesh. Since gears are employed, it allows for high-torque drive-train applications. It solves the 
engagement problem by employing friction-based cones that synchronize the speed between the 
input shaft and a splined gear, hence the name of the mechanism. After synchronization of speed, 
a sleeve is used to couple the input shaft to the splined gear, thereby permitting the transfer of 
torque. Disengagement is simply achieved by sliding the sleeve back and releasing the splined gear. 


13.4 SHAFT/WORKPIECE CLAMPING MECHANISMS 
13.4.1 Drill Chuck 


Problem Description 


Torque must be transferred from a motor shaft into a tool shaft, where the tool shaft is removable. 
The tool shaft has a smooth, round, steel surface at the connection interface. In this application, 
the tools will be drill bits, which have various diameters that should be accommodated for, when 
connected to the motor shaft. The tool and motor shafts will operate such that their centerlines 
are always collinear. High torques and high axial forces will exist in this application. A mechanical 
action should be used to connect or disconnect the two shafts, using human input force. 


Design Goal Statement 


Design a mechanism to connect/disconnect drill bits to/from a motor shaft, in a collinear man- 
ner. The connection method must make use of human input force. The mechanism must be able 
to accommodate various drill bit diameters. While connected, the mechanism must allow for the 
transmission of high torques and axial forces, as needed in drilling operations. 


Proposed Design Objectives 
Design objectives for a drill which are listed in Table 13.4.1. 


Proposed Design Solution 


One possible solution for this design problem is a drill chuck as shown in Figure 13.15(a). The chuck 
mechanism is located at the working end of an electric power drill, as shown in Figure 13.16. The 
chuck mechanism is able to clamp onto drill bits using a three fingered jaw. The clamping force is 
created when human hand power is applied via a key (not shown), which is used to turn the scroll 


TABLE 13.4.1 DESIGN OBJECTIVES FOR DRILL CHUCK 


Design Objective Description Value (Units) 


Torque Transmit torque suitable for drilling operationsin | 1400 (N-m) 
mild steel, using 1⁄2” diameter drill bit 


Axial force Transmit axial force suitable for drilling operations | 900 (N) 

in mild steel 
Operating speed Output shaft speed during operation 0-900 (rpm) 
Alignment Motor shaft and tool shaft alignment Collinear 
Connection force Use human power 150 (N) 
Constraint Description Value (Units) 


Tool shaft size Must accommodate various tool shaft diameters 2-3 (mm) 
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nut housing. The operation of the drill chuckis explained with the illustrations of Figure 13.15(a-e). 
Figure 13.15(a) illustrates the drill chuck in assembled form, and Figure 13.15(b) shows an 
exploded view of the same unit. When assembled, the scroll nut housing is press-fit over the scroll 
nut, and these components move as a rigid body. In order to clamp onto a drill bit, the bit is inserted 
into the jaws. When the scroll housing is rotated (via the key), meshing takes place between the 
internal threads on the two halves of the scroll nut and the scroll threads on each of the jaws. 
This meshing action causes the three jaws to move inward toward the centerline of the drill bit. 
Figure 13.15(c) shows the drill chuck without the scroll nut housing. In Figures 13.15(d) and 
13.15(e), the scroll nut is also removed, and the jaws are shown in the open and closed positions 
with respect to a drill bit. An animation of the drill chuck is provided in [ Video 13.15]. 


Summary and Suggestions 


The drill chuck mechanism meets the design objectives of this problem by providing a way to con- 
nect/disconnect drill bits onto the motor shaft ofa drill. It employs helical threads that result in a 
large pressure angle between the meshing scroll threads on the jaws, with respect to the scroll nut 
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(c) (d) (e) 
Figure 13.15 Drill chuck mechanism [Video 13.15]. 
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Figure 13.16 Electric power drill. 


13.4 SHAFT/WORKPIECE CLAMPING MECHANISMS 495 
housing. In this way, the design is not back-driveable, so that once a secure clamp is established, 
it will not self-loosen. This creates a secure clamp onto drill bits that can sustain high torques and 


axial forces, while they are used in drilling applications. 


13.4.2 Lathe Chuck 


Problem Description 


Rotational motion and torque must be transferred from a motor shaft into a workpiece. The work- 
piece may need to be removed and repositioned from time to time. The workpiece will generally be 
round, may come in a variety of diameters, and may consist of different materials. The workpiece 
centerline and motor shaft will generally operate such that they are collinear. High torques, as well 
as high radial and axial forces, will be applied to the workpiece and should be accommodated in 
this application. A mechanical clamping action should be used to connect or disconnect the motor 
shaft from the workpiece. Either human input force or hydraulic input force should be considered 
to supply this clamping action. 


Design Goal Statement 


Design a mechanical device to clamp onto round workpieces, and thereby connect/disconnect 
them to/from a motor shaft. The device must clamp the workpiece in such a way that the workpiece 
centerline is collinear with the motor shaft centerline. The connection method must make use of 
either human input force or hydraulic input force. The connection device must be able to accom- 
modate various workpiece diameters. While connected, the device must allow for the transmission 
of high torques and high radial and axial forces, as needed in metalwork machining applications. 


Proposed Design Objectives 


Design objectives for a lathe clutch are listed in Table 13.4.2. 


Proposed Design Solution (Manual Lathe Chuck) 


One possible solution for this design problem, is a manual lathe chuck as shown in 
Figure 13.17. An illustration of the design is also provided in Figure 13.18. The lathe chuck 


TABLE 13.4.2 DESIGN OBJECTIVES FOR LATHE CHUCK 


Design Objective Description Value (Units) 
Torque Transmit torque suitable for metalwork operations 150 (N-m) 

on mild steel 
Radial force Transmit radial force suitable for metalwork 400 (N) 


operations on mild steel 


Axial force Transmit axial force suitable for metalwork 2000 (N) 

operations on mild steel 
Operating speed Output shaft speed during operation 0-2400 (rpm) 
Alignment Motor shaft and workpiece alignment Collinear 
Connection force Method of supplying force to clamp workpiece Human power") 

or hydraulic power) 

Constraint Description Value (Units) 
Workpiece size Must accommodate various workpiece diameters 3-150 (mm) 


Workpiece material 


Must accommodate various workpiece materials Metal, plastic, wood 
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Figure 13.17 Manual lathe chuck. 
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Figure 13.18 Manuallathe chuck [Video 13.18]. 


mechanism is able to clamp onto a workpiece using a three-piece jaw. This design solution 
employs human power as input for clamping the workpiece when it is inserted into the jaws. The 
clamping is accomplished by inserting a wrench into one of three sockets and rotating the wrench. 
Each socket is attached to a pinion gear, which is in mesh with a bevel gear track located on the 
edge of the scroll. As the socket is turned, the pinion gear rotates the scroll. The scroll consists of 
three spiral grooves that have been machined into the spindle. These grooves mesh with teeth on 


[Video 13.18] 
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the three jaws. As the scroll rotates, all three jaws move radially inward to clamp onto the work- 
piece, or move radially outward to release the workpiece. An animation of the manual lathe chuck 
is provided in [Video 13.18]. 


Proposed Design Solution (Power Lathe Chuck) 


[Video 13.19] 


Power Lathe 
Clutch 


Another possible design solution is a power lathe chuck, which is actuated using hydraulic power 
andis illustrated in Figure 13.19(a). This alternate solution is provided, since there was an option in 
the design objectives for hydraulic power. In this design, a hydraulic cylinder (not shown) drives a 
central piston axially along the centerline of the chuck, as illustrated in Figure 13.19(b). The motion 
of the central piston is transferred into three wedge blocks, causing them to move tangentially along 
tracks located on the spindle, as shown in Figure 13.19(c). The wedge blocks have a set of angled ser- 
rations, which are in mesh with a matching set of angled serrations on the jaws. As the wedge blocks 
are forced to move tangentially, they in turn force the three jaws to move radially with respect to 
the centerline of the chuck. Figure 13.19(d) illustrates the jaws and internal components while the 
chuck is in the open position. An animation of the power lathe chuckis provided in [Video 13.19]. 
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Figure 13.19 Power lathe chuck [Video 13.19]. 


Summary and Suggestions 


Two different lathe chuck mechanisms are presented here, both of which meet the design objectives 
of this problem by providing a way to clamp/release workpieces onto the motor shaft of a lathe. 

In the manual version, a human powered method of providing the clamping force was shown 
using a wrench and socket approach. That design employed a scroll (spiral grooves) in mesh with 
matching grooves on the jaws. This meshing arrangement creates a large pressure angle between 
the scroll grooves and jaw grooves, thereby creating non-back-driveable design. Once a secure 
clamp is established, it will not self-loosen. However, it can be easily opened by hand turning the 
pinion gear via the wrench. 

In the power chuck version, hydraulic power is used to create the clamping forces. The hydraulic 
piston is arranged to move in the axial direction, for mechanism simplicity and compact size. To 
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convert this axial motion into radial clamping motion, a set of tracks and serrations on the wedge 
blocks are used to slide jaws inward or outward. Here, the pressure angles between the tracks and 
serrations must be lower to allow the mechanism to function. For both designs, the three-jaw chuck 
provides a secure clamp for the workpiece and can sustain high torques and radial and axial forces 
for metalworking applications. 


13.5 ROTATIONAL BRAKING SYSTEM 


Problem Description 


A device is needed to dissipate the angular kinetic energy of a rotating shaft, and thereby stop the 
rotation of that shaft. The device will be used for an automotive application, and hence the amount 
of angular kinetic energy to be dissipated is large. Additionally, the time to stop the rotating shaft 
should be relatively short. When the device is fully applied, the shaft must come to a complete stop, 
and the device should prevent any further rotation even if additional torque is applied. The stopping 
action should work regardless of the rotational direction of the shaft. The device will be subject to a 
dirty, wet, and cold environment while it functions. It will be employed several dozen times per day, 
for a period of two years. Mechanical simplicity (relatively few parts) has been identified as important. 


Design Goal Statement 


Design a mechanism to stop the rotation of shaft, by dissipating its angular kinetic energy in a short 
period of time. This is an automotive application where the rotating shaft has a high angular kinetic 
energy and high torque. The design must be mechanically simple, and must function regardless of the 
rotational direction of the shaft. The device must perform normally in a dirty (wet or dusty) environ- 
ment. The device must function for at least 100,000 application cycles, before repair or replacement. 


Proposed Design Objectives 


Design objectives for the disc brake are listed in Table 13.5.1. 


Proposed Design Solution (Disc Brake) 


One possible solution for this design problem is a disc brake, as illustrated in Figure 13.20. A disc 
brake is able to dissipate the angular kinetic energy of a rotating shaft by converting it into heat, by 
employing the principle of friction. This is done by pressing two opposing brake pads onto a plate 
known as a rotor. The rotor is rigidly fixed to the rotating shaft and has a large contact area onto 
which the brake pads are pressed. To apply the brake mechanism, an input force is supplied by a 
human operator using foot motion. The foot input force is amplified using a hydraulic system, and 


TABLE 13.5.1 DESIGN OBJECTIVES FOR THE DISC BRAKE 


Design Objective Description Value (Units) 

Shaft angular kinetic energy Energy that the mechanism must dissipate per 100 (kilojoules) 
stop cycle 

Shaft torque Torque that the mechanism must withstand 3000 (N-m) 

Stopping time Amount of time to stop the shaft 2-3 (seconds) 

Number of parts Minimize the number of parts in mechanism < 10 parts 

Operating environment Must operate as expected in dusty or wet Dusty or wet 
environment 

Operating life Total number of cycles of operation before repair 100,000 (cycles) 
or replacement 
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Figure 13.20 Disc brake [Video 13.20]: (a) Overall, (b) Brake applied, (c)Brake released. 


hydraulic pressure is supplied to a piston which is mounted within a floating caliper, as illustrated in 
Figure 13.20(a). The caliper is held above the rotor on lubricated slide pins (not shown) allowing it 
to move perpendicular to the rotor surface and thereby pressing the brake pads onto the rotor. The 
slide pins are connected to the stationary portion of the wheel steering frame. When the brake is 
applied, the piston is extended, and it pushes one brake pad against the side of the rotor. Pressure 
in the piston cylinder also causes the floating caliper to shift to the left (Figure 13.20(b)). 

This movement brings the other brake pad, mounted on the floating caliper, into contact on the 
opposite side of the rotor. As a result, the brake pads pinch the rotor tightly. Friction between the 
brake pads and rotor willreduce the rate ofrotation by converting kinetic energy into heat. After the 
brake is released (Figure 13.20(c)), there is no spring to pull the brake pads away from the rotor. 
Either the brake pads stay in very light contact with the rotor or negligible wobble in the rotor will 
push the brake pads a small distance away from the rotor. In automotive applications, the amount 
of energy dissipated with each application of the brakes is considerable, and it results in significant 
heating of the rotors and brake pads. Most automobile rotors contain ventilation slots in the middle 
and contain air gaps/vents within the brake pads. This allows for air to move through the center 
of the rotor to efficiently dissipate heat energy. An animation of this mechanism in operation is 
provided in [Video 13.20]. 


Proposed Design Solution (Drum Brake) 


Another possible solution for this design problem is a drum brake, as illustrated in Figure 13.21. 
Similar to a disc brake, a drum brake is able to dissipate angular kinetic energy into heat energy by 
employing the principle of friction. This is done with two brake shoes that press onto a drum rotor from 
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within. The drum is rigidly fixed to the rotating shaft and has a large radial contact area onto which 
the brake shoes are pressed. Similar to a disc brake, human input force is supplied using foot motion 
and is converted to hydraulic pressure, which is supplied to a piston. When the brake is activated, the 
piston expands in both directions and pushes the brake shoes against the drum to provide the braking 
action. As the brake shoes contact the drum, there is a wedging action that increases the friction force 
(Figure 13.21(b)). After the brakes are released, the shoes are pulled away from the drum by springs. 
Other springs are used to hold the brake shoes in place. For drum brakes to function correctly, the 
brake shoes must remain close to the drum, to avoid excessive travel of the pistons. However, as the 
brake shoes wear down, a larger gap will form between the shoe and the drum, requiring adjustment 
to be made. This is why most drum brakes incorporate an adjuster. This adjustment action can only 
take place when the vehicle travels in reverse and when the brakes are applied. When the brakes are 
applied to stop the reversing vehicle, the adjuster arm swings upward and attempts to spin the adjuster 
gear (Figure 13.21(c)). Whenever the gap has enlarged sufficiently by wear, the adjuster lever will 
have enough upward swing motion to advance the adjuster gear by one tooth. This causes rotation 
in the threaded connection of the adjuster, causing it to slightly lengthen and thereby reducing the 
gap. An animation of this mechanism in operation is provided in [Video 13.21]. 


Summary and Suggestions 


The disc brake and drum brake mechanisms meet the design objectives of this problem by pro- 
viding a way to dissipate the angular kinetic energy of a rotating shaft, into heat. For automotive 
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Figure 13.21 Drum brake [Video 13.21]: (a) Overall, (b) Brake applied, (c) Brake released. 
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applications, the rotational shaft is connected to the wheels of the vehicle. As such, the wheels are 
subject to the open environment along with water, dirt, and dust. 

For the disc brake, the brake pad and rotor system described can function well in the open envi- 
ronment, since the squeezing action will dissipate water or dust and still allow for frictional contact 
to occur. An advantage of disc brakes is that they can cool quickly in the open environment and 
allow for prolonged braking in downhill applications or for frequent hard braking in performance 
applications. Older designs of disc brakes incorporated two pistons and a rigidly fixed caliper. That 
design has been largely eliminated because the floating caliper design is less expensive and more 
reliable. As with any frictional based system, eventually the brake pads, the rotor, or both will wear 
down and must be replaced. With proper selection of materials and size for specific energy dissipa- 
tion levels, the disc brake mechanism can last for a 100,000 use cycles or more. 

Drum brakes were the original braking system used in automobiles, and they pre-date disc 
brakes. However, their performance is less effective than disc brakes, since it is more difficult to 
dissipate the heat generated inside the drum. Brake pads are less effective at high temperatures, 
and drum brakes can have poorer performance during prolonged braking. The cost of producing 
drum brakes is lower than disc brakes, and hence they continue to be used in the rear wheels of 
automobiles. As a moving vehicle brakes, about 60-90% of the energy of that vehicle is dissipated 
by the front wheels, and hence manufacturers generally use disc brakes in the front wheels and 
drum brakes for the rear wheels to create a design compromise between cost and performance. 
High-performance vehicles employ disc brakes on all four wheels. 


13.6 ONE-WAY ROTATIONAL MECHANISMS 


It is often required to transmit rotational motion in only one direction while preventing rotation 
in the opposite direction. These so-called one-way mechanisms allow torque transmission in one 
direction only, while preventing torque transmission in the other direction. Some case studies of 
such mechanisms are presented, where each has different design features due to different design 
objectives. 


13.6.1 Ratchet Mechanism 
Problem Description 


A device is needed to transmit torque from an input linkage to an output shaft in one direction only. 
If a reverse torque is applied, it must be mitigated in some way, to prevent transfer of the reverse 
torque to the output. The application will need to transmit high torques in the desired direction. 
Mechanical simplicity (relatively few parts) has been identified as important. The device will be 
subject to a dirty environment while it functions, and it should be compact in size. 


Design Goal Statement 


Design a mechanism to transfer torque from an input linkage to an output shaft, such that the 
output can only receive torque in one direction. The design must be mechanically simple and 
compactand must transmit high torques. The device must perform normally in a dirty (wet, greasy, 
or dusty) environment. 


Proposed Design Objectives 


Design objectives for the ratchet mechanism are listed in Table 13.6.1. 


Proposed Design Solution 


One possible solution for this design problem is a ratchet mechanism, as shown in Figure 13.22. For 
the arrangement shown, the ratchet wheel rotates about a central point and provides the output 
rotation. The wheel can only be rotated in the counterclockwise direction, since paw! 1 is engaged 
with the teeth on the wheel. The input torque is supplied by the handle. Turning the handle in the 
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TABLE 13.6.1 DESIGN OBJECTIVES FOR THE RATCHET MECHANISM 

Design Objective Description Value (Units) 

CW torque Allow applied torque to dissipate, without output shaft 0 (N-m) 
rotation 

CCW torque Transmit applied torque to rotate output shaft 200 (N-m) 

Material Must be strong and wear resistant Steel 

Number of parts Minimize the number of parts in mechanism « 10 parts 

Operating environment Must operate as expected in dusty and/or wet Wet, greasy, or dusty 
environment 

Overall size Mechanism must not exceed size range 8 cm? (volume) 


[Video 13.22] 
Ratchet 
Mechanism 


[Video 13.23] 
Ratchet 
Wrench 


clockwise direction causes pawl 2 to slip over the teeth, resulting in no torque applied to the wheel. 
Turning the handle in the counterclockwise direction causes pawl 2 to engage between two teeth, 
and it transmits the handle torque into the ratchet wheel. Springs (not shown) located at the turn- 
ing pairs of the pawls keep the tips of the pawls in contact with the ratchet wheel. An animation of 
this mechanism in operation is provided in [Video 13.22]. 

A common application of this mechanism is in a ratchet wrench, where the driving torque can 
only be provided in one direction. Such a wrench is shown in Figure 13.23(a). In this mechanism, 
the output shaft corresponds to the square wrench head, which would convey the torque to the 
socket and onto the bolt. Figure 13.23(b) shows a close-up of the head of the wrench with the 
socket and bolt removed. The handle is rigidly connected to a multi-toothed ring which is like a 
pawl, as shown in Figure 13.23(c). The animation of [Video 13.23] illustrates how the wrench 
can provide torque in the clockwise direction and undergo slipping action in the counterclockwise 
direction. An additional feature of this mechanism is the ability to reverse the ratchet action. This 
can be done by re-setting the position of a cam, whereby the transmitted torque and ratcheting 
action are reversed (Figure 13.23(d)). 


Summary and Suggestions 


The ratchet wrench meets the design objectives of this problem. It employs the ratchet and pawl 
system to transmit torque in one direction while allowing the pawl to slip over the teeth in the other 
direction. An advantage of this system is that it can operate in wet or dusty conditions since the 
pawlcan firmly engage into the teeth. However, due to the use of multiple teeth, there are a limited 
number of discrete positions where engagement can occur. As a result, it is sometimes possible for 
slip to occur, even in the desired direction, when the pawl is located between teeth. In this sense, 
the ratchet mechanism only works when the pawl becomes engaged at discrete locations. 


Pawl 1 P 


Figure 13.22 Ratchet mechanism [Video 13.22]. 
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Figure 13.23 Ratchet wrench [Video 13.23]. 


13.6.2 Sprag Clutch 


Problem Description 


A device is needed to transmit torque from an input shaft to an output shaft in one direction only, 
similar to case study 13.6.1. If a reverse torque is applied, it should be mitigated in some way to 
prevent its transfer to the output shaft. In his application, the applied torque should be transferred 
to the output shaft at any position along the mechanism motion, in the desired direction. Also, 
it must operate with no noise or vibration, and will need to transmit high torques. Mechanical 
simplicity has been identified as important. 


Design Goal Statement 


Design a mechanism to transfer torque from an input shaft to an output shaft, such that the output 
can only receive torque in one direction. The mechanism must perform its operation with continu- 
ous engagement at any location, with minimal noise or vibration. The design must be mechanically 
simple and transmit high torques. 


Proposed Design Objectives 


Design objectives and constraints for a sprag clutch are listed in Table 13.6.2. 
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TABLE 13.6.2 DESIGN OBJECTIVES AND CONSTRAINTS FOR A SPRAG CLUTCH 
Design Objective Description Value (Units) 
CW torque Transmit applied torque to rotate output shaft 250 (N-m) 
CCW torque Allow applied torque to dissipate, without output shaft rotation | 0 (N-m) 
Number of parts Minimize the number of parts in mechanism < 10 parts 
Overall size Mechanism must not exceed size range 50 cm? (volume) 
Constraint Description Value (Units) 
Continuous engagement Device must be ready for engagement at any/all positions - 
Operating environment Operating environment must be free of dust, debris, grease, Clean 
or water. 
Vibration Device must operate smoothly, where vibration must remain « 1 (rad/s?) 
below set value, measured as angular acceleration of inner race 
Noise Device must operate with low noise « 45 (dB) 


Proposed Design Solution 


One possible solution for this design problem is a sprag clutch, as shown in Figure 13.24. This 
mechanism consists of two concentric races, with a set of pivoting sprag elements between the 
inner race and outer race. In this example, the inner race supplies the input torque, while the outer 
race provides the output torque. The sprag elements are positioned in such a way that they cannot 
become tangent to the races, but are always angled in one direction. When the inner race is driven 
in the clockwise direction, the sprag elements pivot slightly and wedge themselves into both the 
inner and outer races. This holds the two races together, and both races turn in unison, thereby 
allowing for transfer of torque from the inner race to outer race. When the inner race is driven in 


Video 13.24 F K : P Er . 
pola the counterclockwise direction, the sprag elements pivot out of the way, and no motion is transmit- 


Sprag Clutch 


ted to the outer race. An animation of this mechanism in operation is provided in [Video 13.24]. 


Summary and Suggestions 


The sprag clutch meets the design objectives of this problem, particularly the ability to transmit 
torque in one direction, with a smooth and continuous action. It employs the wedge principle to 
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Figure 13.24 Sprag clutch [Video 13.24]. 
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engage the sprag elements between two concentric races, to transmit torque. The advantage is that 
repeated engage/disengage action happens instantly, at any location along the race, unlike a ratchet 
where engage action can only occur at discrete locations. Another advantage is that the sprag clutch 
can run quietly in slipmode, since there is no clicking action over ratchet teeth. Also, it can operate 
at moderate to low speeds in slip mode. One disadvantage is that the sprag elements and raceways 
must be clean, lubricant-free surfaces to create the friction needed for the wedge action. If dirt or 
water enter the race, the sprag elements may have undesirable slip instead of wedging themselves, 
rendering the device ineffective. 


13.7 ESCAPEMENT MECHANISM 


Problem Description 


A device is needed to regulate the output motion of a rotating wheel, such that it has intermittent 
motion with a precise period. The intermittent rotational output will be used for the indicator 
hands of a mechanical timepiece. As such, the period of the intermittent motion must be kept as 
constant as possible. Also, a mechanical-based energy source must be devised to provide power 
for the device to replenish energy lost to friction. Mechanical simplicity (relatively few parts) has 
been identified as important. Friction should be minimized, since it may affect the mechanism 
precision and use up valuable energy. 


Design Goal Statement 


Design a mechanism to provide periodic output motion to a rotating wheel, for use in turning the 
indicator hands of a mechanical timepiece. Also, design a mechanical energy source, to power the 
output motion. The design must be mechanically simple and must employ elements and features 
to minimize frictional loss. 


Proposed Design Objectives 


Design objectives for the escapement mechanism are listed in Table 13.7.1. 


Proposed Design Solution 


One possible solution for this design problem is an escapement mechanism, as illustrated in 
Figure 13.25. This mechanism provides a periodic release of stored energy, to create an intermittent 


TABLE 13.7.1 DESIGN OBJECTIVES FOR THE ESCAPEMENT MECHANISM 


Design Objective Description Value (Units) 

Period of motion Amount of time for mechanism to complete one cycle 1/4 (second) 
of motion 

Accuracy Ability to match the actual passage of time, as measured 10 (ppm) 


by error in ppm (parts per million) 


Output motion Nature of output motion must be intermittent, Unidirectional rotation 
unidirectional rotation 


Minimize friction Employ materials or shapes to reduce revolute joint Ruby jewel bearings 
friction 

Number of parts Minimize the number of parts in mechanism < 10 parts 

Mechanical energy source Device used to supply energy to mechanism - 


Energy replenishment Energy source must be easily recharged Rechargeable 
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Figure 13.25 Escapement mechanism [Video 13.25]. 


output motion. The stored energy may be in the form of a wound spring, the potential energy of 
a suspended weight, or other. Escapement mechanisms were developed a few centuries ago and 
were commonly employed in mechanical timepieces. In all timepieces, an oscillator exists that is 
matched to the passing oftime. Typical mechanical oscillators are pendulums with a small swing, or 
balance wheels, where they must maintain a precisely constant frequency of oscillation. However, 
mechanical oscillators are subject to frictional loss as they move. The escapement mechanism 
converts the stored energy source into pulses or "ticks" of intermittent output motion, where its 
output motion is precisely regulated by the mechanical oscillator. Simultaneously, the escapement 
mechanism adds energy to the oscillator to replace that which is lost to friction. In mechanical 
timepieces, the output motion is supplied to the hands of a clock, usually through a gearbox. 

To understand the operation of an escapement mechanism, it is best to view it in motion. An 
animation is provided in [Video 13.25 ]. The escapement wheel has a few dozen teeth with nonsym- 
metric shape, as illustrated in Figure 13.25. Each tooth has two faces, where one isa flat face that is 
parallel with lines radial to the wheel while the other side of the tooth is a sloped face with respect 
to the radial lines. In the animation, the escapement wheel is driven by the stored energy in the 
suspended mass as it lowers. As the wheel turns, it operates against a double ended paw! arm that is 
rigidly attached to a swinging pendulum. For each oscillation cycle of the pendulum, the wheel is 
allowed to advance one tooth on the wheel. 


Summary and Suggestions 


The escapement mechanism meets the design objectives of this problem, by providing precise 
periodic output motion of a wheel for use in clocks. The output of the escapement wheel is used 
to turn the indicator hand for seconds, and through a gearbox for the indicator hands for minutes 
and hours. The energy source described here is a suspended weight that drops slowly to power the 
mechanism. To recharge the energy, the weight is lifted back to the top position by a person every 
day or two. The oscillator is the heart of any clock, and a pendulum is used in mechanical clocks 
together with the escapement mechanism, while the suspended mass replenishes energy at every 
cycle. In modern times, electric-based quartz oscillators together with electronics have replaced 
pendulums and escapement mechanisms, due to their very low cost and much higher accuracy. 


13.8 VARIABLE APERTURE MECHANISM 


Problem Description 


A mechanism is needed to create a variable sized orifice, to regulate the passage of light through 
it. Further, the orifice shape should be circular regardless of the diameter of the orifice. The 
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mechanism is to be used in photographic cameras. The orifice size should vary from a minimum 
of 4 cm in diameter, up to 20 cm in diameter. Also, the mechanism should be relatively compact in 
the direction of light passage, to allow it to fit among the optical lens system. The manner to adjust 
the orifice diameter should be a single control action. 


Design Goal Statement 


Design a mechanism to create a circular orifice that can vary in diameter from 4 cm to 20 cm. The 
orifice must maintain a circular shape within the diameter range specified. The design must be 
mechanically compact in the direction perpendicular to the orifice opening. The orfice diameter 
size must be adjusted using 1 degree of freedom of input actuation. 


Proposed Design Objectives 


Design objectives for the iris mechanism are listed in Table 13.8.10. 


Proposed Design Solution 


Video 13.26 
Iris Mechanism 


One possible solution for this design problem is an iris mechanism, as illustrated in Figure 13.26. 
An iris mechanism consists of a series of vanes equally spaced about the center of a circular ring, as 
illustrated in Figure 13.26(b). The vanes overlap each other and are able to rotate toward or away 
from the center of the ring. All the vanes are connected in such a way that they move in unison, 
with a single input motion. As all the vanes rotate toward the center, the opening in the middle 
of the mechanism is reduced, where the opening represents the orifice (aperture), as shown in 
Figure 13.26(c). If all the vanes rotate away from the center, the orifice (aperture) is increased in 
size. Iris mechanisms can be formed with as few as three vanes, or up to a few dozen vanes. The 
more vanes that are used, the closer the central aperture will approximate a circular shape. For 
example, an iris mechanism with six vanes will have a hexagonal aperture shape, if the vanes have 
straight edges. The two extreme configurations of the iris mechanism are the fully open position 
(Figure 13.26(a)), and the reduced position (Figure 13.26(c)). In Figures 13.26(b) and 13.26(d), 
a single vane has been isolated to reveal its motion. One end of each vane is pinned to the base 
link. The other end of each vane has a pin that slides within a slot on a concentric ring. Rotation 
of the ring relative to the base link, provides motion for all vanes in unison. An animation of this 
mechanism in operation is provided in [Video 13.26]. 


Summary and Suggestions 


Video 13.27 
Flow Regulator 


The iris mechanism meets the design objectives of this problem, by providing a way create a 
variable-sized aperture that maintains an approximately circular shape. The more vanes that are 
used, the closer the approximation to a circular shape. Iris mechanisms are widely used in camera 
lenses to allow for passage of the desired amount of light. The shape of the opening is important 
for optical reasons. Also, iris mechanisms are used in other applications, such as the regulation 
of fluid flow. Figure 13.27 illustrates an iris mechanism that is employed to regulate airflow, and 
[Video 13.27] shows the same mechanism in motion. 


TABLE 13.8.1 DESIGN OBJECTIVES FOR THE IRIS MECHANISM 


Design Objective Description Value (Units) 

Variable diameter orifice Orifice diameter is variable 4 -20 (cm) 

Orifice shape Shape of the opening regardless of size Circular 

Actuation method Mechanical input motion with 1 degree of freedom to adjust 1 DOF input 
orifice diameter 

Compact width Must be compact in direction perpendicular to orifice opening « 1 (cm) 
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Figure 13.26 Iris mechanism [Video 13.26]. 


Figure 13.27 Flow regulator [Video 13.27]. 


13.9 ROTATIONAL TO LINEAR MOTION SYSTEMS 


Converting mechanical motion from one form to another is an important aspect of mechanism 
and machine design. Often, motion and force are supplied in a form that is not immediately useful 
for the application, and a mechanism must convert the input motion into a usable form. One of 
the most common types of input motion is rotation, since it is readily produced by electric motors, 
internal combustion engines, turbines, or other sources. However, many mechanisms require lin- 
ear motion and force. Hence, numerous systems have been devised to efficiently convert from one 
form to another. Case studies for three such mechanisms are presented next. 
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Problem Description 


A device is needed to convert rotational input motion into linear output motion. The device should 
have a high efficiency in converting the input torque into linear force. The design should be scal- 
able, to accommodate various linear travel lengths. It should allow for input rotation that is either 
clockwise or counterclockwise. The device should be mechanically simple and compact, for use in 
a wide variety of applications. 


Design Goal Statement 


Design a mechanism to convert rotational torque and motion into linear force and motion. The 
design must be mechanically simple with relatively few parts and must accommodate input rota- 
tion in either direction. It must employ components, materials, and features to minimize frictional 
loss to allow for efficient conversion of motion. 


Proposed Design Objectives 


Design objectives for linear motion system are listed in Table 13.9.1 


Proposed Design Solution (Lead Screw and Nut) 


One possible solution for this design problem isalead screw and nut, as illustrated in Figure 13.28. 
The lead screw is a rod with a helical thread around its circumference. This thread has a pitch 
(distance between consecutive threads) which is the linear distance from one thread of the 
helix to the next. A nut with a matching internal thread is coupled to the screw. If the screw is 
rotated by 360 degrees, and the nut is prevented from rotating, the nut will move with linear 
motion along the screw equal to the pitch of the thread. In this way, the device can convert 
the rotary motion of the screw into the linear motion of the nut. Alternatively, the nut may be 
rotated while the screw is prevented from rotation, thereby causing linear motion of the screw. 
During operation, there is sliding contact between the screw and nut, hence lubrication with 
grease is essential for efficient operation. Also, plastic materials that have lower coefficients 
of friction on metal screws can be used for the nut. The efficiency of lead screws and nuts is 
generally between 50% and 65%. An interesting aspect of this mechanism, is that it is not 
back-driveable. In other words, linear force applied to the screw or nut will not result in rota- 
tional output of the nut or screw, respectively. This is due to a combination of friction and high 
pressure angle between the nut threads and screw threads. These mechanisms are inexpensive 


TABLE 13.9.1 DESIGN OBJECTIVES FOR LINEAR MOTION SYSTEMS 


Design Objective | Description Value (Units) 

Input torque Mechanism must handle input torques within the prescribed range 0-1000 (N-m) 

Output force Mechanism must produce output forces within the 0-10,000 (N) 
prescribed range 

Input motion Accommodate either clockwise or counterclockwise input motion CW or CCW 

Output motion The linear output stroke length should be within the 0.01-10 (m) 
prescribed range. 

Efficiency The amount of useful output energy, in comparison to the 50-90 (%) 


Minimize friction 


input energy 


Employ materials or shapes to reduce friction Lubrication, different 
metals 


Number of parts 


Minimize the number of parts in mechanism < 10 parts 
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Figure 13.28 Lead screw and nut [Video 13.28]. 


Figure 13.29 Recirculating ball thread [Video 13.29]. 


and are the most widely used method of converting rotational motion into linear motion, for a 


Video 13.28 
jit enl range of applied forces and linear travel lengths. An animation of this mechanism in operation 
Nut is provided in [Video 13.28]. 


Proposed Design Solution (Recirculating Ball Screw and Nut) 


Another possible solution for this design problem is a recirculating ball screw and ball nut, as illus- 
trated in Figure 13.29. The kinematics of a recirculating ball screw are identical to those of a tra- 
ditional lead screw, as described in the preceding section. Therefore, a distinction is not required 
when performing a kinematic analysis. However, a recirculating ball screw has drastically less fric- 
tion than a traditional screw configuration. This is achieved by using ball bearings within grooves 
along the screw, to create rolling contact between the ball nut and ball screw. This results in a 
conversion efficiency of input torque to linear force, on the order of 85-9096. Unlike a lead screw, 
a recirculating ball screw is back-driveable. This means that linear force applied to the nut will 
result in rotational motion of the screw, although this is not a common mode of operation. This 
back-driveable operation is due to the high efficiency ofthese devices. Ball screw mechanisms have 


Video 13.29 


Recirculating 


Ball Screw 
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many parts in comparison to lead screws and are much more expensive. In this sense, they are in 
violation of the design objective for minimization of parts, however, they are vastly superior for 
handling higher forces, for efficiency, and for minimization of friction. Recirculating ball screws are 
usually used for high-precision applications with moderate loads, where precise amounts of linear 
travel for given rotations are required. This includes linear motion stages and some linear actuators. 
An animation of this mechanism in operation is provided in [Video 13.29]. 


Proposed Design Solution (Rack and Pinion) 


Video 1.24 
Rack and 
Pinion 


Video 5.20 
Rack and 
Pinion Gears 


A third possible solution for this design problem is a rack-and-pinion mechanism, as illustrated in 
Figures 1.24 and 1.25. The rack and pinion is a gear-train based system that employs a pinion gear 
in mesh with a rack. As described in Chapter 5, it is important to maintain the relative distance 
between the pinion and rack during operation, to minimize noise and backlash. As such, the extra 
parts needed (not shown) to provide this support add complexity to this design. Rack-and-pinion 
mechanisms are perfectly forward driven or back-driveable. In other words, they can efficiently 
convert rotational motion into linear motion, or linear motion back into rotational motion. They 
are moderately expensive, since racks are costly to produce in longer lengths. An animation of a 
rack and pinion in operation is provided in [Video 1.24] and [Video 5.20]. Rack-and-pinion 
systems are employed in automotive steering applications, and an animation of such operation is 
provided in [Video 1.25]. 


Summary and Suggestions 


The lead screw mechanism, the recirculating ball screw mechanism, and the rack-and-pinion mech- 
anism all meet the design objectives of this problem. They can all convert rotational motion and 
torque into linear motion and force in various ways. Each has its own advantages and disadvantages, 
and hence, is suitable for different applications. 


13.10 DWELL MECHANISMS 


Dwell mechanisms (also called intermittent-motion mechanisms) provide intervals of zero output 
motion while the input motion is continuous. Two such mechanisms are described below. Each 
employs a special shape of the coupler curve of a four-bar mechanism. 


13.10.1 Coupler Curve Dwell Mechanisms 


Problem Description 


A device is needed to convert a continuous rotational input into an oscillatory output motion, 
where a portion of that output motion is stationary during the cycle. The device cannot incorpo- 
rate electronic timers or components due to the operating environment, and must use mechanical 
linkages and joints alone. The application requires high efficiency to minimize power transmission 
loss. Also, the device should be capable of handling high torques and forces. 


Design Goal Statement 


Design a mechanism to convert a continuous input rotation into an output motion, where the 
output has periods of zero motion during the cycle. The device must use elements to minimize 
frictional loss in the mechanism. The design must be mechanically strong to handle high torques 
and forces. 


Proposed Design Objectives 


Design objectives for coupler curve dwell mechanism are listed in Table 13.10.1. 
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TABLE 13.10.1 


Design Objective 


DESIGN OBJECTIVES FOR COUPLER CURVE DWELL MECHANISMS 


Description Value (Units) 


Intermittent output motion dwell 


Motion must dwell for a period of time 2 (seconds) 


Total cycle time Total time for crank to complete one revolution 10 (seconds) 
Link material Link material 6061-T6 Aluminum 
Stress in links Stress must not exceed 2596 of yield stress of 60 (MPa) 
linkage material 
Trajectory of coupler linkage Spatial trajectory (path through space) of coupler Straight line? 


linkage that creates the dwell motion or 
circular arc) 


Minimize friction Employ elements to reduce rolling or sliding Ball bearings or roller 
friction bearings 
Operating speed of input Low-speed operation 0-60 (rpm) 


Proposed Design Solution (Straight-Line Dwell) 


Video 13.30 
Straight-Line Dwell 
Mechanism 


One possible design solution is a four-bar straight-line dwell mechanism for which a portion ofthe 
coupler curve is approximately a straight line, as illustrated in Figure 13.30. This mechanism is 
based on a crank-rocker mechanism design, as described in Section 1.7.1. Link 2 is the crank and 
link 4 is the rocker. Link 5 is a slider attached to coupler point C. As the mechanism operates, point 
C traces out a path in space (coupler curve) shown as the dashed path of C. Note that the dashed 
coupler curve has a shape like the letter D, for which there is an approximately straight section. 
Slider link 5 follows the path of C in space and eventually follows the straight section, where it slides 
along link 6, where link 6 will momentarily remain stationary. For the remainder of the cycle, link 
6 will have a pulsed rotation. 


Proposed Design Solution (Circular-Arc Dwell) 


Figure 13.30 Straight-line dwell mechanism [Video 13.30]. 


Another possible design solution is a four-bar circular-arc dwell mechanism for which a portion 
of the coupler curve is approximately a circular arc), as illustrated in Figure 13.31. This alternate 


solution is provided, since there was an option shown in the design objectives for a circular arc’). 


hof C 
"m A Pat 
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Figure 13.31 Circular-arc dwell mechanism [Video 13.31]. 


Video 13.31 
Circular-Arc Dwell 
Mechanism 
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This mechanism is also a crank-rocker, where link 2 is the crank and link 4 is the rocker. As the 
mechanism operates, the point C traces out an egg-shaped coupler curve, shown as the dashed 
curve. Between points F and G, this curve is approximately a circular arc, centered at point E. Note 
that if a pivot point were to be located at the center of the circular arc (i.e., point E), that pivot 
point will not translate in space while point C moves along the circular arc. Therefore, Links 5 
and 6 are added to the mechanism, sharing a moving pivot connection at point E. The other end 
of link 5 is at point C. As link 2 starts rotating from the position shown, link 6 remains stationary, 
as long as point C moves on the circular arc. Later in the cycle, when point C does not travel on 
the circular arc, link 6 will have a pulsed rotation. Also note that there are no sliding joints in this 
design, but only rotational joints. 


Summary and Suggestions 


Two different motion dwell mechanisms were presented that both satisfy the design objectives 
of this problem. One does this by using a straight-line portion of a coupler curve, and the other 
employs a circular-arc portion ofa coupler curve. Depending on the rotational speed and length of 
input link 2, various cycle times can be achieved. Depending on how the link lengths are designed, 
various amounts of motion dwell can be achieved. Ball bearings can be used at all rotational joints to 
greatly reducerollingfriction, makingthese mechanisms very efficient. In addition, a high-precision 
mechanical motion can beachieved with the circular-arc design, by using high-accuracy bearings at 
its revolute joints. Using the principles described in Chapter 8 and 9, the forces within the linkages 
of this mechanism may be calculated. 


13.10.2 Geneva Mechanism 


Problem Description 


A device is needed to convert a continuous rotational input into a stop-dwell-start oscillatory out- 
put motion. The application requires high-speed operation, so that the output shaft can perform 
the stop-dwell-start action at least 24 times per second, or faster. Due to the high inertial forces 
associated with the stop-start action, the device should have strong and lightweight moving parts. 
The application requires high efficiency to minimize power transmission loss and should operate 
for several million cycles in the intended application. 


Design Goal Statement 


Designa mechanism to converta continuous input rotation, into a stop-dwell-start output motion 
cycle. The stop-dwell-start cycle must occur at least 24 times per second, and operate for several 
million cycles. The mechanism must use elements to minimize frictional loss in the components, 
and must be mechanically strong to handle high inertial forces. 


Proposed Design Objectives 


Design objectives for a Geneva mechanism are listed in Table 13.10.2. 


Proposed Design Solution 


Video 13.32 
Geneva 
Mechanism 


One well-known solution for this design problem is known as a Geneva mechanism, as shown in 
Figure 13.32. The device consists of two rotating bodies that mesh with each other for only a 
portion of the rotational cycle. In this case, the input body is link 2 and the output is link 3. If 
link 2 is driven at constant rotational speed, then the output motion of link 3 stops and starts in 
regular intervals [42]. Figures 13.32(a) and 13.32(b) show two positions of the mechanism. In 
Figure 13.32(a), the locking plate, which is part of link 2, slides relative to a circular surface on link 
3 and prevents any output motion of link 3. At a later stage of the cycle, the locking plate disen- 
gages from link 3 at precisely the same moment as peg P enters a slot on the slotted wheel, as shown 
in Figure 13.32(b). Since there are six equally spaced slots in link 3, the peg drives link 3 through 
one-sixth ofa revolution (i.e., 60?) each time it completes a cycle in a slot. 
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TABLE 13.10.2 DESIGN OBJECTIVES FOR A GENEVA MECHANISM 


Design Objective Description Value (Units) 
Output motion dwell Motion of output must stop (dwell) for a percentage 66 (96) 
of total cycle time 
Number of stop-dwell-start Number of motion cycles, for input crank to 24 (cycles/sec) 
cycles/s complete one revolution, per second 
Stress in links Stress must not exceed 25% of yield stress of linkage 60 (MPa) 
material 
Operating life Total number of cycles of operation before repair or 10 million (cycles) 
replacement 
Minimize friction Employ elements to reduce rolling or sliding friction Ball bearings or roller 
bearings 
Operating speed of input High-speed operation 240 (rpm) 


P 
Cap 
Slotted 4 
wheel 


(b) (c) 


Figure 13.32 Geneva mechanism [Video 13.32]: (a) Wheel in locked position, (b) Wheel driven by peg, (c) Equivalent mechanism while peg is in slot. 


The skeleton diagram representation of this mechanism for a one-sixth portion of its cycle is 
shown in Figure 13.32(c). This portion is equivalent to that shown in Figure 13.32 (b). In this skel- 
eton diagram, links 2 and 3 are connected to the input and output of the mechanism, respectively, 
and link 4 is a slider. 


Summary and Suggestions 


The Geneva mechanism presented meets the design objectives ofthis problem. It is able to convert 
a high-speed rotational input into an intermittent output rotation. Given an input rotational speed 
of 240 rpm (4 rev/sec), the six slot Geneva mechanism shown can achieve 24 start-dwell-stop 
cycles per second. For other applications, a Geneva mechanism may be designed with four, five, 
seven, eight or more equally spaced slots in link 3. If there are four slots in the slotted wheel, then 
each rotation of link 2, will rotate link 3 by 90°. One application that requires intermittent output 
motion to be produced from a constant input rotation is in movie cameras or projectors to periodi- 
cally advance the film. This mechanism would be an alternative to the four-bar mechanism with a 
coupler point, as presented in Section 1.2.2 and illustrated in Figure 1.16. 


13.10.3 Counting Mechanism 


Problem Description 


A device is needed to count the number of times an input shaft undergoes rotation. The count 
needs to be displayed in numerical form using alphanumeric digits. For this particular application, 
the device needs to be able to count up to 1000, where one turn of the input shaft corresponds to 
10 counts. The mechanical design should be scalable, so that it can be easily expanded to count to 
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TABLE 13.10.3 DESIGN OBJECTIVES FOR A COUNTING MECHANISM 


to digit increment 


Design Objective Description Value (Units) 

Numerical readout Input shaft motion causes digits to advance, where Alphanumeric 
advancement will be displayed as alphanumeric 

Ratio of input shaft rotation One rotation of the input shaft will equal 10 counts of 1:10 


advancement of the numerical digits 


Maximum count 


Highest number that the mechanism will reach 1000 


Expandability Mechanism design must allow for easy expansion to - 
count to higher numbers 

Operating life Total number of cycles of operation before repair or 10 million (cycles) 
replacement 

Materials Employ materials to reduce friction and wear on the Plastic and steel 
mechanism components 

Operating speed Operating speed of input will be low speed 0-60 (rpm) 


higher numbers for other applications. The device cannot incorporate electronic components due 
to the operating environment, and must use mechanical elements alone. The device will need to 
operate for several million cycles in the intended application. 


Design Goal Statement 


Design a mechanical counting mechanism to convert input shaft rotation, into a readable numeric 
output. The mechanism must be able to count up to 1000. The ratio between a single input rotation 
to number count must be 1 to 10. The design must allow for easy expansion for higher counts in 
other applications. The materials and component strengths must be appropriate for the device to 
operate for several million cycles. 


Proposed Design Objectives 


Design objectives for a counting mechanism are listed in Table 13.10.3. 


Proposed Design Solution 


Video 13.33 
Counting 
Mechanism 


An interesting solution for this design problem is an intermittent-motion counting mechanism, as 
shown in Figure 13.33. This mechanism employs gears, linkages, and numbered wheels to achieve 
the design objectives. The input shaft is rigidly connected to the first wheel. For each rotation of 
the input shaft, the first wheel undergoes one full rotation. Each wheel has an indexing tooth on it, 
as shown in Figure 13.33(b). The indexing tooth on the first wheel will periodically engage with a 
coupling gear, which is in mesh with a gear attached to the second wheel. After each rotation of the first 
wheel, its index tooth engages the coupling gear and thereby advances the adjacent wheel by 1/10th 
of a turn corresponding to one digit, as shown in Figure 13.33(c). As the second wheel completes 
one full rotation, its own index tooth engages another coupling gear, which advances the third wheel 
by 1/10th of a turn. When a counting task has been completed, the counting mechanism must be 
reset to zero. This is done with a button (not shown in this example) that pushes against internal 
cams, to reset the count. An animation of this mechanism in operation is provided in [Video 13.33]. 


Summary and Suggestions 


The counting mechanism presented meets the design objectives of this problem. It is able to con- 
vert input shaft rotation into discrete rotations of numbered wheels. As the first wheel completes 
one rotation, it engages the second wheel to give it a 1/10th turn. As the second wheel eventually 
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Figure 13.33 Counting mechanism [Video 13.33]. 


completes one turn, it engages the third wheel, and so on. By adding more wheels and coupling 
gears, this design is easily scalable to allow for higher counts. In this example, one input rotation 
corresponded to 10 counts. This can be changed to a 1:1 ratio by addition of a non-numbered 
wheel before the first wheel or by using a gearboxto reduce the input shaft speed by a factor of 10. 
This type of mechanism has many applications and is used in automobile odometers, revolution 
counters, and distance measuring wheels. 


13.11 HARMONIC MOTION MECHANISM 


13.11.1 Scotch Yoke Mechanism 


Problem Description 


A device is needed to convert shaft rotation into reciprocating linear motion of a component. The 
linear motion should have a velocity profile that is harmonic. The moving linear component should 
produce reasonable amounts of force, and must achieve a specific amount of linear displacement. 
The design should be simple, and use a small number of parts. The device will need to operate for 
many cycles, and should not wear out. 


Design Goal Statement 


Design a mechanism to convert shaft rotation into harmonic linear motion of a component. The 
mechanism must have a specific amount of linear displacement and must transmit reasonable force 
via its linear component. The mechanism must be simple (relatively few parts) and must operate for 
100,000 cycles before repair or replacement. Elements or materials to minimize friction must be used. 


Proposed Design Objectives 


Design objectives for a scotch yoke mechanism are listed in Table 13.11.1. 


Proposed Design Solution 


One possible solution for this design problem is a scotch yoke mechanism, as shown in Figure 13.34. 
This mechanism transforms rotational motion into linear harmonic motion. The crank is rigidly 
attached to the input shaft at one end. The crank is attached to a slider at the other end via a revo- 
lute joint using a bearing. As the crank rotates, the slider moves back and forth within a track on a 
component referred to as a yoke. Angular displacement ofthe crank, denoted as 05, is measured with 
respect to a selected reference. By inspection, when 9 = 0, as defined by the coordinate system, 
the yoke reaches one of its extremum positions with respect to the base link. This is also referred 
to as a limit position. The yoke has zero velocity when it is in a limit position. For this mechanism, if 
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TABLE 13.11.1 DESIGN OBJECTIVES FOR A SCOTCH YOKE MECHANISM 


replacement 


Design Objective Description Value (Units) 
Input torque Maximum torque permitted at shaft input 20 (N-m) 
Output force Desired output force of linear component S0 (N) 

Linear displacement Desired displacement of linear component 45 (cm) 

Motion profile Harmonic velocity profile Harmonic 
Number of parts Minimize the number of parts in mechanism < 8 parts 
Operating speed Low speed operation 0-60 (rpm) 
Operating life Total number of cycles of operation before repair or 100,000 (cycles) 


Minimize friction 


Video 13.34 
Scotch Yoke 
Mechanism 


Employ elements or materials to reduce rolling or 


sliding friction 


Ball bearings or lubrication 


the angular motion of the crank is constant, then the linear motion of the yoke is harmonic. A2D 


animation of this mechanism in operation is provided in [Video 13.34]. The analysis of the limit 


positions of various mechanisms is presented in Section 2.8. 


Summary and Suggestions 


Video 13.35 
Application of 
Scotch Yoke 
Mechanism 


The scotch yoke mechanism presented meets the design objectives of this problem. It is able to con- 


vert input shaft rotation into harmonic linear motion of the yoke linkage. The scotch yoke mecha- 


nism is a basic mechanism, and it has use in many different applications. One example is its use in 


raising and lowering the windows of an automobile, as shown in Figure 13.35. An animation of this 


mechanism in operation is provided in [Video 13.35]. The glass window is attached to the yoke 


linkage, so that as the yoke moves up and down, so does the window. The regulator handle serves to 


provide the rotational input in this example. Also, a gear train is added between the handle and the 


crank, to reduce the crank rotation to 180 degrees, relative to 450 degrees for the regulator handle. 


0 720° 
02 


05 = constant 


Figure 13.34 Scotch yoke mechanism [Video 13.34]. 
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Regulator 


Figure 13.35 Application of a scotch yoke mechanism for raising /lowering window in car door [Video 13.35]. 


13.12 INTERNAL COMBUSTION ENGINES 


Internal combustion engines (ICE) are machines that convert hydrocarbon fuels such as gasoline, 
diesel, or propane into useful mechanical energy. These fuels have a high energy density (total 
energy per unit volume) and allow them to be conveniently stored in fuel tanks. This allows a 
vehicle such as an automobile, boat, or plane to travel hundreds of kilometers before refueling. To 
convert these fuels into useful mechanical energy, they must be combusted (oxidized) with oxygen, 
which will produce large amounts of gas pressure and heat. One major aspect of mechanism design 
has been the development of machines that can harness the gas pressure produced by combustion 
and then convert it into useful mechanical work. The thermodynamic Otto cycle [43] defines a 
sequence of events that should take place to extract energy from the combustion of fuel and air, 
to produce certain gas pressures and temperatures. Many such engines have been devised over the 
past hundred years, and they vary depending on the type of fuel they combust. A few case studies 
of gasoline combustion engines that follow the Otto cycle are presented next. 


13.12.1 Four-Stroke Piston Engines 
Problem Description 


Amachine is needed to combust gasoline and convert the combustion gases into useful mechanical 
energy, in the form of shaft rotation. The combustion process should aspire to follow the thermo- 
dynamic Otto cycle. The device will be fed with a mixture of gasoline and oxygen (fuel-air mixture) 
from another machine. This fuel-air mixture should go into a combustion chamber, where it will be 
compressed and then ignited in some way. After ignition, the resulting high pressure produced by 
the combustion gases should be used to motivate the machine parts and produce the desired shaft 
rotation and torque. After harvesting the gas pressure, the machine should expel the combustion 
products, to ready itself for the next cycle that begins with fuel-air insertion. The device should 
repeat this cycle, a great many times. Since the combustion will produce hot gases, the machine 
should be able to withstand high temperatures and high pressures. 


Design Goal Statement 


Design a machine to combust gasoline and convert the combustion gases into shaft rotation and 
torque. The machine must have a combustion chamber made of materials that can sustain high 
temperatures and pressures. The machine must smoothly introduce the fuel, compress it, combust 
it, and expel the waste products, in a properly coordinated sequence following the Otto cycle. One 
part of the machine must regulate the fuel intake and coordinate this sequence. The machine must 
repeat this cycle millions of times before requiring repair or service. It must employ components, 
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materials, and features to allow for efficient conversion of combustion energy into rotational 
motion. 


Proposed Design Objectives 


Design objectives and constraints for a four-stroke piston engine are listed in Table 13.12.1. 


Proposed Design Solution (Overhead Valve Piston Engine) 


One possible design solution is an overhead valve piston engine, as shown in Figure 13.36. The piston 
engine is also known as a reciprocating engine. The mechanical basis of the piston engine is the 
slider crank mechanism, as illustrated in Figures 1.5 and 1.6, whereby gas pressure exerts a force on 
the slider. This force is transferred to the rotating crank via the connecting rod. The piston-based 
design was originally developed for use in steam engines in 18th-century Europe. Steam engines 
incorporate a piston (slider), which moves inside of a cylinder (base link), whereby steam pressure 
pushes the piston to move. This design then led to the development of using the pressure from 
combustion gas to push the piston in the 19th-century. Combustion gas pressures are harnessed 
by the piston to create useful linear mechanical force that is converted into rotational motion of 
the output shaft (crankshaft). Figure 13.36 illustrates a cross-sectional view of a single cylinder 
piston engine that incorporates the Otto cycle with a four-stroke (four-phase) operating sequence. 
This particular engine design employs a cam mechanism to open and close valves located above 
(overhead) the piston, hence the name overhead valve. These overhead valves regulate (a) the fuel 
entry into the cylinder and (b) expulsion of waste gases from the cylinder. The engine sequence 
works as follows: A mixture of air and fuel is drawn into the cylinder through an open intake valve, 
as shown in Figure 13.36(a). The intake valve is then closed while the mixture is compressed as 
the piston is driven upwards, shown in Figure 13.36(b). Next, the fuel—air mixture is ignited while 
the valves remain closed, causing a rapid increase in gas pressure and hence downward force on the 
piston. This downward force is transferred by the connecting rod to the crankshaft in the direction 
of rotation (Figure 13.36(c)). As the piston reaches its bottom position, the exhaust valve opens, 
allowing the burned gas mixture to exit (Figure 13.36(d)). The cycle then repeats. An animation 


TABLE 13.12.1 DESIGN OBJECTIVES AND CONSTRAINTS FOR A FOUR-STROKE 


PISTON ENGINE 


Design Objective Description Value (Units) 

Engine output power Amount of useful energy/second that the engine 20 (kilowatt) 
will produce at the output shaft 

Engine operating speed Number of combustion cycles occurring per minute 1000 (rpm) 
(Coupled to previous design objective) 

Output torque Available torque at output shaft (coupled to 54 (N-m) 
previous two design objectives) 

Operating life Total number of cycles of operation before repair or 50 million (cycles) 
replacement 

Materials Employ materials to reduce friction and wear on the Steel, brass, silicone 


mechanism components 


Minimize friction Employ elements to reduce rolling/sliding friction Ball bearings/brass bearings 

Constraint Description Value (Units) 

Max. temperature Maximum temperature of engine components 300 (degrees Celsius) 
within combustion area 

Max. pressure Maximum pressure within combustion area 5 (MPa) 
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Figure 13.36 Overhead valve piston engine cross section throughout a cycle of motion [Video 13.36]: 
(a) Intake, (b) Compression, (c) Power, (d) Exhaust. 


of this mechanism in operation is provided in [ Video 13.36]. A3D animation ofa variation of the 
overhead valve piston engine using a belt is also provided in [ Video 1.1]. 


Proposed Design Solution (Sleeve Valve Piston Engine) 


Video 13.37 
Sleeve Valve 
Piston Engine 


Another possible solution to this design problem is a sleeve valve piston engine, as shown 
in Figure 13.37. As with the previous proposed solution, this machine also makes use of a 
slider-crank-based piston, sleeve, cylinder, and crankshaft. It has a four-stroke operation and also 
works on the Otto cycle principle. However, it employs a different mechanism for addition of 
fuel and expulsion of waste combustion gases. This engine employs a concentric cylindrical sleeve 
located between the piston and the stationary cylinder wall. Two holes are located in the sleeve, 
one of which allows for the passage of the fuel mixture into the cylinder while the other allows 
waste gases to exit the cylinder. The motion of the sleeve is driven through a pivot and slider 
mechanism connected to the crankshaft via gears with a 2:1 ratio. An animation of this mechanism 
in operation is provided in [Video 13.37]. The engine sequence works as follows: The fuel inlet 
hole in the cylinder lines up with the inlet hole in the sleeve allowing for fuel to enter the cylinder. 
The inlet hole is then blocked by relative motion between the sleeve and cylinder, while the piston 
compresses the fuel-air mixture. The fuel is then ignited by a spark, creating high pressure to drive 
the piston down and thereby turn the crankshaft. Next, the exhaust hole in the cylinder lines up 
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Figure 13.37 Sleeve valve piston engine [Video 13.37]. 


with the exhaust hole in the sleeve, while the piston moves upwards to push the exhaust gases out 
of the chamber. The exhaust hole is then blocked by relative motion, and the cycle repeats itself. 


Summary and Suggestions 


Two different piston engine designs are presented, that each meet the design objectives of this 
problem. They are able to harness the high-pressure gas energy produced when a fuel-air mixture 
is combusted in the cylindrical combustion chamber. The gas pressure is used to displace a piston, 
which turns a crankshaft, thereby creating rotational output motion and torque. The power pro- 
duced by these designs is a function of several variables, such as fuel-air quantity per cycle, piston 
displacement distance, piston diameter, and number of cycles per second. Within the framework 
of the two designs presented, these variables can be adjusted, to produce different power designs 
for various applications. In both designs, steel components are used to handle the high heat and 
material stress created due to the combustion process and rapid motion. Another important aspect 
needed for both designs is the selection and use of materials for good seals and low friction between 
the piston and cylinder. Good seals are needed to prevent unwanted escape of gases, which can 
be achieved with piston rings that have low wear and good sliding properties. Lubrication of the 
piston and rotational joints is also achieved by use of oil. The two designs differed primarily by the 
mechanisms used to introduce the fuel-air mixture, or to expel the waste products. In practice, 
four-stroke, overhead valve engines are widely used in most applications, while the sleeve-valve 
engine is relatively uncommon. 


13.12.2 Multi-Piston Engines 
Problem Description 


In some cases, a single cylinder piston engine cannot produce sufficient power for a desired applica- 
tion. Also, the nature of the four-stroke design is such that a power stroke occurs only one-quarter 
ofthe time, while the remaining strokes perform other functions that consume some ofthe power. 
This results in dynamic variation of the output torque. A design is needed to combine multiple 
four-stroke piston engines into one device. The device should produce more total power and 
should minimize variation of the output shaft torque. The device should allow for long duration 
operation and, if possible, should minimize engine noise. 


Design Goal Statement 


Design a mechanism to combine multiple four-stroke piston engines into an engine with a single 
output shaft. The engine must produce output power that is proportional to the number of pistons 
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employed in the design. Additionally, the engine must minimize dynamic variation in the output 
shaft torque. The engine must endure tens-of-millions of cycles before requiring repair or service. 
It must employ components, materials, and features to allow for low-friction efficient operation, 
and to withstand high temperatures and pressures. 


Proposed Design Objectives 


Design objectives for multi-piston engines are listed in Table 13.12. 


Proposed Design Solution (V-2 Piston Engine) 


Video 13.38 
V-2 Piston 
Engine 


One possible design solution is a V-2 piston engine, as illustrated in Figure 13.38. The design consists 
of two cylinders arranged such that the cylinder axes have a relative angle between each other. This 
so-called V-shaped angle is typically 90 degrees, but different designs developed in the past have 
used angles ranging from 45 to 120 degrees. One reason for employing a two-cylinder design is to 
stagger the four-stroke sequence such that a power-stroke is available for half the time (5096 duty 
cycle). An animation of a 90-degree, V-2 piston engine in operation is provided in [ Video 13.38]. 
In the two-cylinder engine, the connecting rods of each piston are connected to a single crankshaft. 
The crankshaft employs a counterweight to balance its rotation. Inspection of the engine reveals 
that the power stroke (combustion and gas expansion) of one piston will occur after 180 degrees 
of crankshaft rotation of the power stroke of the other piston. This piston stroke arrangement 
along with the crankshaft counterweight helps to balance the output torque of the crankshaft and 
minimizes output torque variation. To improve this design further, a V-4 configuration could be 
employed, with an appropriate crankshaft design and firing sequence. Each piston would be con- 
nected to the crankshaft in such a way that its power stroke would occur 90 degrees out-of-phase 
with the next piston, resulting in a 100% duty cycle for power stroke for every crankshaft rotation. 


Proposed Design Solution (Radial Piston Engine) 


Video 13.39A 
Radial Piston 


Engine 


Video 13.39B 
Radial Piston 
Engine with 
Propeller 


Another possible design solution is a radial piston engine, as illustrated in Figure 13.39. In this 
arrangement, nine four-stroke pistons are employed, where all pistons are constrained to move 
radially from a common point, concentric with a crankshaft. Radial engines were developed as 
early as 1901 employing three cylinders, but typically use five, nine, or more cylinders. They were 
primarily used for early aircraft applications, due to their ability to be air-cooled, which provided 
good power versus weight performance. Figure 13.39(b) illustrates the same radial engine with 
a propeller added to the output shaft. The offset distance on the crankshaft connection point is 
carefully designed such that the displacement of all pistons is constant. For a four-stroke system, 
the timing of fuel inlet and exhaust outlet valves on each piston is very important. The open and 


TABLE 13.12.2 DESIGN OBJECTIVES FOR MULTI-PISTON ENGINES 


Design Objective Description Value (Units) 

Engine output power Amount of useful energy/second that the engine will 100 (kilowatt) 
produce at the output shaft 

Output shaft speed Output shaft speed 1000 (rpm) 

Output shaft torque Output shaft torque (coupled to previous two design 250 (N-m) 
objectives) 

Operating life Total number of cycles of operation before repair or 50 million (cycles) 
replacement 

Minimize output torque Employ design configuration to provide near constant - 

oscillation output torque 


Video 13.40 
Airplane Radial 
Piston Engine 
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Propeller 


Figure 13.39 Radial piston engine: (a) Radial engine alone, [Video 13.39A] (b) Radial engine with propeller [Video 13.39B]. 


close sequence of each valve must be such that the power-stroke on sequential cylinders do not 
conflict, but provide a smooth continuous application of power to the crankshaft. The use of an 
odd number of pistons ensures overlap of power-strokes, which provides smoother operation, as 
some power-stroke energy can be used for compression of the next cylinder. An animation of a 
radial piston engine in operation is provided in [Video 13.39A], and an animation of the same 
engine using a propellor is provided in [Video 13.39B]. Figure 13.40 shows a picture of a radial 
engine incorporated in a vintage single propeller airplane. 


Summary and Suggestions 


Two different multi-piston engine designs are presented that each meet the design objectives of 
this problem. They are able to combine piston engines in multiple configurations to increase the 
overall power of an engine. Also, they minimize dynamic torque variation in the output shaft. 
There are also numerous other arrangements of multi-piston engines. For example, automobile 
engines may employ four, six, or eight pistons (cylinders), in various arrangements. Figure 13.41 
illustrates some typical arrangements of cylinders, which include: in a row (in-line) as illustrated 
in Figure 13.41(a), in two rows with a V-angle as illustrated in Figure 13.41(b), or in two rows 
opposing each other (flat), as illustrated in Figure 13.41(c). 
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Figure 13.41 Typical configurations of a multi-cylinder engine: (a) In-Line 4 (b) V-6 (c) Flat 4. 


13.12.3 Wankel Engine 


Problem Description 


A machine is needed to convert the combustion gases of gasoline and air into useful mechanical 
energy, similar to case study 13.12.1. The machine output should be shaft rotation. The designer is 
aware of the existing reciprocating piston engine design and its limitations such as: balance issues 
due to the reciprocating piston and connecting rod, intake and outlet valve complexity, and over- 
all engine size and weight. A new engine that avoids those limitations is desired. The new engine 
should still employ a combustion process that follows the Otto cycle. It must still be fed with a 
fuel-air mixture that enters a combustion chamber, where it will be compressed and then ignited 
in some way. After ignition, the combustion gases should motivate the machine parts, and pro- 
duce the desired shaft rotation and torque. After harvesting the gas pressure, the machine should 
expel the combustion products and then ready itself for another cycle, repeatedly. The machine 
shouldbe able to withstand high-temperatures and high pressures, and operate for many millions of 
cycles. 


Design Goal Statement 


Design a machine to combust gasoline and convert the combustion gases into shaft rotation and 
torque. It must be a novel design that does not employ the reciprocating piston engine approach. 
It must have a combustion chamber made of materials that can sustain high temperatures and pres- 
sures and minimize frictional losses. The machine must introduce the fuel, compress it, combust 
it, and expel the waste products in a properly coordinated sequence following the Otto cycle. The 
machine must have a simple system to regulate the fuel intake, the exhaust gas expulsion, and the 
sequence coordination that is less complex than cam-based valves. The machine must be smaller 
and lighter than a piston engine of comparable output power. It must operate for millions of cycles 
before requiring repair or service. 


Proposed Design Objectives 


Design objectives for a Wankel engine are listed in Table 13.12.3. 
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TABLE 13.12.3 DESIGN OBJECTIVES FOR WANKEL ENGINE 


Design Objective Description Value (Units) 

Engine output power Amount of useful energy/second that the engine will 20 (kilowatts) 
produce at the output shaft 

Engine operating speed Number of combustion cycles occurring per minute 2000 (rpm) 
(coupled to previous design objective) 

Output torque Available torque at output shaft (coupled to previous 27 (N-m) 
two design objectives) 

Operating life Total number of cycles of operation before repair or 50 million (cycles) 
replacement 

Materials Employ materials to reduce friction and wear on the Steel, brass, silicone 


mechanism components 


Minimize friction Employ elements to reduce rolling/sliding friction Ball bearings/brass bearings 
Constraint Description Value (Units) 
Avoid reciprocating Avoid reciprocating piston engine approach, for — 
components better output shaft balance 
Size Smaller size than piston engine of comparable output 25 X15 X35 (cm) 
power [Lx Wx H] (volume) 
Weight Smaller weight than piston engine of comparable 125 (kg) 
output power 
Simple fuel-air inlet and Simple design for fuel-air inlet and exhaust outlet, in — 
exhaust outlet comparison to piston engine valve system 


Proposed Design Solution 


Video 13.42 
Wankel Engine 


One possible design solution is a Wankel engine, as illustrated in Figure 13.42. The basic principle is 
a mechanism with an eccentric spinning rotor that rotates within a specially shaped housing. Three 
pockets of gas exist between the rotor and the housing, and as the rotor spins, these gas pockets 
move around the rotor and change their volume. At each of the three corners of the rotor is a seal 
that slides against the surface ofthe stationary housing, preventing gases from leaking into adjacent 
pockets. The eccentric motion of the rotor is created by an internal gear machined into the rotor 
that meshes with a fixed external gear. The rotor is connected to a central output shaft, thereby pro- 
viding output rotation and torque. The operation ofthe mechanism is best understood by viewing 
the animation of a Wankel engine provided in [Video 13.42]. Figure 13.42 shows four images of 
the positions ofthe rotor during a cycle consisting ofintake, compression, power (i.e., combustion 
of the fuel-air mixture), and exhaust the spent fuel. During intake, one ofthe gas pockets around 
the rotor becomes connected to the intake port, as shown in Figure 13.42(a). A fuel-air mixture 
is drawn into the increasing volume between the rotor and the internal wall of the housing. As the 
rotor continues to rotate, the mixture becomes closed offfrom the intake port and is compressed, 
as shown in Figure 13.42(b). Approaching maximum compression, the mixture is ignited by a 
spark plug, as shown in Figure 13.42(c). The combustion of the mixture generates a high gas 
pressure that creates force on the side ofthe rotor, corresponding to the power stroke. This force 
pushes the rotor and the volume of the cavity increases. Finally, the exhaust port becomes con- 
nected to the gas pocket, as shown in Figure 13.42(d). As the rotor continues to rotate, the volume 
of the pocket decreases, thereby expelling the burned mixture. The cycle is then repeated. Note 
that three overlapping cycles occur for a single rotation of the rotor. As such, there are three spark 
plug ignitions for each revolution of the rotor. 


526 CHAPTER 13 DESIGN CASE STUDIES FOR MECHANISMS AND MACHINES 


Seal 


Exhaust 


Intake 
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shaft 


Figure 13.42 Wankel engine [Video 13.42]: (a) Intake, (b) Compression, (c) Power, (d) Exhaust. 


Summary and Suggestions 


The Wankel engine presented meets the design objectives of this problem. It is able to harness the 
gas pressure produced by combusting a fuel-air mixture to drive the rotation of a triangular-like 
rotor, which in turn rotates the output shaft. The Wankel engine has some interesting advantages. 
It is a very compact and lightweight engine that is much smaller than a piston engine of comparable 
output power. It has fewer moving parts than a piston engine, and its rotating parts are inherently 
balanced, providing for a much smoother operation and capability for higher rotational speeds. 
Additionally, it does not require cam-based valves, since it employs a simple inlet and outlet port 
system. The Wankel engine was used for motorcycles and cars throughout the 1970s, 1980s, and 
1990s, most notably by the Mazda car company for a series of sports cars. Earlier versions of the 
engine suffered from problems with the seal system and with fuel consumption, which led to per- 
formance issues. Recently, the Wankel engine is seeing renewed development for small aircraft and 
UAV (unmanned aerial vehicles), since it has a high power-to-weight ratio. 


13.13 PUMP MECHANISMS 


13.13.1 Positive-Displacement Pump 
Problem Description 


A machine is needed to pump fluid from an inlet port to an outlet port. The pumping action should 
occur by moving specific amounts of fluid, from the inlet side to the outlet side, per unit time. 
Additionally, the pump action should occur such that all fluid entering the pump moves through in 
one direction only. There should be no leakage of fluid backward through the pump when it is on 
or off. Mechanical input power to the mechanism will be supplied by rotation of an input shaft. 
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The design should be simple, and use relatively few parts. The pump will need to operate for many 
cycles and should not wear out. 


Design Goal Statement 


Design a machine to pump fluid from an inlet port to an outlet port, making use of rotational 
power from an input shaft. The machine must move a specific amount of fluid in terms of volume 
persecond. The fluid movement must occur in one direction only, and no fluid is permitted to leak 
backward through the pump, whether it is on or off. The design must be simple and must use a 
minimum number of parts. The design must employ components, materials, and features to allow 
for low-friction operation and must last for millions of rotation cycles. 


Proposed Design Objectives 


Design objectives for a positive-displacement pump are listed in Table 13.13.1. 


Proposed Design Solution (Crescent Pump) 


Video 13.43 
Crescent Pump 


One possible design solution is a crescent pump, as illustrated in Figure 13.43. The design works by 
creating fluid pockets that expand to draw fluid in and that collapse to expel fluid out. The pockets 
are formed in between two gears in mesh, where one is a ring gear and the other is a pinion gear. 
Between the ring gear and the pinion gearis a crescent-shaped feature that forms a tight seal with the 
tips ofthe gear teeth. The pinion gear is attached to the input shaft and turns the ring gear, which is 
free to rotate within the pump housing. Fluid enters the pockets as they expand from the inlet port 
on the front face, and it exits the pockets as they collapse from the outlet port. A 3D animation of 
the crescent pump in operation is provided in [ Video 13.43]. 


Proposed Design Solution (Radial-Vane Pump) 


Video 13.44 
Radial-Vane 
Pump 


Another possible design solution is a radial-vane pump, as illustrated in Figure 13.44. As in the 
previous example, this design creates pockets that expand and collapse, drawing fluid in and expel- 
ling fluid, respectively. The pockets in this design are formed between a central rotor and the pump 
housing. The rotor rotates within the housing and has several spring-loaded vanes that radiate out- 
ward to press against the housing. As the rotor turns, the expanding pocket draws fluid in from the 
left, and the collapsing pocket expels fluid on the right. An animation of the radial-vane pump in 
operation is provided in [ Video 13.44]. 


TABLE 13.13.1 DESIGN OBJECTIVES FOR A POSITIVE-DISPLACEMENT PUMP 

Design Objective Description Value (Units) 

Input power Energy/second supplied to pump via input shaft 1000 (watts) 

Flow rate Volume/second of fluid pumped from input port to S00 (ml/sec) 
output port 

Allowable fluids Types of fluid handled that can be pumped Water-based and oil-based 

liquids 

Number of parts Minimize the number of parts in mechanism «15 parts 

Operating speed Medium-speed operation 0-300 (rpm) 

Operating life Total number of cycles of operation before repair or 10 million (cycles) 
replacement 

Minimize friction Employ elements or materials to reduce friction Plastic and metal parts 
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di Figure 13.44 Positive-displacement pump incorporating radial vanes 
[Video 13.44]. 


Figure 13.43 Positive-displacement pump incorporating 
gears and crescent [Video 13.43]. 


Summary and Suggestions 


Two different positive-displacement pump designs are presented, that each meet the design objec- 
tives ofthis problem. They are able to pump fluid from an inlet port to an outlet port with a specific 
amount of volume per second. As evidenced by their design, fluid can only flow in one direction and 
cannot leak backwards. Care must be taken when using positive-displacement pumps, since they 
can generate very high fluid pressure on the outlet side ifa downstream valve is closed. The crescent 
pump is a simpler design requiring very few parts, but the seal between the gear tips and the cres- 
cent feature is difficult to maintain and is subject to wear. The radial-vane pump is more complex 
due to many parts, but forms a better seal with the housing and is less affected by wear. Another 
form of positive-displacement pump employing cycloidal gear teeth is presented in Section 5.12. 


13.13.2 Swash-Plate Compressor 
Problem Description 


A machine is needed to pump refrigerant fluid from an inlet port to an outlet port. The pumping 
action should apply a specific amount of pressure to the fluid, and pump a specific amount of fluid 
per second. All fluid entering the pump should move through it in one direction only. There should 
be no leakage of fluid backward through the pump when it is on or off. Mechanical input power 
to the mechanism will be supplied by rotation of an input shaft. The design should be reliable and 
will need to operate for many cycles, before repair or replacement. 


Design Goal Statement 


Design a machine to pump refrigerant fluid from an inlet port to an outlet port, making use of 
rotational power from an input shaft. The machine must movea specific volume offluid per second, 
and add a specific amount of pressure to the fluid. The fluid movement must occur in one direction 
only, and no fluid is permitted to leak backward through the pump, whether it is on or off. The 
machine must employ components, materials, and features to allow for low-friction operation and 
must last for many millions of rotation cycles. 


Proposed Design Objectives 


Design objectives for a swash-plate compressor are listed in Table 13.13.2. 


Proposed Design Solution 


One possible design solution is an swash-plate compressor, as shown in Figure 13.45 and illustrated 
in Figure 13.46. The design works by using piston-based motion to create fluid pockets within the 
cylinders. Each ofthe pistons is attached to a swash plate (follower) via a spherical joint. The swash 
plate is tilted with respect to the housing, and it rests against an angled plate. The angled plate is 
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TABLE 13.13.2 DESIGN OBJECTIVES FOR A SWASH-PLATE COMPRESSOR 


Design Objective Description Value (Units) 
Input power Energy/second supplied to pump via input shaft 2000 (watts) 
Flow rate Volume/second of fluid pumped from input port to output 500 (ml/sec) 
port 
Allowable fluids Types of fluid handled that can be pumped Refrigerant 
Operating speed High-speed operation 600 (rpm) 
Operating life Total number of cycles of operation before repair or 100 million (cycles) 
replacement 
Minimize friction Employ elements or materials to reduce friction Metal parts 


attached to the input shaft. As the input shaft rotates the angled plate, the swash plate undergoes a 
cyclic tilting motion, causing the five pistons to sequentially undergo linear reciprocating motion 
within each of their respective cylinders. As the pistons compress, the fluid is expelled, and when 


Video13.46 they expand, the fluid is drawn in. Flapper valves allow for the expulsion of the compressed fluid 
did Plate and prevent back-flow of fluid. A 3D animation of the compressor in operation is provided in 
ompressor [Video 13.46]. 


Summary and Suggestions 


The compressor mechanism presented here meets the design objectives of this problem. It is able 
to pump refrigerant fluid from an inlet port to an outlet port with a specific amount of pressure 
and flow rate. It is typically used in automotive air-conditioning applications and draws its power 
from an input shaft that is connected to the serpentine belt of an automobile. It can operate with 
high-speed shaft rotation, and it has a long life on the order of 100 million cycles. 


W a 


Housing 


Swash 
plate 


Angled plate 


S Input 


Figure 13.45 Swash-plate compressor for air- shaft 
conditioning application. Figure 13.46 Swash-plate compressor [Video 13.46]. 
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An interesting variation of this design employs a push-plate mechanism that replaces the angled 
plate. The push plate is designed to allow fora variable tilt angle. By varying the push-plate angle as 
it rotates, the amplitude of the swash plate oscillation can be changed. This oscillation amplitude is 
directly related to the displacement stroke of the pistons, and hence the volume of fluid pumped. 
When the push plate is perpendicular to the housing, there is zero pumping volume and when the 
push plate is at its maximum angle, there is maximum pumping volume. 


13.13.3 Fluid Dispenser Pump 


Problem Description 


A device is needed to pump fluid from an inlet port to an outlet port, using human power to supply 
mechanical energy. The pumping action should allow for movement of specific amounts of fluid 
per cycle, where fluid is pumped on an intermittent basis. It should accommodate various types of 
fluid ranging from medium viscosity liquid soap, to high viscosity cream or cosmetic lotion. The 
design should be simple, and use relatively few parts. Low cost is important, therefore appropriate 
materials and features should be employed in the design. The pump will need to operate for several 
hundred cycles in its useful life. 


Design Goal Statement 


Design a mechanism to pump fluid from an inlet port to an outlet port, making use of human hand 
power. The mechanism will operate intermittently, only when used by the person. The mechanism 
must pump fluids with medium to high viscosity, such as liquid soaps or cosmetic lotions. It must 
pump a specific amount of fluid per cycle. The mechanism must be low cost and use a minimum 
number of parts. The mechanism only needs to last 1000 cycles during its useful life. 


Proposed Design Objectives 


Design objectives for a fluid dispenser pump are listed in Table 13.13.3. 


Proposed Design Solution 


One possible design solution is a fluid dispenser pump, as illustrated in Figures 13.47. The design 
works by using two one-way valves with a small fluid chamber between them. Each one-way valve 
consists ofa ball and cone, and works as follows: When fluid flows in the direction ofthe narrowing 
cone, the ball is carried with the fluid and wedges into the cone, thereby blocking further flow of 
fluid. When fluid flows in the direction of the widening cone, it pushes the ball out of the way and 
fluid flows around the ball. At the top of the pump is the outlet port within the push top structure. 


TABLE 13.13.3 DESIGN OBJECTIVES FOR A FLUID DISPENSER PUMP 

Design Objective Description Value (Units) 

Human input power Energy/second supplied to pump via human power | 1.0 (watts) 

Intermittent operation Pump is used for short periods 1-2 (sec) 

Flow volume per cycle Volume/cycle of fluid pumped from input portto | 5 (ml/cycle) 
output port 

Allowable fluids Types of fluid handled that can be pumped Medium to high viscosity 

fluids 

Number of parts Minimize the number of parts in mechanism « 10 parts 

Cost Cost per unit, when mass produced « 0.50 (s) 

Operating life Total number of operating cycles 1000 (cycles) 


Video 13.47 
Fluid Dispenser 
Pump 


13.14 VARIABLE OUTPUT MECHANISMS 531 


Spring 


Reservoir 


Ball 


| Cone 


(a) (b) 
Figure 13.47 Fluid dispenser pump: (a) Overall, (b) Closeup of pump [Video 13.47]. 


When the push top is depressed by the human hand, the chamber volume is decreased and fluid 
flows out from the upper one-way valve. When the push-top is released, an internal compression 
spring expands the chamber volume, and draws fluid in from the reservoir via the lower one-way 
valve. Due to the orientation of the one-way valves, fluid cannot flow from outlet to chamber and 
cannot flow from chamber to reservoir. An animation ofthe fluid dispenser in operation is provided 
in [Video 13.47]. 


Summary and Suggestions 


The fluid dispenser pump mechanism presented here meets the design objectives of this problem. 
It is able to pump medium to high viscosity fluids that reside in a reservoir to an outlet port. It is 
powered by human action, by pressing down on a pushtop, which contracts a small chamber. The 
volume of fluid delivered per pump cycle is equal to the contraction volume of the chamber. This 
design is widely employed in disposable liquid soap dispensers, some shampoo and conditioner 
dispensers, and other cosmetics dispensers. Because it is a disposable product, it is made with 
inexpensive plastic materials, where long service life is not needed. As such, it is produced at low 
cost, to satisfy the applications that it serves. 


13.14 VARIABLE OUTPUT MECHANISMS 


13.14.1 Zero-Max Drive 


Problem Description 


Rotational motion and torque must be transmitted from an input shaft to an output shaft. The input 
rotational speed and torque will be constant, however, there should be a way to adjust the output 
rotational speed. The output rotational speed should vary between zero and some maximum speed. 
The adjustment method to vary the speed should be done by a human operator. The arrangement 
of the shafts is important, where the input and output shafts should be parallel, although they may 
be offset by some distance. This application needs to have good efficiency to minimize power 
transmission loss. Also, the transmission of high torques is important. 
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Design Goal Statement 


Design a machine to transmit rotational motion and torque from an input shaft to an output shaft. 
The machine must have an adjustment mechanism, such that the output shaft speed can be adjusted 
from zero to a maximum speed. The adjustment is to be done by a human operator, while the 
machine is operating. The input and output shafts of the machine must be parallel. The machine 
must employ components, materials, and features to minimize frictional loss to allow for efficient 
conversion of rotational motion, and ability to transfer high torques. 


Proposed Design Objectives 


Design objectives for zero-max drive are listed in Table 13.14.10. 


Proposed Design Solution 


Video 13.48 
Zero-Max Drive 


One possible design solution is a Zero-Max drive, as illustrated in Figure 13.48(a). It can transmit 
rotational motion and torque from an input shaft to an output shaft, where the output speed can 
be varied. The mechanism is based on the principle of a rocker-rocker four-bar mechanism as 
described in Section 1.7.1. Figure 13.48(b) shows a skeleton diagram of a single rocker-rocker 
arrangement, where the rockers correspond to link 4 and link 6. Motion is transmitted from the 
input shaft through eccentric link 2 and link 3, to drive the oscillatory motion of rockerlink 4. Each 
receiving rocker link 6 is connected to a one-way clutch on the output shaft. Each linkage provides 
intermittent motion to the output shaft in a sequence to ensure the output motion is continuous. 
Rotational inertia ofthe output shaft permits the one-way clutches to overrun the driving links and 
smooth out pulsations imparted by each ofthe mechanisms. To vary the output speed, the amount 
of rocking motion can be adjusted by changing the location of the control lever. The location ofthe 
control lever corresponds to the location of base pivot O4, which is adjustable. If itis moved along 
the track illustrated by the dotted line, then link 6 oscillates through a smaller angle for each input 
rotation, and the speed ratio between the input and output is increased. When the control lever is 
moved to O4, the output shaft remains stationary. An animation of this mechanism in operation 
is provided in [Video 13.48]. 


Summary and Suggestions 


The Zero-Max mechanism provides for a variable speed drive that meets the design objectives pre- 
sented. It makes use ofa series ofrocker- rocker four-bar mechanisms, along with one-way clutches 
to transfer motion from an input shaft to an output shaft. Speed adjustment can be manually made 
by moving the control lever, where it can be fixed into position until the next adjustment is required. 
Itis a simple design that can be implemented in a number of applications that require variable speed 
output, such as sewing machines, conveyor belts, and other production line equipment. 


TABLE 13.14.1 DESIGN OBJECTIVES FOR ZERO-MAX DRIVE 


Design Objective Description Value (Units) 

Output torque Must transmit a specified torque 20 (N-m) 

Input speed Maximum input speed 1800 (rpm) 

Variable output speed Output speed must vary between zero and 0 to max speed (rpm) 
maximum speed 

Shaft alignment Input and output shafts must be parallel Parallel 

Operating life Total number of cycles of operation before repair or 100 million (cycles) 
replacement 

Minimize friction Employ elements or materials to reduce friction Metal parts 
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(a) (b) 
Figure 13.48 Zero-max drive [Video 13.48]. 


13.14.2 Helicopter Rotor Blade Adjustment Mechanism 
Problem Description 


The rotor blades of a helicopter are needed to provide lift for the aircraft. Also, those rotor blades 
should provide some amount of horizontal thrust to enable horizontal motion of the helicopter, 
allowing it to fly along a flight path. Since the flight path and flight conditions are variable, a mecha- 
nism is needed to allow the pilot to vary the amount of lift produced by the rotor blades. Also, a 
mechanism is needed to vary the horizontal thrust produced by the rotor blades. The lift produced 
by a rotor blade is a function of its aerodynamic shape and angle of attack. The desired mechanism 
must allow the rotor blades to vary their angle of attack while they spin, to either change the lift 
or operate in such a way that horizontal thrust can be achieved, or do both simultaneously. This 
application requires a strong and lightweight mechanical design to achieve the desired operation. It 
should minimize frictional losses and be able to transmit high forces and torques to the rotor blades. 


Design Goal Statement 


Design a mechanism to vary the lift produced by helicopter rotor blades by allowing for adjust- 
ment of the angle of attack of the rotor blades. The adjustment will be controlled by the pilot at 
any time while the rotor is spinning. Two types of adjustment are required, one for variable lift and 
another for horizontal thrust. The mechanism must employ components, materials, and features to 
produce a strong and lightweight design. Additionally, it must minimize frictional losses and allow 
for transmission of high forces and torques to the rotor blades. 


Proposed Design Objectives 


Design objectives for rotor blade adjustment mechanism are listed in Table 13.14.2 


Proposed Design Solution 


One possible design solution for a rotor-blade adjustment mechanism is to use a swash plate mecha- 
nism to enable a variation in the angle of attack of the main rotor blades. Figure 13.49(a) illustrates 
the main rotor blades and tail rotor blades of a helicopter. Figure 13.49(b) shows a close-up of the 
main rotor blades, where the cross section of each blade has the shape of an airfoil, as illustrated in 
Figure 13.50. Motor torque is supplied to the driveshaft, which is connected to the main rotor hub, 
causing it to spin. Four rotor blades are each connected to the rotor hub, and they spin about the axis 
of the driveshaft to produce the lift forces required to fly the helicopter. The pilot can regulate the 
amount of lift force by adjusting the angle of attack of the rotor blades. This is done by pivoting 
the rotor blades with respect to the rotor hub via the pitch control rods. Figure 13.49(b) illustrates 
the components used to change the angle of attack. The mechanism consists of two concentric 
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TABLE 13.14.2 DESIGN OBJECTIVES FOR ROTOR BLADE ADJUSTMENT MECHANISM 

Design Objective Description Value (Units) 

Rotational speed of rotor Must transmit a specified torque 0-120 (rpm) 

Variable angle of attack Desired range for angle of attack of rotor blades 0 to 20 (degrees) 

Strength Lift forces exerted on adjustment mechanism 20,000(N) 

Weight Total weight of adjust mechanism 50 (kg) 

Operating life Number of rotor hub rotations before repair or 10 million (cycles) 
replacement 

Minimize friction Employ elements or materials to reduce friction Metal parts 


Video 13.49 
Helicopter 
Rotor-Blade 
Adjustment 
Mechanism 


swash plates separated bya set of ball bearings. These components are (a) the rotating swash plate 
that rotates with the rotor hub and (b) the oscillating swash plate that does not rotate, but only tilts 
with respect to the horizontal plane. Four nonrotating hydraulic actuators are connected to the 
oscillating swash plate, and they can move it vertically or tilt it from the horizontal plane in any 
desired direction. The scissor links constrain the rotating swash plate to turn with the driveshaft and 
blades. The ball bearings allow the rotating swash plate to revolve with respect to the oscillating 
swash plate, yet transmit vertical forces. Each pitch control rod is pin-jointed to the rotating swash 
plate and to a blade. Understanding the operation of this mechanism is best done by viewing the 
animation provided in [Video 13.49]. 

Motion of the oscillating swash plate can be controlled in two basic manners: collective control 
and cyclic control. In collective control, as shown in Figure 13.49(c), the oscillating swash plate is 
driven vertically by all four hydraulic actuators, and in turn the pitch control rods alter the angle of 
attack of all blades simultaneously by the same amount. The lift forces generated by all blades are 
equal, driving the helicopter in a vertical direction. In cyclic control, as shown in Figure 13.49(d), 
the vertical positions of the hydraulic actuators are not equal, which results in a tilting of the oscil- 
lating swash plate. Here, the angle of attack of every blade varies periodically during each revolution 
of the driveshaft. This results in unequal amounts of lift force on opposite sides of the driveshaft, 
along with thrusting of the helicopter in a horizontal direction. The pilot employs cyclic control to 
fly the helicopter in a desired horizontal direction by controlling the necessary hydraulic actuators 
to tilt the swash plate in that corresponding direction. 


Summary and Suggestions 


The rotor blade adjustment mechanism employs swash plates and hydraulic actuators to vary the 
angle of attack of helicopter rotor blades. In this way, the amount of lift force and horizontal thrust 
of a helicopter can be varied, thereby meeting the design objectives presented. The pilot flies the 
helicopter by manoeuvring the controls, which are translated into linear motion of the actuators 
to produce collective or cyclic control. 


13.15 TOGGLE MECHANISMS 


13.15.1 Lever Toggle Mechanisms 


Problem Description 


A mechanism that can be switched between two different mechanical states is needed. Each 
mechanical state corresponds to a specific configuration and orientation of the mechanism links. 
The mechanism should be mechanically stable in either state, even when subjected to disturbances 
such as small forces or vibration. A specific amount of input force must be applied to switch the 
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Figure 13.49 Helicopter [Video 13.49]: (a) Main and tail rotor blades, (b) Close-up of main rotor-blade mechanism, (c) Collective control for verti- 
cal thrust, (d) Cyclic control for horizontal thrust. 


mechanism from one state to the other. The switching process should work equally well in either 
direction, and it is to be done by manual input. The mechanism should be able to switch back and 
forth many thousands of times before failure. 


Design Goal Statement 


Design a mechanism that can be switched between two mechanical states, by the application of a 
specific amount of human input force. Each mechanical state must be stable and resistant to small 
force or vibrational disturbances. The mechanism must be able to switch back and forth between 
states with the same amplitude of input force. The mechanism must function for 100,000 switch 
cycles before failure. 
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Figure 13.50 Angle of attack of a helicopter blade. 
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TABLE 13.15.1 DESIGN OBJECTIVES FOR TOGGLE MECHANISMS 
Design Objective Description Value (Units) 
Mechanical state A Defined by angle of lever linkage 60 (degrees) 
Mechanical state B Defined by angle of lever linkage 120 (degrees) 
Input force to change states Amplitude of force needed to change between states A and 10 (N) 
B, or vice versa 
Stability Amount of force tolerated before significant motion of <2(N) 
lever away from a stable position 
Vibration Amount of vibration tolerated before significant motion of < 30 (m/sec?) 
lever away from a stable position 
Operating life Total number of cycles of operation before failure 100,000 (cycles) 


Proposed Design Objectives 


Design objectives for toggle mechanisms are listed in Table 13.15.1. 


Proposed Design Solution (Simple Toggle Mechanism) 


Video 13.51A 
Simple Toggle 
Mechanism 


One possible design solution is a simple toggle mechanism, as illustrated in Figure 13.51(a). The 
design consists of a lever linkage that is held in one of two possible stable positions by use of an 
extension spring. The spring is connected to the ground (link 1) at one end and is connected to 
the lever linkage at the other end. In the position shown, the spring is at a minimum extension 
with the lever resting against a stop. As input force F is applied to the lever, the spring begins to 
extend as the lever rotates. Eventually, with sufficient amplitude of force F, the lever crosses an 
inflection point where the spring is at its maximum extension. Further lever rotation will cause 
the spring to contract again, which will automatically snap the lever onto the other stop. An 
animation of the simple toggle in operation is provided in [Video 13.51A]. A disadvantage of 
this mechanism is that it may be possible to set the lever in a balanced vertical configuration 
between the two stops. 


Proposed Design Solution (Double Toggle Mechanism) 


Video 13.51B 


Double Toggle 


Mechanism 


Another possible design solution is a double toggle mechanism, as illustrated in Figure 13.51(b). As 
in the previous example, this design has two stable positions for the lever linkage, using an extension 
spring to apply tension to maintain either position. In this mechanism, an additional short lever 
arm, link 3, has been added. The extension spring is connected to the lever at one end and to link 3 
at the other end. This arrangement of links reduces the possibility of balancing the lever between 
the stops as with a simple toggle mechanism. Here, link 3 can only be in equilibrium when it is in 
contact with either ofits two stops. The movement of link 3 lags behind that of link 2, and therefore 
link 2 must be moved beyond the vertical position before link 3 will snap through from one stop to 
the other. An animation of the double toggle in operation is provided in [Video 13.51B ]. 
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Lever 


Figure 13.51 Toggle mechanisms: (a) Simple toggle [Video 13.51A], (b) Double toggle 
[Video 13.51B]. 


Summary and Suggestions 


Two different toggle mechanism designs are presented, that each meet the design objectives of this 
problem. The designs employ a lever mechanism, where the lever can be switched between two 
mechanical states, by application of a specific input force. By designing the position of the stops 
and the selection of extension springs, various toggle mechanisms can be developed with different 
swing angles and desired force for switching. These types of mechanisms are commonly employed 
for the mechanical linkages of electric switches. For example, a toggle mechanism used within an 
electric switch is presented in Section 7.1 and is shown in Figures 7.4 and 7.5. Another example of 
a toggle mechanism can be found within a door latch design, which is presented Section 2.14 and 
shown in Figures 2.47 and 2.48. 


13.15.2 Ring Binder Mechanism 
Problem Description 


A device is needed to hold many sheets of paper together via holes in the paper. It should be easy to 
add paper sheets or to remove them from the device. The device should be able to switch between 
two different mechanical states. In one mechanical state, it should secure the pages together. In 
the other mechanical state, it should open in some way so that paper can be added or removed. 
The device should be mechanically stable in either state, and it should be resistant to force or 
vibration disturbances. It should be designed so that a user can easily apply finger force to switch 
the mechanism between the two states, and it should be able to switch back and forth thousands 
of times before failure. 


Design Goal Statement 


Design a mechanism to hold many sheets of paper, where sheets can easily be added or removed. 
The mechanism must switch between two mechanical states, by the application of finger input 
force. One mechanical state will correspond to adding or removing pages, while the other state 
will correspond to securing the pages together. It must be stable and resistant to small force or 
vibrational disturbances. The mechanism must function for 10,000 switch cycles before failure. 


Proposed Design Objectives 


Design objectives for a ring binder mechanism are listed in Table 13.15.2. 
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TABLE 13.15.2. 


DESIGN OBJECTIVES FOR A RING BINDER MECHANISM 


Design Objective Description Value (Units) 
Mechanical state A Defined by open state of mechanism allowing pages to Open 
be added or removed 
Mechanical state B Defined by closed state of mechanism thereby securing Closed 
pages together 
Input force to change states Amplitude of force needed to change between states 5(N) 
Stability Amount of force tolerated before significant motion of <2(N) 
lever away from a stable position 
Operating life Total number of cycles of operation before failure 10,000 (cycles) 


Proposed Design Solution 


Video 13.52 
Ring Binder 
Mechanism 


One possible design solution is a ring binder mechanism, as illustrated in Figure 13.52. The design 
consists of two ring clips that form a circular loop. In the design shown, three such loops are 
employed. Paper sheets to be used with this mechanism must be made with three holes to match 
the spacing between the three loops. Figure 13.52(b) shows a close-up view of the mechanism in 
the open position, while Figure 13.52(c) shows a close-up of the mechanism in the closed position. 
The toggle action is achieved by the relative position of two leaf springs at the center of the mecha- 
nism. Three ring clips are rigidly attached to one leaf spring on one side, and three are attached 
to the leaf spring on the other side. In the closed state, the leaf springs press against each other to 
form a stable v-shape that is concave up. In the open state, the v-shape is concave down. As the 
mechanism is switched from one state to the other, the leaf springs pass through transition posi- 
tion where both their planes are parallel. A tab linkage is used to apply force at the center between 
the two leaf springs, to push them from one state to the other. An animation of the ring binder 
mechanism in operation is provided in [Video 13.52]. 


Ring 
clips 


Leaf 
springs 


(b) (c) 
Figure 13.52 Ring binder mechanism [Video 13.52]: (a) Overall, (b) Closeup of open position, (c) Closeup of closed 
position. 
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Summary and Suggestions 


The ring binder mechanism is able to switch between two stable mechanical states, to hold its 
ring clips in either the open or closed position. This allows paper sheets with appropriate holes 
to be inserted into, or removed from, the ring clips while it is in the open position. The design 
employs two leaf springs that press against each other, in either one of two stable v-shaped posi- 
tions. Transition force is supplied by fingers pressing on the tabs. In this way, the mechanism meets 
the design objectives of this problem. Binder mechanisms also have wide application in holding 
sample sheets of fabrics, leather, laminates, or other thin materials, which is convenient for storing 
sample materials in the trades industries. 


13.16 LOCKING MECHANISMS 


13.16.1 Key Lock 


Problem Description 


A mechanism is needed to switch between two different mechanical states. It can only switch 
between states by the use of an additional mechanical element with a special shape. The specially 
shaped mechanical element should interface with the main mechanism in some way, which cannot 
change states without it. The mechanical element should be easily added to, or removed from, the 
main mechanism and be portable. The two states of the main mechanism should be the engaged 
or disengaged position of a lever. The lever is to be used for a locking mechanism. The lock should 
be formed by rotating the lever from one position into another, where the lever enters an opening 
in a rigid structure, such as a door frame. The mechanism should be designed so that a user can 
easily apply hand force to add or remove the mechanical element, or to switch the mechanism 
between the two states. 


Design Goal Statement 


Design a locking mechanism which can switch between two mechanical states, through the use of 
a removable mechanical element. The mechanical element must have a special shape that inter- 
faces with the main mechanism, to enable the main mechanism to switch between states. The 
main mechanism must not switch between states without the removable mechanical element. The 
mechanism will be used for a lock application, where it must rotate a lever to engage or disengage 
with an opening in a door frame. The mechanical element should be easily added to, or removed 
from, the main mechanism with hand force. Also, the main mechanism will be actuated to switch 
between states with hand force. 


Proposed Design Objectives 


Design objectives for a key lock mechanism are listed in Table 13.16.1. 


Proposed Design Solution 


Video 13.53 
Key Lock 
Mechanism 


One possible design solution is a key lock mechanism, also known as a pin tumbler lock [44], as 
illustrated in Figure 13.53. The design consists of a specially shaped key element, which can be 
inserted into a keyway that exists within a plug. The plug is rigidly attached to a lever, and it rotates 
within the housing. The housing remains stationary. The lever provides the locking action by 
rotationally engaging with another opening (not shown) in a door frame. The operation of the 
mechanism is best understood by viewing the animation provided in [Video 13.53]. As the ani- 
mation proceeds, the housing becomes translucent, which reveals a set of pins of varying lengths, 
shown in Figure 13.53(b). These pins are constrained to slide in pin chambers within the housing 
and plug. While in a locked configuration, the pins are arranged in pairs, placed end to end, and 
are forced downward by compressed cylinder springs (shown in Figure 13.53(b) but not part of 
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TABLE 13.16.1 DESIGN OBJECTIVES FOR A KEY LOCK MECHANISM 


Design Objective Description Value (Units) 

Unlocked state Open (unlocked) state of mechanism with lever Open 
disengaged from opening in door frame 

Locked state Closed (locked) state of mechanism with lever engaged Closed 


into opening in door frame 


Size of element 


Max. length of special shape mechanical element 5 (cm) 


Force to add or remove element | Amplitude of force needed to add or remove specially 4 (N) 


shaped mechanical element 


Torque to rotate 


Torque needed to rotate lever from engaged to disengaged 0.2 (N-m) 
position. 


the animation). The plug cannot be rotated unless all dividing surfaces between pairs of pins are 
in alignment with the cylindrical face of the plug. Since the plug is rigidly attached to the lever, the 
lever cannot rotate and thereby keeps the mechanism locked. 

To unlock the mechanism, a key must be inserted into the keyway. As the tip of the key is 
inserted, the pins are moved in their axial direction. Even when the key is partially inserted 
(Figure 13.53(b)), the pin ends are not aligned with the cylinder face, thereby preventing the 
plug from rotating. Only when the key is fully inserted (Figure 13.53(c)), where the shoulder 
of the key is pushed against the end of the plug, are all dividing surfaces even with the face of 
the plug. Now the head of the key can then be rotated, along with the plug and lever, as shown 
in Figure 13.53(d). 


Summary and Suggestions 


The key lock mechanism is able to switch between locked and unlocked mechanical states, by 
the use of a key that interfaces with the mechanism. The key has a special shape that allows for 


Housing 


Figure 13.53 Key lock mechanism [Video 13.53]. 
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alignment of internal pins within the mechanism, permitting the plug to rotate within the housing. 
Without alignment of these internal pins to the plug surface, the plug cannot turn, which keeps it 
in either the locked or unlocked state. Additionally, the torque to turn the mechanism is transmit- 
ted through the key and is supplied by hand force. In this way, the mechanism meets the design 
objectives of this problem. Key locks have wide application for use in locking doors for homes, 
automobiles, cabinets, and displays. In this way, only persons who have possession of the key can 
lock or unlock doors. One disadvantage is that if the key is lost, the mechanism cannot be locked 
or unlocked, which can cause major inconvenience. 


13.16.2 Combination Lock 
Problem Description 


A mechanism is needed to switch between two different mechanical states and to serve as a 
lever-based lock. It can only switch between states by the correct manual alignment of its internal 
linkages. Internal linkage alignment should be achieved by rotational movement, supplied by the 
human hand. However, the alignment orientations of those internal linkages should be hidden 
from view for security to prevent unwanted access. To achieve this security, it is desired that a 
sequence of successive, alternating, mechanical rotations be used to achieve complete internal 
alignment. Numeric marks on the outer surface of the mechanism should be present to help the 
user achieve alignment. A specific numeric sequence should correspond to the correct internal 
alignment, for each successive rotation. The correct sequence of rotational alignment should not 
be obvious. The two states of the mechanism should correspond to the engaged or disengaged 
position of a lever, which is to be used for the locking action. 


Design Goal Statement 


Design a locking mechanism which can switch between two mechanical states, through the align- 
ment of internal linkages. The alignment will be done manually, through a series of successive, 
alternating rotations. Numeric alignment marks must be provided to assist the user in aligning the 
mechanism. The internal alignment configuration must not be visible, and the combination of rota- 
tions must not be obvious to users who do not know the combination sequence. The mechanism 
should have a smooth action, since it will be actuated with hand force. 


Proposed Design Objectives 


Design objectives for a combination lock are listed in Table 13.16.2. 


Proposed Design Solution 


One possible design solution is a combination lock, as illustrated in Figure 13.54. The design 
consists of a dial that is manually rotated, relative to a stationary concentric ring. Index marks 
are inscribed on the periphery of the dial, and are used for aligning numbers (not shown) of 
the combination, with the correct internal orientation of the wheels. The design illustrated here 
requires that three alternate rotations be made, in proper sequence, for the lock to be opened. 
The dial is rigidly connected to wheel 1 through a central spindle shaft. Wheels 2, 3, and 4 are 
free to rotate with respect to the spindle. Rotational motion can only be transmitted from one 
wheel to the next wheel through extension arms, which engage tabs located on the back sides of 
the wheels, as shown in Figure 13.54(b). In this way, rotation can be transmitted from wheel 1 to 
wheel 2, then from wheel 2 to wheel 3, and finally from wheel 3 to wheel 4, in a cascade fashion. 
Each wheel has a small cut-out in its periphery, referred to as a gate. The lock can be opened 
only when all of the gates are aligned below the side bar. The side bar is rigidly connected to a 
lever called the fence, which in turn is pin-jointed to the bolt. It is the bolt that provides locking 
action by protruding into the recess of an adjacent component (not shown). The lock may be 
opened by retracting the bolt. 
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TABLE 13.16.2 DESIGN OBJECTIVES FOR A COMBINATION LOCK 


Design Objective Description Value (Units) 

Unlocked state Open (unlocked) state of mechanism with lever Open 
disengaged with latch 

Locked state Closed (locked) state of mechanism with lever Closed 
engaged with latch 

Rotational range Rotational range for the purposes of alignment 360 (degrees) 

Number of internal link Number of internal linkages that need to be aligned Three 

alignments in order to lock or unlock mechanism 

Torque to rotate linkages Torque needed to rotate linkages as they are aligned 0.1 (N-m) 
within mechanism 


Stationary 
mark 


Side bar 


Wheel 2 
= Wheel 3 


Ring 


Bolt 


Bolt 


Figure 13.54 Combination lock mechanism [Video 13.54]. 
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The operation of the lock can be better understood by viewing the animation provided in 
[Video 13.54]. The animation begins where the gates of each wheel are at various orientations. If 
the dial is rotated at least three complete revolutions in one direction, then all extension arms will 
eventually contact a tab on an adjacent wheel, thereby causing all the wheels to move in unison. The 
first number of the combination is input by continuing to turn the dial (with all wheels in unison 
motion) until itis aligned with the stationary mark on the ring. This aligns the gate on wheel 4 under 
the side bar, as illustrated in Figure 13.54(b). Next, the dial is turned in the opposite direction until 
the extension arms on wheels 1 and 2 contact tabs on their adjacent wheels, resulting in wheel 1, 
2, and 3 rotating in unison. This rotation continues until the second number of the combination 
is aligned with the stationary mark. This brings the gate on wheel 3 into alignment under the side 
bar. Next, the dial is rotated in the opposite direction until the extension arm on wheel 1 contacts 
the adjacent wheel. The third number of the combination is then aligned with the stationary mark, 
and the gate on wheel 2 is aligned under the side bar. Next, the gate on wheel 1 is aligned under 
the tab on the fence. The side bar and fence then move downward under action of the compression 
spring (shown in Figure 13.54(c), but not part of the animation). Finally, by providing a small turn 
of the dial, the bolt is retracted, as shown in Figure 13.54(c). 


Summary and Suggestions 


The combination lock provides a mechanism that can switch between the locked and unlocked 
mechanical states. The switch can only take place after a series of internal wheels are manually 
brought into alignment. When the wheels are correctly aligned, the mechanism is able to swing 
a lever (fence) and thereby displace a bolt linearly to achieve the unlocked state. In this way, 
the mechanism meets the design objectives of this problem. Combination locks are commonly 
employed in stationary applications like cabinets and safes for storage of valuables. Additionally, 
portable combination locks are frequently used for lockers at schools or for bicycle locks. The major 
feature of combination locks is that there is no physical key, but rather a numeric combination that 
can be remembered. Any person who is given the combination would be able to open the lock. 


13.17 COMPLIANT MECHANISMS 


A majority of the mechanisms presented in this textbook consist of multiple rigid bodies con- 
nected together with various joints, such as revolute joints, sliding joints, spherical joints, and 
so on. Those joints all consist of two or more rigid pieces that rotate, slide, or roll relative to one 
another. However, there is another category of mechanisms that employ one-piece flexible joints. 
These are referred to as compliant mechanisms [45] and take advantage of the inherent flexibility 
of materials to create relative motion between stiffer structures at either end of the inherent flex- 
iblejoint. Compliant mechanisms are usually one-piece structures made ofa single piece of mate- 
rial. They are designed to undergo elastic deflections when subjected to applied force. When the 
forces are removed, the mechanism returns to its original configuration. 

A classic example of a compliant mechanism is the simple extension spring, as illustrated in 
Figure 13.55. An extension spring consists of a single piece of wire wound into a coil, with a loop 
ateach end. By applyinga force at each end, one end translates with respect to the other, and when 
the force is removed, the spring retracts to its originallength. A key principle when using extension 
springs is to ensure that they are not overextended by application of excessive force. Excessive 
force will lead to plastic (permanent) deformation of the spring, which would typically ruin its 
performance. This principle also applies to complaint mechanisms in general. 

Compliant mechanisms are widely used in many familiar applications. Figure 13.56 shows a 
snap-lock modular connector used on both ends of an Ethernet patch cord. When the modular 
connector is inserted into the mating slot of a receptacle (not shown), the clip is pushed toward 
the housing, dueto elastic deformation. After fully entering the receptacle, the clip locks the modu- 
lar connector in place. To remove the connector, the clip must be depressed with finger force. 
Figure 13.57 shows a DVD (digital video disc) jewel case. A typical case incorporates two compli- 
ant mechanisms. The first is the lid release mechanism, shown in Figure 13.57(a). In order to open 
the case, a person must use one hand to depress the lid release mechanism on either side of the 
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Extended length 


Figure 13.56 Ethernet patch cord with snap-lock modular connector. 


Lid release 
mechanism 


Figure 13.57 DVD (digital video disc) jewel case: (a) Lid release mechanism, (b) DVD holder mechanism. 


case, while the other hand is used to lift the lid. The second compliant mechanism, illustrated in 
Figure 13.57(b), is the DVD holder mechanism. The holder is a set of compliant radial clips that 
deflect inward to clear the hole of a DVD as it is inserted and which then expand outward to hold 
onto the DVD. To release the DVD, the radial clips must be depressed by a finger, while a hand 
lifts on the DVD. 

Some compliant mechanisms employ the toggle switch principle described in Section 13.15.1. 
In such a case, they do not return to their original position after removal of the applied forces, but 
rather deflect into one of two stable mechanical states. Figure 13.58 (a) shows a shampoo bottle 
cap that is made of a single piece of material. It incorporates a number of thin sections that can 
easily bend and act as flewible joints. In order to close the lid, it must be deflected past the transition 
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configuration shown in Figure 13.58(b). If the applied force is removed before the lid reaches the 
transition configuration, it will return to its open position. If the applied force is removed after the 
lid passes the transition configuration, the lid will continue on its own to move toward the closed 
position. Similarly, to open the lid, a force must be applied beyond the transition configuration. 
Otherwise, it will return toward the closed position. 

In some cases, it is possible to design an equivalent compliant mechanism, based on its cor- 
responding classical link-and-joint mechanism. One such example is presented in Figure 13.59. 
A classical four-bar, rocker-rocker mechanism is shown in Figure 13.59(a), consisting of four 
rigid links and four turning pairs. The operation of this mechanism is described in Section 1.7.1. 
The corresponding version of the complaint mechanism is shown in Figure 13.59(b). Here, the 
turning pairs are replaced with thin sections of material that exhibit less mechanical stiffness than 
the corresponding thick sections of the links. Hence, these thin sections can easily flex and are 
labeled as flexible joints. The thick sections have much higher stiffness and act essentially as rigid 
links. Through careful design of the flexible joints and their “effective” center of rotation, this com- 
pliant mechanism will approximate the motion of the classical mechanism, over a specific range of 
motion. Beyond the specifically designed range of motion, the compliant mechanism may move 
irregularly or may be damaged due to excessive deformation. 

Compliant mechanisms offer some interesting advantages, and have some disadvantages, 
in comparison to classical link-and-joint mechanisms. Generally, the benefits are as follows: 
Compliant mechanisms are usually comprised of a single monolithic piece of material. Therefore, 
they do not require lubricants at the joints, and no wear occurs at the joints. This allows for a long 
cycle life, when they are used within their designed elastic deformation limits. Additionally, since 


v 
^^ Transition 

1 : F 

\ \ configuration 
ye 


Compliant 
hinges 


Cap body -A 


(a) 
Figure 13.58 Shampoo bottle cap: (a) Open position, (b) Closed position. 
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(a) (b) 
Figure 13.59 Four-Bar Mechanism: (a) Classical link-and-joint configuration, (b) Equivalent compliant mechanism 
configuration. 
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they are made from a single piece of material, they are easily fabricated with mass-production 
techniques such as injection molding or modern methods such as 3D printing. This results in low 
cost to manufacture. Compliant mechanisms have a built-in spring-back effect, where they will 
always (except for toggle mechanisms) return to their original unloaded configuration. This is use- 
ful for many mechanism applications that must reset to their initial position after use. Compliant 
mechanisms can create highly precise motion with certain materials, since their motion is based 
exclusively on the material shape, elasticity, and applied force. As such, compliant mechanism 
translation stages are often used in nanometer-scale motion applications. 

Generally, the disadvantages are as follows: The same spring-back effect that is sometimes ben- 
eficial can be problematic when it is not desired for a mechanism to return to its initial position, 
such as maintaining a displaced position without application of force. Also, the spring-back effect 
requires additional input force to overcome when actuating the mechanism. Compliant mecha- 
nisms can be difficult to design, since prediction of the desired motion involves the interplay of 
material shape, elasticity, and location of applied force, among other aspects. This type of design 
generally requires application of solid mechanics principles, along with a computer-based com- 
putational technique known as Finite Element Analysis (FEA). Additionally, the application of 
excessive forces can damage compliant mechanisms, hence, they must be designed by considering 
the internal stresses at the flexible joints, and considerations involving fatigue life. This can be done 
with the aforementioned FEA technique. 

Three design case studies of compliant mechanisms are presented next. 


13.17.1 Cable Clip Mechanism 


Problem Description 


A device is needed to grasp a cable and secure it onto a flat surface such as a wall. The cable 
has an approximately round cross-section. Operation of the device should be reversible so that 
cables can be grasped or released. The device should be stable in either the grasp or release 
configuration and should be resistant to force disturbances. It should be easy and quick to use, 
where a user can apply finger force to switch between the two configurations. It is anticipated 
that millions of such devices will be produced; therefore, low cost and ease of mass production 
are of high importance. For service life, the device should be able to grasp or release the cable 
hundreds of times before failure. 


Design Goal Statement 


Design a mechanism to temporarily grasp a cable of round cross-section, onto a flat surface. The 
mechanism will have two states, where one corresponds to a secured cable state and the other toa 
released state. It should be mechanically stable in either state, and resistant to force disturbances. 
The device will be mass-produced with quantities in the millions, and must be low cost. Therefore, 
a compliant mechanism design approach will be employed. The design must be quick and simple 
to use with only finger force applied. The service life of the device must be at least 100 grasp and 
release cycles. 


Proposed Design Objectives 


Design objectives for a cable clip mechanism are listed in Table 13.17.1. 


Proposed Design Solution 


Video 13.60 
Cable Clip 
Mechanism 


One possible design solution is a cable clip compliant mechanism, as illustrated in Figure 13.60. The 
design consists of two clips, which are hinged together at the bottom with a flexible central joint. 
Two additional side joints hold the clips from either side onto a flexture link, and they effectively 
create a toggle mechanism that has two states. The closed state is shown in Figure 13.60(a), and 
the open state is shown in Figure 13.60(b). The operation of this compliant mechanism can be 
better understood by viewing the animation provided in [Video 13.60]. In the open state, the two 
clips have a wide separation at the top, where a cable can be inserted. When a cable is inserted (not 
shown in the animation), it presses against the central joint, thereby causing both clips to close 
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TABLE 13.17.1 


Design Objective 


DESIGN OBJECTIVES FOR CABLE CLIP MECHANISM 


Description Value (Units) 


Cable size range 


Diameter range of cables to be grasped by device 6-12 (mm) 


Overall size Maximum size of device defined by length, width, | 25 x25 x 12 (mm) 
and height [LxWxH] 
Monolithic design Employ compliant mechanism design approach to | 1 piece 
create single piece device 
Material Material suitable for compliant mechanism, such as | Nylon or polypropylene 
low molecular weight plastic 
Quantity Number of units to be manufactured 10,000,000 
Cost/Unit Cost per unit to manufacture including: material, | 0.25 ($/unit) 


machine time, and labour for production batch 


Force to actuate 


Service life 


Amount of force needed to open or close device <4(N) 


Total number of cycles of operation before failure | 100 (cycles) 


Tab 


Central 
joint 


clip Clip 
Flexture Side 
link joint 


(a) (b) 


Base link 
Figure 13.60 Cable clip mechanism [Video 13.60]: (a) Closed position, (b) open position. 


around the cable. When the toggle mechanism has passed its transition point, it remains in a stable 
closed position, thereby securing the cable. To release the cable, a tab located on one clip is pushed 
sideways with finger force. This causes the tops of the clips to separate, and after a transition point, 
the clips swing open into a stable position. In the process, the cable is ejected from the clip. The 
entire device is secured to the wall by the base link, using an adhesive at the bottom of the base. 


Summary and Suggestions 


The cable clip compliant mechanism is able to clamp around a cable that is pushed into it. Since 
it operates like a toggle mechanism, it remains securely closed until such time that it is manually 
opened. It is fabricated from a single piece of material and employs flexible joints to allow for 
motion. Since it is one piece, it can be easily fabricated using the injection molding process, and 
it requires no further assembly steps. This results in an ability to mass produce it in the millions of 
units, using inexpensive materials such as nylon plastic. Given these features, it satisfies the design 
objectives of this problem. This mechanism undergoes a large amount of rotation at the flexible 
joints, in order to achieve the desired range of motion. As such, this will lead to material fatigue, 
which results in a low cycle life. Regardless, the design will perform effectively, since it will likely 
be opened and closed only several times during its service. 
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13.17.2 Compliant Stapler 


Problem Description 


Amechanism is needed for a medical application, to fasten together two pieces of skin using metal 
staples. The two pieces of skin are to be brought together, edge to edge, and connected along a 
straight or curved line. The mechanism should apply the staples from only one side (outer surface 
of skin) and cannot have any working parts under the skin. The design of the staples should also 
be considered a part of the project. Due to the medical application, sterility is highly important to 
prevent infection in patients. The mechanism and the metal staples should be made of nontoxic 
materials that can be sterilized before use. Additionally, it is desirable to use the mechanism on 
only one patient and then dispose of it after use. Ifit is to be used only once, it should be low cost. 


Design Goal Statement 


Design a medical-grade mechanism to fasten together two pieces of skin, using metal staples. The 
mechanism must apply the staples from only the outer surface of the skin, and it will have no working 
parts below the skin. The staples must also be designed to ensure compatibility with the mechanism 
and the application. The mechanism and staples must be made from materials that are nontoxic and 
that can be sterilized. The mechanism will only be used once and then disposed, therefore, it must 
be low cost. Given these requirements, a compliant mechanism approach will be employed. 


Proposed Design Objectives 


Design objectives for a compliant stapler are listed in Table 13.17.2. 


Proposed Design Solution 


Video 13.61 
Compliant Stapler 


One possible design solutionis a compliant stapler, as illustrated in Figure 13.61. The design consists 
ofa compliant mechanism that incorporates a set of metal staples. It is based on the principle of the 
slider crank mechanism, as described in Section 1.7.2. It can be gripped by one hand, where thumb 
force acts on the lever (crank), to cause it to rotate with respect to the base link. The mechanism 
employs three flexible joints and one sliding joint to achieve its function. The operation of the compli- 
ant stapler can best be understood by viewing the animation provided in [Video 13.61 ].When the 
trigger is pressed, force is transferred into the hammer (slider), causing it to press the undeformed 
staple against the crimp stop, as shown in Figure 13.61(b). As the hammer displaces to its maximum 


TABLE 13.17.2 DESIGN OBJECTIVES FOR COMPLIANT STAPLER 


Design Objective Description Value (Units) 
Staple size Size of staples to be used, defined by length, width, 12 X 1 x6 (mm) 
and height [LxWxH] 
Staple material Material for staples must be: strong for binding skin, Stainless steel or titanium 


nontoxic, nonirritating, and sterilizable 


Compliant design Employ compliant mechanism design approach - 

Mechanism material Material suitable for compliant mechanism, such as Polycarbonate, polyester, or 
plastic. It must be nontoxic and sterilizable polypropylene 

Cost/Unit Cost per unit to manufacture including: material, « 10 ($/unit) 


machine time, and labor for production batch 


Force to actuate 


Amount of force needed to deploy staple « 3 (N) 


Service life 


Total number of cycles of operation before failure 100 (cycles) 
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Figure 13.61 Compliant Stapler [Video 13.61]: (a) Initial open position, 
(b) With undeformed staple, (c) With deformed staple. 


extension, it simultaneously forces the staple outward and plastically deforms the staple causing its 
outer tips to close inward, as shown in Figure 13.61(c). When applied against two adjacent pieces 
of skin, this closing action connects the two pieces together. When the thumb force is removed, the 
hammer retracts to its original position, as shown in Figure 13.61(a). This retraction occurs since 
the three flexible joints have built-in spring force and return to their unloaded position. As the ham- 
mer retracts, the next staple is forced upward from the magazine cartridge and is ready to be used. 


Summary and Suggestions 


The compliant stapler can be used for a medical application to connect two pieces of adjacent 
skin using metal staples. It presses and deforms metal staples into the skin, from the outside. It is 
fabricated from a single piece of plastic material and employs flexible joints to allow for motion. 
When the actuation force is removed, it returns to its initial position. Since it is one piece and 
made of plastic, it can be fabricated at low cost using the injection molding process. The materials 
identified are nontoxic and are sterilizable prior to use. Given these features, it satisfies the design 
objectives of this problem. 


13.17.3 Zipper Mechanism 
Problem Description 


A mechanism is needed to fasten together two sheets of adjacent fabric material. The two fabric 
sheets are to be brought together and connected along a straight or curved line. Itis desirable for the 
fastening to take place rapidly. Importantly, the method should be reversible so that the two sheets 
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can be rapidly unfastened. It is not desirable to use fasteners such as buttons or rivets. It should be 
easy to use, where a user can apply hand force to fasten or unfasten the sheets. Low cost and ease 
of mass production are of high importance, since this unit will be produced in the millions of units. 
The mechanism should be able to fasten or unfasten the sheets thousands of times before failure. 


Design Goal Statement 


Design a mechanism to fasten together two adjacent sheets of fabric material, along a straight or 
curved line. The mechanism must allow for rapid fastening, and it must be reversible so that the 
two sheets can be rapidly unfastened. The mechanism must be self-contained, where no external 
fasteners are to be used. It must be easy to use through the application of hand force. Low cost and 
ease of mass production are of high importance. Given these requirements, a compliant mechanism 
approach will be employed. The mechanism must perform the fasten and unfasten cycle thousands 
of times before failure. 


Proposed Design Objectives 


Design objectives for a zipper mechanism are listed in Table 13.17.3. 


Proposed Design Solution 


Video 13.62 
Zipper 
Mechanism 


One possible design solution is a zipper mechanism, as illustrated in Figure 13.62(a). The design 
consists of a compliant mechanism that has two rows of teeth attached to a flexible tape. The tape 
is in turn connected to the fabric (not shown in figure). The pull tab is grasped by the user to move 
the slider up or down the length of the zipper. Depending on the direction of motion of the slider, 
the teeth that slide within it are either joined together (zipped up) or divided (unzipped). During 
the zip-up process, the slider passes over the two adjacent rows of teeth, where the slider’s internal 
shape guides the two rows of teeth to mesh together. Each tooth has a hook and a groove. The zip- 
per chain is formed as a hook on a tooth in one row, and it interlocks with a groove in a tooth in 
the other row, which is repeated back and forth for all teeth in the zipper. Figure 13.62(b) shows 
a view with part of the slider removed. The divider is the name of the internal shape that is used to 
either (a) separate the teeth while unzipping or (b) guide the teeth together during zipping up. 
A video of the zipper in operation is provided in [Video 13.62]. 


Summary and Suggestions 


The zipper mechanism can be used to fasten together two pieces of fabric. It does this by interlock- 
ing hundreds of teeth located on two rows of flexible tape, when a slider is passed over them. It is 


TABLE 13.17.3 DESIGN OBJECTIVES FOR A ZIPPER MECHANISM 


Design Objective Description Value (Units) 

Fastening strength Amount of force that can be sustained by fastener before | 100 (N) 
mechanism separation 

Compliant design Employ compliant mechanism design approach - 

Mechanism material Material suitable for compliant mechanism, such as Polyester, or polypropylene 
plastic or fabric 

Cost/Unit Cost per unit to manufacture including: material, 0.50 ($/unit) 


machine time, and labor for production batch 


Force to actuate 


Amount of force needed to fasten/unfasten « S (N) 


Service life 


Total number of cycles of operation before failure 2000 (cycles) 
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Figure 13.62 Zipper Mechanism [Video 13.62]: (a) With pull tab and slider, (b) Interlocked teeth and divider visible. 


classified as a compliant mechanism since the teeth are securely bonded to the tape, yet the tape’s 
flexibility allows the two rows of teeth to mesh or unmesh, by using the slider. When the zipper 
chain is formed, it has significant strength in a number of directions to keep the two pieces of fabric 
fastened together. Prior to zippers, buttons were commonly used to connect two pieces of fabric. 
However, the buttoning process took an excessively long time and a lot of hand dexterity, which 
led to motivation to develop the zipper. In these ways, the zipper satisfies the design objectives of 
this problem. 


13.18 MICROELECTROMECHANICAL SYSTEMS (MEMS) 


A relatively new classification of mechanisms and machines has emerged since the early 1990s, 
known as microelectromechanical systems (MEMS).MEMS consist of microscopic-sized mechani- 
cal and electrical components, which work together to achieve specific functions. MEMS-based 
mechanisms and machines often have unique performance characteristics that are otherwise not 
possible to achieve with macro-scale (regular-sized) mechanisms. They are fabricated using the 
same technology, processes, and materials that are used to fabricate microelectronics, and are 
made on silicon chips. There are numerous examples of MEMS mechanisms, many of which 
can be found on the Internet using appropriate keyword searches. Interestingly, many MEMS 
mechanisms are based on the principles of compliant mechanism design. This is the case, since 
micro-mechanical mechanisms are greatly affected by a sticky/adhesive effect called stiction [46], 
which causes high adhesive forces to exist between micro-objects in contact. The stiction prob- 
lem makes rotational or prismatic joints impractical, and hence compliant flextures are usually 
used as joints for MEMS mechanisms. Figure 13.63 shows some advanced MEMS mechanisms 
that were designed and constructed at the University of Toronto and the University of Victoria. 
Figure 13.63(a) shows a SEM (scanning electron microscope) picture of a 3D rotating inclined 
micromirror used for switching light signals [47], and Figure 13.63(b) shows a picture of a com- 
pliant, thermal-actuator-based microgripper [48]. Figure 13.63(c) shows a SEM picture ofa 3D 
orthogonal test-structure, and Figure 13.63(d) shows a picture of a 3D micro-radiometer. Some 
examples of commercial MEMS devices are presented next. 

A major commercial application of MEMS technology is the micro-accelerometer device [49], 
originally produced by Analog Devices, Inc. These MEMS devices were originally made for use 
in the deployment of automobile air bags, whereby the accelerometer detects the unusually high 
deceleration of a vehicle during a collision and provides a signal to deploy the air bag. A SEM pic- 
ture of the internal parts of the accelerometer is shown in Figure 13.64. In recent times, the MEMS 
accelerometer has seen wide use in many other applications, which includes use in game control- 
lers, cell phones, cameras, tablet computers, radio-controlled helicopters, and toys, among others. 
MEMS accelerometers are compliant mechanisms that operate on the principle of electrostatic 
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Figure 13.63 Examples of MEMS: (a) 3D Rotating inclined micromirror, (b) Thermal actuator-based microgrippers, 
(c) Orthogonal structure, (d) Micro-radiometer. 


sensing. Figure 13.65 illustrates a simplified layout of the working components of a MEMS accel- 
erometer. An inertial mass is suspended by four flexible beams, which are fixed to the chip surface at 
anchor points. Figure 13.65(a) shows the configuration when there is no acceleration. When decel- 
eration occurs, as shown in Figure 13.65(b), there is relative motion between the inertial mass and 
the rest of the chip. If the deceleration is sufficiently large, this relative motion can be sensed by a 
capacitive sensor, which measures the amount of relative motion as a change in the gap distance, 5x. 
An electric signal proportional to the gap distance is measured by the microelectronics located on 
the chip (not shown in the figure), to deploy the air bag. This combination of a micro-scaled com- 
pliant mechanism, with built-in capacitive sensing, is able to rapidly sense acceleration changes, 
fits within a 10 X 5 mm package, and is fabricated and sold for only a few dollars. It matches the 
performance of traditional inertial sensors, which cost hundreds of dollars and are dozens of times 
larger in volume. In this sense, it provides performance and value not possible to achieve with past 
technologies that employ traditional mechanisms and microelectronics. 

Another major commercial example of a MEMS device is the digital micromirror device pro- 
duced by Texas Instruments, referred to as a DLP™ [50], which is used in many video projection 
systems. A picture ofa DLP chip is shown in Figure 13.66. This MEMS device consists of a matrix 
of micromirrors, where each micromirror corresponds to one pixel ofa projected display. Under 
each micromirror is a microactuator that operates on the principle of electrostatic actuation, to tilt 
the micromirror back and forth. The tilting is possible since the micromirror is held by a compliant 
mechanism hinge. To create a projected image, a light source is continuously directed at the matrix 
of micromirrors, such that light may be reflected toward or away from a projecting lens. Computer 
control is used to determine which actuators are activated on and off. This effectively allows each 
pixel of the display to be switched on and off and thereby create a projected image. 
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Figure 13.64. SEM image of internal parts of MEMS accelerometer. (Courtesy of Analog Devices, Inc., Norwood, MA.). 
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Figure 13.65 Operational principle of electrostatic-based MEMS accelerometer: (a) In rest position, (b) Deflected due 
to applied acceleration. 


MEMS are fabricated by a process that involves the successive deposition, doping, and etching 
of thin films of material. These materials are typically silicon, polycrystalline silicon, silicon oxide, 
gold, and other metals and ceramics. This yields micromechanical components that have lowaspect 
ratios (i.e., height versus planar length), usually between 1:10 and 1:1000, and is used to fabricate 
the aforementioned accelerometer chip and DLP chip technologies. 

Research into microassembly at the University of Toronto and the University of Victoria has 
shown the potential of fabricating and assembling far more complex MEMS. It is now possible to 
construct 3D microstructures [51] comprised of many parts, such as those shown in Figure 13.63. 
Figure 13.67(a) shows a 3D microcoil developed at the University of Toronto that can be used to 
convert electromagnetic radiation into electrical signals, or vice versa. The microassembly process 
consists of a sequence of grasp, manipulate, join and release operations. It can be described by 
explaining the process to assemble a microcoil, which is made from a set of microparts that start 
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Figure 13.66 DMD chip illustrating array of micro-mirrors (Courtesy of Texas Instruments, Dallas, TX). 
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Figure 13.67 (a) Microcoil, (b) Close-up. 


out as planar on the surface of a chip, as shown in Figure 13.68(a). A compliant microgripper, 
adhesive-bonded to the end-effector of a robotic manipulator, is shown in Figure 13.68(b). This 
microgripper is used to grasp the microparts from the chip, as shown in Figure 13.68(d). After 
being grasped, the micromanipulator re-orients the microparts in space, and it lines them up with 
the target joint location. Figure 13.67(b) shows a close-up view of the connection made after the 
micropart is joined, which is formed by compliant locking tips on the ends of the microparts. This 
microassembly process allows for the construction of 3D MEMS devices that were not previously 
possible to build at this scale. 


13.19 SUMMARY 


A series of case studies in mechanism and machine design have been presented. Each case study 
began with the provision of loosely structured information in the form of a problem description. 
Such information is normally provided to the designer by clients, or found by studying the exist- 
ing situation that requires the new design. The problem description is then translated into a clear 
design goal statement to guide the design activity. A clear set of design objectives with specific 
performance targets are established, using information from the problem description as well as 
information from other sources. The concept generation, design selection method, and prelimi- 
nary design phases have not been included in these case studies. Instead, possible design solutions 
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Figure 13.68 Assembly ofa microcoil: (a) Microparts on chip (compliant microgripper on manipulator, (c) Microgripper 
aligned to micropart, (d) Microgripper grasping micropart. 


that satisfy the design goal and design objectives have been presented and explained. There are 
many other possible design solutions for these case studies. Students of mechanism and machine 
design are encouraged to seek out other possible solutions, or develop their own, using the tech- 
niques described in Chapter 12. As well, numerous design exercises are available at the end of 


Chapter 12 and Chapter 13. 


PROBLEMS 


Problem Formulation 


Problems P13.1 to P13.4 are exercises in information 
gathering. An important step in the design process is to 
search books, the Internet, patents, or other literature for 
similar designs that already meet your design goals and 
design objectives. For each of these problems, review the 
specified design goal statement and the design objectives 
and find an existing similar solution that meets those 
goals and objectives. Ensure the solution is different from 
the solution described in the case study. Use the infor- 
mation gathering strategies presented in Section 12.3.1, 
Task 2. 


P13.1 Find an existing similar design solution for case 
study 13.2.2 (constant-velocity coupling) using 
information gathering strategies. Explain the 


P13.2 


P13.3 


solution you found with a paragraph, indicate how 
the design objectives are met or not met, include a 
scanned/copied image of the solution, and prop- 
erly reference all your sources. 

Find an existing similar design solution for case 
study 13.4.1 (drill chuck) using information gath- 
ering strategies. Explain the solution you found 
with a paragraph, indicate how the design objec- 
tives are met or not met, include a scanned/copied 
image of the solution, and properly reference all 
your sources. 

Find an existing similar design solution for case 
study 13.8 (variable aperture mechanism) using 
information gathering strategies. Explain the solu- 
tion you found with a paragraph, indicate how the 
design objectives are met or not met, include a 
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scanned/copied image of the solution, and prop- 
erly reference all your sources. 

P13.4 Find an existing similar design solution for case 
study 13.16.1 (locking mechanism) using informa- 
tion gathering strategies. Explain the solution you 
found with a paragraph, indicate how the design 
objectives are met or not met, include a scanned/ 
copied image of the solution, and properly refer- 
ence all your sources. 


Problems P13.5 to P13.8 are exercises in problem for- 
mulation to develop design goal statements and design 
objectives. These exercises require reading of the specified 
section in Appendix A. If necessary, add additional design 
objectives that you feel are relevant, and conduct informa- 
tion gathering activities to find suitable target values. 


P13.5 Read the problem description statement of 
Appendix A.3 (slicing machine) and prepare the 
following: (a) a clear design goal statement and 
(b) atleast eight design objectives along with their 
target values, which are of most relevance to this 
problem. 

P13.6 Read the problem description statement of 

Appendix A.12 (side-tipping ore railcar) and pre- 

pare the following: (a) a clear design goal state- 

ment and (b) at least eight design objectives along 
with their target values, which are of most rel- 
evance to this problem. 

P13.7 Read the problem description statement of 

Appendix A.22 (loading machine system) and 

prepare the following: (a) a clear design goal state- 

ment and (b) at least eight design objectives along 
with their target values, which are of most rel- 
evance to this problem. 

P13.8 Read the problem description statement of 

Appendix A.24 (transport mechanism) and pre- 

pare the following: (a) a clear design goal state- 

ment and (b) at least eight design objectives along 
with their target values, which are of most rel- 
evance to this problem. 


Conceptualization and Sketching 


Problems P13.9 to P13.12, are exercises in novel concept 
development and sketching. For each of these problems, 
create an alternative design concept and sketch, based 
upon the problem description, design goal statement, and 
design objectives for the specified case study. Hand drawn 
sketches with pencil are encouraged, using the format 
similar to those shown in Example 12.4-B. Ensure the key 
components of your sketch are labeled, and provide 4-5 
sentences describing how the concept works. 


P13.9 Create an alternative design concept and sketch 
for case study 13.3.1 (clutch mechanism). Ensure 
that your design concept is different from the solu- 
tion described in the case study. 
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P13.10 Create an alternative design concept and sketch 
for case study 13.5 (rotational braking systems). 
Ensure that your design concept is different from 
the two solutions described in the case study. 
Create an alternative design concept and sketch 
for case study 13.9 (rotational to linear motion 
systems). Ensure that your design concept is dif- 
ferent from three solutions described in the case 
study. 

Create an alternative design concept and sketch, 
for case study 13.13.3 (fluid dispenser pump). 
Ensure that your design concept is different from 
the solution described in the case study. 


P13.11 


P13.12 


Detailed Design 


P13.13 The key lock presented in Section 13.16.1 is 
designed to open a lock with one key. Using the 
same principle as the pin tumbler lock presented, 
design a lock that may be opened with two differ- 
ent keys. Such designs are used in cases where a 
master key is employed to open the lock in addi- 
tion to the standard issued key. 

(a) Revise the design objectives for this problem, to 
incorporate the new information, and quantify as 
needed. 

(b) Prepare two alternate concepts for your pro- 
posed design. For each alternate concept, provide 
two diagrams with different views to illustrate 
your ideas. Ensure the main components of your 
sketches are clearly labeled. 

(c) Write 1-2 paragraphs describing how each of the 
two alternate concepts work. 

(d) Use a design selection strategy, as described in 
Section 12.3.3.C, to select one ofthe concepts, and 
make sure to justify your choice. 

P13.14 The synchronizer described in Section 13.3.2 is 

able to rigidly couple and uncouple the gear and 

the shaft on which it is mounted. Design a hub 
and sleeve of a synchronizer that is able to alter- 
nately connect one oftwo gears to the same shaft. 

This would be suitable for the arrangement illus- 

trated in Figure 6.17, for the dual-clutch trans- 

mission. After review of Video 6.17, complete 
the following tasks: 

(a) Revise the design objectives for this problem, to 
incorporate the new information, and quantify as 
needed. 

(b) Prepare two alternate concepts for your pro- 
posed design. For each alternate concept, provide 
two diagrams with different views to illustrate 
your ideas. Ensure the main components of your 
sketches are clearly labeled. 

(c) Write 1 or 2 paragraphs describing how each of the 
two alternate concepts work. 

The swash-plate 

Figure 13.46 is used to drive the connection rods 


P13.15 compressor illustrated in 


PROBLEMS 


of the pistons in the pump. The tilt angle of the 

swash plate is fixed, therefore, for a given rota- 

tional speed on the input, the pumping volume/ 
cycle is fixed. Design a variable capacity pump for 

a given rotational input speed, by employing a 

swash plate with a variable tilt (Hint: Refer to the 

cyclic control of the helicopter), and complete 
the following tasks: 

(a) Revise the design objectives for this problem, to 
incorporate the new information, and quantify as 
needed. 

(b) Prepare two alternate concepts for your proposed 
design. For each alternate concept, provide two 
or three diagrams with different views to illustrate 
your ideas. Ensure the main components of your 
sketches are clearly labeled. 

(c) Write 1 or 2 paragraphs describing how each of the 
two alternate concepts work. 


Problems P13.16 to P13.18, are exercises in detailed 
design and simulation. These exercises require reading of 
the specified section of Appendix A and the use of Working 
Model V5.0 simulation software. Note: These design exer- 
cises are significant variations of the problem described in 
Appendix A; hence the solutions will be different. 


P13.16 Read the problem description statement of 

Appendix A.7 (windshield wiper) The arrange- 

ment described makes use of eight moving link- 

ages, configured in a specific way. Do the following: 

(a) Prepare a clear Design Goal Statement. 

(b) Prepare at least six Design Objectives along with 
their target values. 

(c) Prepare a new alternate concept to achieve the 
stated design goal statement, using a different 
number and arrangement of moving linkages (i.e., 
not eight moving linkages). Note: you may need 
to revise the design objectives for this problem. 
Create 1 or 2 sketches of your alternate design 
concept, and describe your approach. 

(d) Use Working Model software to implement your 
design concept. 

(e) Using the evaluation tool set of Working Model, 
evaluate the quantitative performance of your 
design concept. Create a table of your design 
objectives with an additional third column, listing 
your simulation results for those design objectives 
(as appropriate). 

Read the problem description statement of 

Appendix A.9, overhead garage door. The 

arrangement described makes use of four moving 


P13.17 


links, plus the garage door and a spring, config- 

ured in a specific way. Do the following: 

(a) Prepare a clear Design Goal Statement. 

(b) Prepare at least six Design Objectives along with 
their target values. 

(c) Prepare a new alternate concept to achieve the 
stated design goal statement, using a different 
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number and arrangement of moving linkages (i.e., 
not four linkages). Note: you may need to revise 
the design objectives for this problem. Create 1 or 
2 sketches of your alternate design concept, and 
describe your approach. 

(d) Use Working Model software to implement your 
design concept. 

(e) Using the evaluation tool set of Working Model, 
evaluate the quantitative performance of your 
design concept. Create a table of your design 
objectives with an additional third column, listing 
your simulation results for those design objectives 
(as appropriate). 

P13.18 Read the problem description statement of 

Appendix A.20, water pump mechanism. The 

arrangement described makes use of seven mov- 

ing linkages, configured in a specific way. Do the 
following: 

(a) Prepare a clear Design Goal Statement. 

(b) Prepare at least six Design Objectives along with 
their target values. 

(c) Prepare a new alternate concept to achieve the 
stated design goal statement, using fewer than 
seven moving linkages. Note: you may need to 
revise the design objectives for this problem. 
Create 1 or 2 sketches of your alternate design 
concept, and describe your approach. 

(d) Use Working Model software to implement your 
design concept. 

(e) Using the evaluation tool set of Working Model, 
evaluate the quantitative performance of your 
design concept. Create a table of your design 
objectives with an additional third column, listing 
your simulation results for those design objectives 


(as appropriate). 


Problems P13.19 to P13.20 are design exercises in proto- 
typing and testing, as described in Section 12.3.5 and 12.3.6, 
respectively. Note: 'These design exercises are significantly 
challenging and require resources such as tools and materi- 
als, a machine shop, or a rapid-prototyping machine, which 
may or may not beavailableto the design student. Suggested 
structural materials include: foam core, cardboard, thin plas- 
tic sheets (ABS, acrylic), and thin wood sheets. Suggested 
fastening materials include: glue, bolts, springs, string. 


P13.19 Review and complete problem P13.13, as 
described. Continue on with this problem, by 
completing the following steps: 

(a) Build a "functional prototype" of this design, using 
appropriate tools and materials. This may include 
plastic parts, where some (but not all) of those 
parts may be rapid-prototyped. 

(b) Create a suitable test plan for your prototype, as 
described in Section 12.3.6. 

(c) Test your prototype and record the results. 

(d) Create a test report and describe how well the pro- 
totype satisfies the design objectives. 


CHAPTER 13 DESIGN CASE STUDIES FOR MECHANISMS AND MACHINES 


P13.20 Review Figure 7.3 and [Video 7.3], which 


describe the inner workings of a toggle switch 
mechanism for a ball point pen. The mechanism 
shown in the figure and model is not to scale, is 
represented in 2D, and runs out of travel. Design 
a working 3D toggle switch for a ball point pen 
that does not run out of travel, but can toggle on/ 
off indefinitely, using the principals of the mecha- 
nism shown in Figure 7.3. Complete the following 
steps: 

(a) Prepare a clear Design Goal Statement. 


(b) List Design Objectives along with their target values. 


(c) Draw 1 or 2 sketches that show your design con- 
cept of a 3D version of the switch that can toggle 
indefinitely. 


(d) Build a “functional prototype” of your design con- 
cept, using appropriate tools and materials. This 
may include plastic parts, where some (but not all) 


of those parts may be rapid-prototyped. 


(e) Create a suitable test plan for your prototype, as 
described in Section 12.3.6. 


(f) Test your prototype and record the results. 


(g) Create a test report and describe how well the pro- 
totype satisfies the design objectives. 


Video A.0 
Working Model 
Tutorial 
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This appendix provides twenty-six design projects in mechanism and machine design. These proj- 
ects have been employed for several years in an undergraduate engineering course in mechanism 
and machine design, and they provide students with a hands-on experience to practice mechanism 
design. The projects are presented with a problem description statement, in a manner that would be 
typically found in engineering practice. The description provides a mixture of information includ- 
ing: specific performance needs (design objectives), a non-scale sketch illustrating the concep- 
tual idea, and several questions about the design and its simulated performance. Computer-based 
design and simulation software is in wide-scale use in engineering practice, therefore, these proj- 
ects are structured to be designed with simulation software specific to kinematics and dynamics. 
The software tool recommended is Working Model 2D; however, other similar software may be 
employed. Whereas the examples of Chapter 12 and Chapter 13 focused on the problem formula- 
tion, conceptualization, and preliminary aspects of design, the problems of Appendix A focus on 
the hands-on practice of detailed design, simulation, and testing of mechanisms and machines. 

A suggested approach for completing these design projects is as follows: Begin by consolidat- 
ing the problem description information by writing a clear design goal statement and preparing a 
list of design objectives, as described in Section 12.3.1. Here, a single concept diagram is already 
presented that shows the general arrangement of links and kinematic pairs (which are not to scale). 
Start the detailed design process by creating a Working Model 2D representation of the machine 
that closely resembles the one shown in the figure. Proceed by adjusting the geometry of the links, 
their relative position and the location of the joints, to meet the design objectives of the problem. 
When making these changes, you should attempt to employ the methods of Chapters 1 to 11 to 
make choices. Your design model must work while employing the given number of links and kine- 
matic pairs. The computer file of the satisfactorily designed mechanism will be part of the material 
submitted with your design report. 

A tutorial on the use of Working Model 2D software is provided in [Video A.0] and provides 
instructions on creating models and simulating their performance. A link providing instructions 
on how to obtain the Working Model 2D software is available on the companion website for this 
textbook. The simulation of the mechanism should be smooth and move at a reasonable speed, to 
effectively demonstrate your design solution. (The display rate of the animation may be controlled 
by using the dialogue box in the World Accuracy menu of the Working Model 2D software.) The 
entire animation should not exceed 2000 frames and will probably require at least 1000 frames to 
animate at a reasonable smoothness. 
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Awritten report should be prepared for these projects, along with the computer simulation file. 
The report should not exceed eight double-spaced printed pages, excluding the title page, sum- 
mary, and appendixes. The following format is suggested: 


* Title page 

* Summary 

* Introduction (Explain the purpose, write a design goal statement, and list the design 
objectives in table format.) 

* Description of Design (Include 1 or 2 pictures of the final mechanism design with key 
components labeled.) 

* Engineering Analysis (Include any calculations or theory used to assist with determining 
linkage properties or other aspects in coming up with the design solution.) 

* Simulation and Test Results (Include a table that lists the simulation results, in compari- 
son to the original design objectives.) 

* Discussion (Explain the most important parameters that influence the mechanism perfor- 
mance. Also, answer all questions specified for the particular project.) 

* Conclusions 

+ Future Work (Describe suggestions for further improvement of the mechanism, to aspire 
to the originally stated design goal statement.) 

e Appendices (Any additional info that is pertinent to the report.) 


A.1 ROCKING CHAIR 


Figure A.1(a) shows a traditional rocking chair. For the first part of this project, create the tradi- 
tional chair using Working Model 2D and perform an analysis of its motion. As shown in Figure 
A.1(a),8istheangle of the seat with respect to the horizontal. The ground surface should be created 
directly on the x axis. Align the center of the chair with the y axis. Create two graphs next to your 
chair model, with the first showing how x. (x position of point C) varies with 0, and the second 
showing how y, varies with 0, for the range -30° < 0 < 30°. 

For the second part of this project, design a new rocking chair using a four-bar mechanism 
(Figure A.1(b)). Your new design must have motion similar to the traditional rocking chair. In 
order to design the motion of the new chair, add a plot of x, versus 0 to the first graph and add a 
plot of y, versus 0 to the second graph. Attempt to match the new motion plots with the traditional 
chair plots as closely as possible by varying link lengths and joint positions. Employ an appropriate 
coordinate system for the new design. Specify the link lengths and joint positions. 

Employ the same seat dimensions for both chairs, and place both designs within the viewing 
area of the screen. 


Figure A.1 Rocking chair. 
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Joint A 
Link 1 


Link 3H 3 Top blade 


Clamp 


MMMM EE. 
Foot pedal 
Figure A.2 Clamping and cutting machine. 


A.2 CLAMPING AND CUTTING MACHINE 


The machine illustrated in Figure A.2 is designed to clamp down on a peice of material to be cut, and 
then to cut through it with two cutting edges. By applying a downward force on the foot pedal, the 
clamp first moves down, pressing upon the material to be cut. This action is completed before 
either ofthe cutting edges touch the material. Once the clamp is pressed against the material to 
be cut, the cutting edges continue to move toward the material. The bottom cutting edge and 
the top cutting edge should contact either side of the material simultaneously, thereby cutting 
through it. After passing through the material, the cutting edges will continue to move past each 
other for a short distance, then slow down, and then open again. 

Create a computer simulation of this mechanism using Working Model 2D. Use the Force 
option to apply a force to the foot pedal to drive the simulation. Also include a graph showing the 
contact force between the clamp and the material. Note, the simulation cannot cut the model, but 
can only simulate the cutting edges moving through it. 

Once you have successfully simulated the mechanism, you may try to vary some of the param- 
eters. Referring to the illustration ofthe clamping and cutting machine, explain the effect of vary- 
ing the connection point of joint A along link 1. What is the effect of varying the length of link 2? 


A.3 SLICING MACHINE 


The slicing motion of this machine is obtained from the rotation of two eccentric discs sliding 
within guides. The two eccentric discs are driven by an input shaft attached to a stand on the 
ground, as shown in Figure A.3. The two guides, guide A and B, are welded together. Eccentric 


Eccentric disk A 


Eccentric disk B 


Input shaft 


WEEE. Guide B 


Figure A.3 Slicing machine. 
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disc A moves only within guide A, and eccentric disc B moves only within guide B. In the position 
shown, eccentric disc B provides the horizontal cutting movement, and eccentric disc A provides 
the up-and-down movement. Create a simulation of this mechanism using Working Model 2D. 
Use the Torque button to apply a torque to the input shaft to drive the simulation. In addition, 
create a point on the tip of the blade. Using the Tracking feature, create a track for every fourth 
frame of motion of the tip, which will trace out the path of the blade in space. This path must be 
big enough to encompass a square object of 1.0 m by 1.0 m. The overall height of the mechanism 
must be less than 5.0 m, and the overall length must be less than 10.0 m. 

Explain the significance of the size of the discs and the amount of eccentricity. Explain the 
result if the diameter of disc A (and the width of guide A) were larger than disc B. 


A.4 STRAIGHT-LINE MECHANISM 


The mechanism illustrated in Figure A.4 lifts objects from the ground, up through a height in a 
straight line, as traced out by the tip of its fork. The mechanism begins the lift with the tip of the 
fork positioned at a height below the base ofthe hydraulic cylinder, as shown. Create a simulation 
of this described mechanism using Working Model 2D. The tip of the fork must travel at least 
7.0 m in the y direction, during which it must not vary by more than 20 cm in the x direction. 
The overall height of the mechanism, in the position illustrated, must be less than 4.0 m, and the 
overall length less than 9.0 m. Use the Actuator button to create a simulated hydraulic cylinder 
to drive the simulation. Create a graph that shows the x position of the tip versus the y position. 
Specify the dimensions oflinks 1, 2, and 3. Also, add a point on the tip of the fork, and using the 
Tracking feature, track this point for every fourth frame of motion. This will trace out the path of 
the fork in space. 
What is the effect of varying the dimensions of link 1? What is the effect of varying link 2? 


X 20cm -— 


Straight-line —— 
zone 


Hydraulic cylinder 
(input) 


Figure A.4 Straight-line mechanism. 


A.5 SINE FUNCTION MACHINE 


The machine shown in Figure A.5 consists of two independent four-bar mechanisms, which 
restrain a block by permitting it to slide along the linkage rods. The block causes the L-shaped 
link to pivot, which, in turn, drives shaft M up and down. Create a simulation of this mechanism, 
such that the range of motion Y varies by no more than 5.0 mm, while angle © varies through the 
range 45? < Q < 135? and angle varies through 45? < p < 135°. Use the Torque button to apply 
a torque at point A to drive link 1 and a torque at point E to drive link 4. The base link length of 
both four-bar mechanisms should be at least 7.0 m. Also, create a graph beside the model showing 
the motion in the y direction versus angle &. (Hint: In order to simplify your model, both four-bar 
kinematic chains should form parallelograms.) 

This machine is called a sine function machine, and the motion in the y direction can be described 
by the equation y= K (sin(a)/sin(B)), where Kis a constant. For the mechanism you have created, 
what is the value of K, and what is the ratio 04:3? What is the effect of varying the lengths of link 1 
and link 3 together? 
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Y = K(Sin(o)/Sin(B)) 
Shaft M 


Figure A.S Sine function machine. 


A.6 FLEXIBLE-FINGERED ROBOT GRIPPER 


Create the robot gripper mechanism shown in Figure A.6. The gripper has fingers that flex as they 
close inwards. The starting position for the fingers is shown by the line AB, where links 1 and 2 
should be parallel to the line AB. Links 1 and 3 have three joints each, and links 2 and 4 have two 
joints each. Link 1 should be 50 mm long. Distance A'A should be 80 mm. Both fingers should be 
able to touch each other tip to tip when they meet. 

Once your mechanism is complete, create a round object 30 mm in diameter. By applying a 
force of 10 N to link 5, as shown in the figure, determine the steady-state contact force exerted upon 
the round object. Create a graph ofthis normal force with respect to time. What is the mechanical 
efficiency of your mechanism (i.e., contact force divided by input force)? How can you increase 
the mechanical efficiency? Whatis the effect on finger motion and force, when distance CD on link 
S is made shorter but all other links remain the same? 


Force 
applied 
eM 


Figure A.6 Flexible-fingered robot gripper. 


A.7 WINDSHIELD WIPER 


Create the windshield wiper mechanism shown in Figure A.7. Wiper blade 1 and wiper blade 2 
must be able to swing through 120° of motion (60° to the left and 60° to the right), as shown in 
the figure. Both wiper blades should be parallel to each other at all times. The length of the working 
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Wiper blade 2 
[o 
^.Damper 
Link 5 
Link 6 
40 cm 
Link 7 


So) 
Crank Electric motor 


Figure A.7 Windshield wiper. 


part of each blade should be 50 cm, and link 3 should be 60 cm long. AIl links, except both wiper 
blades, should fit into a space less than 40 cm tall, while moving through the full range of motion. 

Create a graph showing the rotation angle of wiper blades 1 and 2 with respect to time. Make 
the wiper blades oscillate at a frequency of 1.0 Hz. What motor speed is required to do this? Apply 
a damper with a value of 1.0 N-sec/m at the end of wiper blade 1, as shown in the figure, to simulate 
water being cleared. Create a graph of motor torque versus time. What is the peak motor torque 
experienced during a cycle? 


A.8 PARALLEL-JAW PLIERS 


Create the parallel-jaw pliers shown in Figure A.8. When force is applied to the handles of the pli- 
ers, the jaw link will close downward to meet the base link. As this occurs, line segment AB on the 
jaw link must remain parallel to line segment CD on the base link. Line segment CD should be at 
an angle of 0? with the horizontal at all times. The overall size of the pliers must not exceed 20 cm 
in length and 10 cm in height when fully open. 

Createa graph showing the rotation angle ofline segment AB and line segment CD with respect 
to the y displacement ofthe jaw link. A typical adult hand can squeeze with a grip force ofó0 N. How 
much force will a round object 10 mm in diameter experience in the jaws ofthese pliers, with that 
force applied? What is the effect of moving the force applied on the handle farther back along the 
handle (away from the jaws)? 


Force applied 


Link 1 


y displacement 


Force applied 


Figure A.8 Parallel-jaw pliers. 
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A.9 OVERHEAD GARAGE DOOR 


An overhead garage door, as illustrated in Figure A.9, must be created such that the clearance height 
of a vehicle passing below is at least 2.0 m. The garage door is 2.3 m tall. When the door is fully 
closed, it should be perpendicular to the ground and lined up at the top and bottom with the garage 
wall. While the door is in motion, no part of it must pass through the garage roof or the garage floor. 

For the simulation, the garage door should start in the open position. Apply a downwards verti- 
cal force to the garage door at point B to enable the motion of the mechanism. Create a trace of 
point A and point B on the garage door while it is closing, using the tracking feature of Working 
Model 2D. What is the purpose of the spring in the mechanism? Create a graph of the spring length 
and spring tension with respect to the x position of point B. (Hint: Activate the Collision option 
between the garage roof, door, and floor, to assist you in designing the mechanism.) 


Garage roof 


A Garage door 

Á 

; Point B 

Point A 
A 
2.3 m 
2.0m 
Garage wall 
Spring 
Garage floor 

7 Y Y 


Figure A.9 Overhead garage door. 


A.10 OVERHEAD LAMP 


Create an overhead lamp, as shown in Figure A.10. It should be capable of moving right to left, 
while keeping the bottom ofthe lamp head approximately parallel to the horizontal. Point A on the 
lamp head should be 5.0 cm lower than any other part of the lamp at all times. Design the lamp so 
that point A can extend out (i.e., to the right) as far as 100 cm from the wall and collapse inward as 
close as 40 cm to the wall. The overall mechanism height should be no more than 1.5 m when fully 
collapsed, and the overall mechanism length should be no more than 1.5 m when fully extended. 


Link 1 


< 0.4 m > 5 cm 


Wall S~ 1m - 
Figure A.10 Overhead lamp. 
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Start the mechanism in the fully extended position. To move the mechanism, apply a small 
horizontal force to the lamp head to make the mechanism close. Create a graph showing the y 
position of point A with respect to the x position of point A. The y position of point A should not 
deviate more than 5.0 cm throughout the full travel of the lamp head. Also create a graph showing 
the rotation angle of the lamp head, with respect to the x position of point A. 


A.11 STEERING MECHANISM 


Create the steering mechanism shown in Figure A.11(a). The tires used are model #P195/75R14. 
The center-to-center distance between the two tires, when they are both straight, is 142 cm. When 
the Pitman arm is rotated, about point A, the two tires turn. They must turn in such a way that 
their motion closely approximates the Ackerman steering condition, which is illustrated in Figure 
A.11(b). The condition states that lines drawn perpendicular to each of the four tires must have 
a common point of intersection for any radius of turn. This minimizes lateral sliding action of the 
tires and reduces tire wear. The center-to-center distance between the front and rear tires is 300 cm. 

The steering mechanism can be driven by using a motor at point A, where point A is on the car 
frame. Create a motor that produces a sinusoidal motion of the Pitman arm. The right front tire should 
be able to turn to the right by up to 30°. The left front tire should be able to turn to the left by up to 30°. 

When your mechanism is completed, create three lines perpendicular to the tires. This can be 
done by rigidly attaching a thin beam, 1.0 cm wide and 30 m long, to each of the front tires and 
one through the rear tires. As the motor drives the front tires, the three lines should approximately 


Steering knuckle 


Steering arm 
Wheel 


Tie-rods 


Pitman arm 


Point A 


Instantaneous 
center 


The Ackermann Steering Condition 


(b) 
Figure A.11 Steering mechanism. 
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have a common point of intersection, as shown in Figure A.11(b), through the full range of motion 
of the tires. The closer, the better. 

Create a graph for each front tire, showing its turning angle with respect to time. What is the 
purpose of the idler rod? Explain the function of the tie-rods. How does their length and their con- 
nection point on the relay rod effect the mechanism? 


A.12 SIDE-TIPPING ORE RAILCAR 


Create the railcar shown in Figure A.12. The maximum size of the car must be no greater than 2.0 
m wide by 1.5 m tall, from the car base to the top door. The tilting bed of the car must be able to 
pivot about point A, by 20°. As it tilts, three simultaneous motions must occur. (1) The latch must 
be released as link B rotates up; (2) the top door must rotate upwards to 45° (with respect to the 
tilting bed); and (3) the side door must rotate downward 90° (with respect to the tilting bed). 

In order to drive the mechanism, create the pump jack, using an actuator to exert a force from 
the car base onto the tilting bed. If necessary, create a stopper mechanism, to ensure the side door 
stops at 90°, so that it is parallel and in line with the tilting bed. 

Create three randomly shaped objects, and place them in the car. When the simulation runs, 
the three objects should slide across the tilting bed, across the open side door, and fall out of the 
car. Create a graph showing the angle of the side door and top door with respect to the angle of 
the tilting bed. 

What is the role of links A, B, and C? If the pump jack were required to tilt the car bed when it 
carries a specific load, a certain force would be required. What is this force if a uniformly distributed 
load of 20000 N is on the tilting bed? 


Side door 


20° 


Pump jack 


Figure A.12 Side-tipping, ore railcar. 


A.13 170° CABINET HINGE 


Create the cabinet hinge mechanism shown in Figure A.13. Include the two adjacent cabinet doors 
and an inner wall, indicated in gray, with the mechanism. All doors are 18 mm thick. The cabinet 
door is 300 mm long. The initial position of the cabinet door is shown as the dotted rectangle. In 
the initial position, there is a clearance of 2.0 mm between the door and the right door, and 2.0 mm 
between the door and the left door. The final position of the door is shown as a dotted rectangle, 
rotated 170° from its initial position. 
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Figure A.13 170° cabinet hinge. 


When the hinge mechanism is fully collapsed (when the door is in the initial position), the 
mechanism should occupy a space of no more than 90 mm deep (depth measured parallel to 
the inner wall) and 70 mm wide (width measured parallel to the doors). To create the motion 
of the mechanism, place a motor at point A to drive link A. Create a motor that causes a sinu- 
soidal motion of the door from the 0° position to the 170° position. For the simulation, create 
a point P on the door as indicated. During the door's rotation, point P should be approximately 
at the center of rotation. Point P should stay within a circle of diameter 10 mm through the full 
range of rotation of the door. Create a graph showing the y position of P with respect to the x 
position. The door must not pass through the right door, left door, or inner wall, throughout its 
full range of motion. 

Whatis the role oflink A? What effect does the initial position and length oflink A have on the 
mechanism? 


A.14 ELECTRIC GARDEN SHEAR 


Create the shear mechanism shown in Figure A.14. The mechanism must not exceed 40 cm in 
length. The cutting shears are to be 10 cm deep and 15 cm wide. The rear of the unit must be a 
maximum of 15 cm wide as indicated in the diagram. The center tip ofthe gray shear should have 
a range of motion between point A to point B. The center tip of the gray shear is illustrated at 
point B in Figure A.14. The mechanism is to be driven by an off-center pin connected to a rotating 
plate. The rotating plate is connected to a motor at its center. The gray shear has a slot cut into it, 
which the pin is able to travel within. The motion of the slot, on the gray shear, must stay within 
the 15 cm band indicated in the diagram, throughout its full range of travel. The motor to be used 


40 cm max 
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o Point P 
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PointA 
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Figure A.14 Electric garden shear. 
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for this design must deliver 333 mN-m of torque. In order to satisfy the design requirements, the 
shears must be able to exert a minimum force of 6.0 N on a 2.0 cm-diameter object between any 
two cutting blades. 

Create a graph showing the motor speed and motor torque with respect to time. Create a graph 
showing the acceleration of the center tip of the gray shear. What effect does the location of point 
P have on this mechanism? What effect does the location of the 2.0 cm-diameter test object within 
the shears have on the force exerted on the object by the shears? 


A.15 AIRCRAFT LANDING GEAR 


Create the aircraft landing gear mechanism as shown in Figure A.15. When the landing gear is 
fully extended, as illustrated in the figure, the distance from point O to point A must be 0.66 
m. The length of the shock strut must be 0.53 m measured from point O to point D. When 
folded upward, thelanding gear mechanism must fit within a space in the aircraft fuselage. The 
space within the fuselage can be defined as a rectangle, with the top left designated as point C 
and the bottom right designated as point B. Point O in the figure has x and y coordinates (0, 
0). Point Cis located at coordinates (—0.83, 0.43), and point B is located at coordinates (0.06, 
—0.13). All coordinates are measured in meters. The tire diameter is 0.3 m. 

Part I: The landing gear mechanism must be driven using an actuator. The approximate loca- 
tion ofthe actuator is shown in the diagram. Use a sinusoidal function of length as an input for the 
actuator. The mechanism should move from the fully extended position to the fully folded position 
in the simulation. No portion of the landing gear mechanism is allowed to penetrate the fuselage 
during any part ofthe simulation. The piston should be parallel to the shock strut at all times. Join 
the piston and the shock strut with a spring damper. Create a graph showing the x and y positions 
of the tire with respect to time. What is the purpose of the torque arm? 

Part II: For the written report, simulate the landing of the landing mechanism. To do this, 
give the actuator a fixed value for length during the landing simulation. The landing can be 
simulated by creating a rectangular body (representing the runway) about 1.0 m below the 
tire. Constrain the runway using the anchor tool in Working Model 2D. Remove the constraint 
(anchor) from the fuselage, and restrict the motion of the fuselage to pure translation in the 
y direction only. Apply a force on the fuselage so that it accelerates downward. Measure the 
maximum contact force between the tire and the runway during landing. Also measure the 
maximum force at joint O (point O). Answer the following questions in your report: What is 
the effect of increasing or decreasing the spring stiffness of the shock strut? Should the spring 
be made rigid? What is the effect ofthe increasing the damping? Is this an accurate simulation 
of a landing? Why or why not? 


Note: Do not include the landing simulation of Part II in your electronic submission. Submit 
only the mechanism described in Part I. 
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Figure A.15 Aircraft landing gear. 
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A.16 FOLDOUT SOFA BED MECHANISM 


Create the foldout sofa bed mechanism as shown in Figure A.16. The sofa bed is shown in the 
fully extended position. When fully folded, the sofa bed fits within a rectangular space defined 
by points A, B, and C. Point O in the figure has x and y coordinates (0, 0). Point A is located at 
(0.37, —0.12), at the lower right of the rectangular space within the sofa bed. Point B defines 
the bottom left of the sofa backrest at coordinates (0.04, 0.22). Point C defines the top of the 
sofa front at coordinates (—0.46, 0.17). The bed frame is 0.66 m long from point L to point H. 
The bed frame and bed mattress together are 0.15 m thick. The bed mattress can be considered 
rigidly fixed to the top of the bed frame. The underside of the bed frame is 0.39 m above the 
floor. The sofa bed mechanism must be driven using an actuator. For the simulation, the sofa 
bed should begin in the fully extended position and end in the fully folded position. Connect 
an actuator between point P and point Q in the diagram to create the folding motion. Use a 
sinusoidal function of length as an input for the actuator. No part ofthe sofa bed mechanism 
should penetrate the sofa front, the sofa backrest, the sofa back, or the floor during any part 
of the simulation. Further, the bed mattress should be horizontal at the fully extended and 
fully folded positions. 

Create a graph showing the angle of the bed mattress with respect to time. Create a graph of 
the angle of the bed leg with respect to the bed frame. Will the bed frame be able to fold inward 
without link J? What is the purpose of link J? What is the maximum joint force exerted on link K, 
and on which joint? 


0.15 m 


Sofa front 
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Figure A.16 Foldout sofa bed mechanism. 


A.17 WINDOW MECHANISM 


Create the window mechanism as shown in Figure A.17. The window mechanism is shown in the 
partially open position. In the initial position, the window is parallel to the windowsill and fits 
flush within the windowsill (i.e., point D is on top of point E). In the final position, the window is 
perpendicular to the windowsill. Point C on the crank slides within the window slot. Point W on 
the window slides within the windowsill slot. Point O in the figure has x and y coordinates (0, 0). 
The window is 0.62 m long and 0.04 m wide. The y distance between point O and point W is 0.08 
m. Point E is located at coordinates (0.43, 0.11) with respect to point O. The crank is attached to 
the windowsill via a pin joint at point O. A 10-tooth gear is built into the base ofthe crank and is 
in mesh with a 5-tooth gear on the hand crank. 

Part I: The window mechanism is to be driven using a motor to rotate the hand crank. Create 
a geared pair constraint using Working Model 2D between the crank base and the hand crank. 
(Note, it is not necessary to draw the gear teeth.) Use a sinusoidal function of angular position as 
an input for the motor. The mechanism simulation should begin in the initial position and end in 
the final position, as illustrated in the figure. Create a graph showing the angular position of the 
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Figure A.17 Window mechanism. 


window with respect to the windowsill. What is the minimum length for the window slot, in order 
for the window mechanism to travel through the full range of motion? 

Part II: For the written report, simulate the effects of a strong wind force on the window, while 
the window is opening. This can be done by applying a horizontal (x direction) force at point D on 
the window. The amplitude of the wind force should be a function of the angular position of the 
window, where the wind force is equal to 100 N when the window is in the final position, and 0 N 
when the window is in the initial position. Create a motor to rotate the hand crankand use a torque 
to drive the motor. What is the minimum torque required to open the window all the way? Prepare 
agraph ofthe torque versus window angular position in your report. Assume that only one-third of 
this torque could be supplied at the input. What changes could be made to the window mechanism 
so that it would still be able to open fully, against the wind? Is this an accurate simulation of wind, 
for the purpose of determining input torque for the mechanism? Why or why not? 

Note: Do not include the wind simulation of Part IL in your electronic submission. Submit only 
the mechanism as described in Part I. 


A.18 CONVERTIBLE AUTOMOBILE TOP 


Create the convertible automobile top mechanism as shown in Figure A.18. The mechanism in the 
figure is in the fully extended position. The top panel and the rear panel, along with all other links, 
must be able to fold back and fit within a predefined space. This predefined space is shown in the 
diagram as a dashed rectangle. Point O has x and y coordinates (0, 0). Point E is located at coordi- 
nates (1.36, —0.44). The top panel is 0.84 m long, measured from point T to point B. The rear panel 
is 0.78 m long, measured from point A to point O. Point T on the top panel is located at coordinates 
(—1.275, 0.55) in the fully extended position. Also, the top panel must be horizontal in the fully 
extended position. 

The mechanism must be driven by a piston actuator, as shown in the figure. Use a sinusoidal 
function of length as an input for the actuator. Use the actuator to simulate the mechanism motion 
from the fully extended position to the fully collapsed position. When the mechanism is fully col- 
lapsed, all components, including the piston actuator, must fit within the predefined space. Further, 
no part of the mechanism must pass through the sides or bottom of the predefined space. 

Create a graph showing the angular position of the top panel with respect to time. Using the 
Tracking feature of Working Model 2D, create a track of point T'as the mechanism collapses. What 
is the purpose of link D? What effect does the length of link C have on the mechanism? 
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Figure A.18 Convertible automobile top. 


A.19 HORIZONTAL-PLATFORM MECHANISM 


Create the horizontal-platform mechanism as shown in Figure A.19. The purpose of this mecha- 
nism is to provide horizontal motion of the table top, within a specified tolerance. The table top 
must be able to travel at least 850 mm along the x axis, during which the vertical translation of the 
table must be less than 4.0 mm. The angular deviation of the table top must be less than 1.0° from 
the horizontal, throughout the entire motion of the mechanism. In the starting position, as shown 
in the diagram, all links, including the table top must fit within a space that is 850 mm wide (x 
direction) by 1050 mm tall (y direction). None of the links may pass through the top of the table 
top during the motion of the mechanism. 

This mechanism must be driven by a motor actuator with a constant velocity. The motor should 
be located at ajoint between two of the links. Which two links should it be placed between? Explain 
your reasons. Create a graph that displays the table top angle with respect to time. Create two 
graphs to display (1) the table top vertical travel with respect time and (2) the table top horizontal 
travel with respect to time. Whatis the relationship between link 1 and link 3? What kind of applica- 
tion might this mechanism be used for? 

The simulation must be able to complete one full cycle. 
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Figure A.19 Horizontal-platform mechanism. 
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A.20 WATER PUMP MECHANISM 


Create the water pump mechanism as shown in Figure A.20. The handle (link 7) is connected to 
the pump mechanism and body to the left, which is illustrated by dashed lines. The objects that are 
illustrated by dashed lines should not be included in the simulation. In the initial position, 9 must 
be at 0°. At maximum rotation, 0 must be at least 51°. Links 1 through 5 are contained in the rect- 
angular mechanism compartment. The inside dimensions of the compartment are 260 mm wide 
(x direction) by 265 mm tall (y direction). During operation of the mechanism, links 1 through 
5 are to remain within the compartment space. No link (except link 6) may penetrate the walls 
of the compartment. With the handle in the horizontal position, the overall height of the entire 
mechanism is to be 750 mm or less. The length of the handle is 200 mm, and the length between 
joint A and joint B is 85 mm. 

This mechanism must be driven by a motor actuator with a constant velocity. The motor should 
be located at a joint between two of the links within the mechanism compartment. Which two links 
should it be placed between? Is the direction of rotation of the motor important? Explain your 
answer. Create a graph that shows the angular position of the handle with respect to the angular 
position of link 2. What function does link 5 serve? What is the effect of changing the distance 
between joint D and joint E on link 5? 

The simulation submission must be able to complete one full cycle. 
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Figure A.20 Water pump mechanism. 


A.21 STAIR-CLIMBING MECHANISM 


Create the stair-climbing mechanism as shown in Figure A.21. The objective of this mechanism is to 
climb the staircase and finish with the entire mechanism standing on the upper platform. Create the 
staircase as shown in the figure. Each step is 254 mm long, and each riser is 178 mm tall. A single leg 
mechanism (SLM) isillustrated in the upper portion ofthe diagram. The foot (link 2) hasa triangular 
shape, with two sides 180 mm long, and one side 320 mm long. The complete climbing mechanism 
consists of four of the SLMs joined together via their respective machine base links, as shown in 
the lower diagram. To better understand the configuration of the climbing mechanism, think of the 
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climbing mechanism configured as an automobile, where each wheel is replaced by an SLM. Since 
Working Model 2D software is two-dimensional, the figure shows the two right SLMs drawn with 
solid lines, while the two left SLMs are drawn with dashed lines. Note that the rotation of link 1 on 
the SLMs shown in dashed lines, is rotated 180? from that of link 1 on the SLMs shown in solid lines. 
The entire mechanism at any given position should not be longer than 1150 mm and not taller than 
750 mm. None of the links may pass through the staircase during the motion of the mechanism. 

Each SLM must be driven by a motor actuator with a constant velocity. The speed of all four 
actuators must be the same. The motor of each SLM should be located at a joint between two of 
the links. Which two links should it be placed between? Is the direction of rotation of the motor 
important? Explain your answer. You will need a counterweight somewhere on the machine base 
link of the complete mechanism, to keep it from tipping backwards during climbing. Explain the 
rationale for placement and weight of this counterweight. 

The simulation must complete two full cycles (which consist of climbing two steps on the 
stairs). 
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Figure A.21 Stair-climbing mechanism. 


A.22 LOADING MACHINE SYSTEM 


Create the loading machine system as illustrated in Figure A.22. The objective of this system is 
to lift the four parcels illustrated and drop them into the bin. The system consists of two separate 
mechanisms. The first is the bin loader mechanism (BLM) as illustrated at the top of the diagram. 
The second is the conveyor mechanism (CM) illustrated at the bottom of the diagram. The BLM 
consists of a fork, two links, and the bin. The BLM must lift parcels, which slide onto the fork, up 
and over into the bin. The bin is 1.6 m tall and 2.3 m long. The fork is 1.5 m long. The parcels are 
permitted to pass through the top ofthe bin but must not pass through the sides or the bottom of 
the bin. Also, no part ofthe fork link may penetrate into the bin. 

The CM must carry the parcels onto the fork of the BLM. The CM consists of a straight-line 
Geneva mechanism. The CM will create intermittent x translation of the conveyor sidewalls. This 
intermittent motion occurs when the peg driver, which is mounted on the crank wheel, engages 
the slot follower located on the follower link. The conveyor sidewalls are attached to the top ofthe 
follower link, and the parcels are on top of the conveyor sidewalls. The parcels are spaced 2.0 m 
apart (center-to-center) and are 400 mm tall and 500 mm long. The fork of the BLM is permitted 
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Figure A.22 Loading machine system. 


to pass through the conveyor sidewalls during parcel loading, but not through the follower link. 
The follower link can translate only along the x axis. 

The BLM must be actuated by a motor using a sine function to control the rotation oflink 2. The 
motor should be located at joint A between the bin and link 2. The CM is to be actuated by a motor 
with a constant velocity, located at the center of the crank wheel. When the peg driver engages 
the slot follower, the follower link will be advanced by a specific amount along the x axis. Create a 
graph showing the follower link velocity with respect to time. Explain the design strategy needed to 
create the peg driver and the follower link system. Explain the relation between the parcel motion 
and the pickup by the fork. Why is the intermittent motion needed? How would it be possible to 
eliminate the intermittent motion ofthe conveyor? 

The simulation must complete two full cycles (each consists of dropping two parcels into 
the bin). 


A.23 FLIPPER MECHANISM 


Create the flipper mechanism as shown in Figure A.23. The purpose of this mechanism is to turn 
over a flat plate by passing it from the left pad to the right pad. The left pad and right pad rise simul- 
taneously and meet on a line inclined from the vertical axis by angle 0, at which point the flat plate 
is transferred. The flat plate is 15 mm thick and 240 mm long. In the starting position, as shown 
in the diagram, all links of the mechanism and the flat plate must fit within a space that is 880 mm 
wide (x direction) by 200 mm tall (y direction). The flat plate must start on the left pad. When the 
flip is complete, itis to rest on the right pad without protruding past the right edge ofthe right pad. 

This mechanism must be driven by a motor with a constant velocity. The motor must be located 
at point A and drive both crank A and crank B. Create a graph to display the angle ofthe flat plate 
with respect to the angle ofthe left pad. What effect does the angle 0 have on the operation of the 
mechanism? Explain the relevance of the location of the pad edge, for both pads. Replace link 1 
with a rod element and create a graph showing the tension ofthe rod with respectto time. Describe 
possible applications of this mechanism. 

The simulation must complete one full cycle. 
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Figure A.23 Flipper mechanism. 


A.24 TRANSPORT MECHANISM 


Create the transport mechanism as shown in Figure A.24. The objective of this mechanism is to 
push the parcel intermittently, along the surface ofthe fixed rail, from the start position to the end 
position. The parcel is a box 40 mm by 40 mm. The transport link has four posts that are used to 
push the parcel. The posts are spaced 120 mm apart (pitch distance), and are 40 mm tall. Note 
the dashed line that represents the approximate path ofthe transport link while the machine is in 
operation. With the exception ofthe posts, no links (including the transport link) are allowed to 
protrude above the fixed rail surface at any time during operation. The parcel must begin in the start 
position and after three push cycles must finish in the end position. There are two motion require- 
ments for the transport link. First, the angular deviation of the transport link must be less than 0.1? 
from the horizontal, throughout the motion cycle. Second, the horizontal path portion, indicated 
by the blue dashed line, must be at least 120 mm long, during which the transport link may not 
deviate more than 6.0 mm in the y direction. The entire mechanism, at any given position during 
its cycle, must fit within a space that is 740 mm in the x direction and 440 mm in the y direction. 
This mechanism must be driven by a motor actuator with a constant velocity applied to the 
crank. Create a graph that shows the x position ofthe transport link with respect to its y position. 
Create a graph that shows the angular position of the transport link with respect to time. What 
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Figure A.24 Transport mechanism. 


A.26 GRAVITY GRIPPER MECHANISM 577 
function does the tie-rod link serve? Can you explain the role of the swing links, link 1 and link 2, 


on the mechanism and also explain their relation to each other? 
The simulation must complete three cycles. 


A.25 TYPEWRITER MECHANISM 


Create the typewriter mechanism as shown in Figure A.25. The objective of this mechanism is for 
the impact head to strike the drum by applying a vertical force to the key. It is not necessary to 
include any of the objects drawn as dashed lines in the simulation. The type bar, which holds the 
impact head, must start in the horizontal position, as illustrated, and rotate 90° counterclockwise 
to strike the drum. The drum has a diameter of 160 mm. The impact head must be tangent to the 
drum during impact and must impact the drum at the midpoint on the right side. The center of 
the drum must be 157 mm above (positive y direction) point A, and 87 mm to the left (negative 
x direction) of point A. The entire mechanism (not including the drum) must fit within a space 
that is 380 mm in the x direction and 150 mm in the y direction, while it is in the starting position. 

The mechanism is actuated by applying an intermittent vertical force on the key. The force can 
be specified as a function of time, such as sin(t). In order for your mechanism to work properly, 
you will need to add/adjust the following three elements: (1) Adjust the elastic coefficient between 
the impact head and the drum. Explain the significance of this coefficient and the effects on the 
mechanism. (2) Convert point A to a rotational damper and adjust the damping value as necessary, 
for the mechanism to operate properly. Explain the purpose of modeling point A as a rotational 
damper. (3) Use a spring between link 1 and ground (typewriter body) to have the mechanism 
return to the starting position when the key force is not present. With regard to the key force, 
apply a force that you believe is reasonable during normal typing for the average person. Create 
a graph showing the contact force between the impact head and the drum as a function of time. 
What is the ratio between the peak contact force and the key input force? What does the ratio tell 
you about the mechanism? 

The simulation must complete three typing cycles. 


Figure A.25 Typewriter mechanism. 


A.26 GRAVITY GRIPPER MECHANISM 


Create the gripper mechanism as illustrated in Figure A.26. The objective of the gripper is to lift 
the circular payload off the ground. There are no actuators to open or close the carrying arms. The 
gripper should operate as follows: (1) The gripper is lowered onto the payload, while centered 
above it. (2) As the gripping pads contact the payload, they will not rotate but will push the car- 
rying arms outward. After the gripping pads pass over the maximum width of the payload, the 
carrying arms will fall inward. (3) As the gripper is raised, the gripping pads will rotate so that they 
are tangent to the payload. (4) The payload will remain in the gripper’s grasp and be raised with 
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the gripper. The gripper should be symmetrical, with the exception of the cross tie link, which con- 
nects the two lower links. Set the weight of the counterweights such that the carrying arms remain 
in a neutral position (as illustrated in the diagram) while at rest. While the gripper is at rest, the 
space between the gripping pads should be 160 mm. The payload has a diameter of 176 mm. In 
the starting position, the gripper is centered above the payload and is located at a height such that 
the pad pivot point is 220 mm above the ground. Use a rod for the cross tie link. When the gripper 
interacts with the payload, the motion of the carrying arms should be along an inclined line, as 
illustrated in the diagram. 

Create a mechanism to translate the entire gripper up and down onto the payload. Do this by 
creating a vertical slot above the lift link, and rigidly join the lift link to the vertical slot. Use an 
actuator to connect the lift link to some fixed point above the lift link. Set Actuator property to 
“length”, and enter a function of time in the form of [(starting length) + (desired travel)sin(t)] in 
the input box, to create the necessary up-and-down motion for the lift link, so it can grasp and lift 
the payload off the ground. Create a graph showing the tension in the cross tie link as a function 
of time. Adjust the weight of the payload to 10, 100, and 1000 kg. What is the effect on the simu- 
lation for each case? If the cross tie link has a cross-sectional area of 1.0 square inch and is made 
from piano wire grade steel, what is the maximum payload that can be lifted? Will the gripper be 
able to pick up a 160 mm square object, or an inverted triangle with 160 mm sides? What are the 
requirements for the payload’s shape, for this gripper to work? 

The simulation must show the gripper securely grasping the circular payload and lifting it off 
the ground. 
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Figure A.26 Gravity gripper mechanism. 


APPEND 
SCALARS AND VECTORS 


B.1 INTRODUCTION 


A scalar is a quantity that has magnitude, but no direction associated with it. Mass, energy, and 
temperature are examples of scalars. Relationships between scalars may be dealt with using alge- 
braic expressions. A vector, however, has both direction and magnitude. Examples of vectors are 
force, displacement, velocity, and acceleration. 

Vector quantities can be represented graphically by straight lines with arrowheads indicating 
directions, such as vectors b and c shown in Figure B.1. The length of each line is proportional 
to the magnitude of the vector. 


wee 


ci 


Figure B.1 Representation of vectors 


B.2 COMPONENTS OF A VECTOR 


A vector may be described by specifying its components. The components are aligned along direc- 
tions of unit vectors defined below. 

Two sets of unit vectors are employed in this textbook. They are described in the following 
subsections. 


B.2.1 CARTESIAN COMPONENTS 


Consider vector b, shown in Figure B.2. It may be described by its Cartesian components bx, by, 
and b,, so that 


b =b,i +b,j +b,k (B.2-1) 


where i,j ,and k are unit vectors in the x, y, and z directions, respectively. 
The magnitude of the vector may be expressed as 


b-[b|- (0 +b? e vy? (B.2.2) 
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Figure B.3 


Figure B.2 Rectangular components of a vector. 


When b, = 0, as shown in Figure B.3, the direction of the vector may be described by angle 9 with 
respect to the reference shown. The components of this vector are 


b, =b cos 0; b, =b sin 0 (B.2-3) 
and therefore 


0—tan2 (b,,b,), -n«0«n (B.2-4) 


B.2.2 Radial-Transverse Component 


Vector b, illustrated in Figure B.3, may be described as 
b= bi, (B.2-5) 
where i, is the unit radial vector. Also associated with this vector is the wnit transverse vector, ig, 
which is perpendicular to i,. 
B.3 VECTOR OPERATIONS 
B.3.1 Addition and Subtraction 


Addition of vectors involves adding the x, y, and z components of the vectors. For instance, if 


d=b+t (B.3-1) 


then the result expressed in terms of the components is 
d=(b, +c,)i * (b, c,)j +(b, +c,)k (B.3-2) 


Graphically, this addition is accomplished by positioning vectors head to tail. Two vectors are 
shown in Figure B.4(a), and their addition is illustrated in Figure B.4(b). 

Subtraction of vectors involves finding the differences of the x, y, and z components 
individually. If 


d-b-c (B.3-3) 


then the result, expressed in terms of the components, is 
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Figure B.4 Addition and subtraction of vectors. 


Figure B.S 


d - (b, =c) T+ (b, -c,)J +(b, - c, )k (B.3-4) 


Subtraction of vectors may be regarded as the addition of the negative value of one vector to the 
positive value of another, that is, 


d=b-T=b+(-7) (B.3-5) 


Graphically, the difference between two vectors is illustrated in Figure B.4(c). 


B.3.2 Dot Product 


If we consider two vectors b and c, then their dot product or scalar product is defined as 
b.c = |b||c| cosa = b,c, t buc, + b.e, (B.3-6) 


where a is the angle between the two vectors as shown in Figure B.5. The dot product of two vec- 
tors is a scalar quantity. 


B.3.3 Cross Product 


If we consider two vectors b and c, then their cross product is defined as 


- (b, c, — b, cy Ji (b. c, — b.c, Ji (b. Cy ~ by «Jk (B.3-7) 


The cross product of two vectors is a vector quantity. The direction ofthe resultant vector is per- 
pendicularto the two that are employed in the cross product (Figure B.6). For the special case that 
b, = 0 and c, = 0, then vector d is in the direction of vector k. 


B.4 COMPLEX NUMBERS AND VECTORS IN THE COMPLEX 
PLANE 


The rectangular form of a complex number is 
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Figure B.6 


R=x+iy (B.4-1) 


where x is the real component of the complex number, y is the imaginary component of the complex 
number, and 


i=(-1)? (B.4-2) 
The polar form of a complex number is 
R=re = r(cosO + i sin®) (B.4-3) 


where r is the magnitude of the complex number and 6 is the complex argument of the complex 
number. 

A complex number may be represented graphically by a vector in the complex plane as shown 
in Figure B.7, where quantities x, y, and 9 are illustrated. For instance, 0 is the angle of the vector 
relative to the horizontal, measured from its tail in the counterclockwise direction. 

Using Equations (B.4-1) and (B.4-3), the following expressions relate the rectangular and polar 
forms of a complex number: 


Im 
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Figure B.7 Graphical representation of a complex number. 


x-—rcosÓ; y-rsinO 


r(x? ey) 0-tan2'(x,y), -n«0«m (B.4-4) 


APPENDIX 
MECHANICS: STATICS AND 
DYNAMICS 


C.1 INTRODUCTION 


Mechanics is a science that predicts the conditions of either rest or motion of bodies under the 
action of forces and moments. As indicated in Figure C.1, mechanics may be divided into the topics 
of statics, which deals with bodies at rest, and dynamics, which is concerned with bodies in motion. 
Dynamics may be further subdivided into kinematics and kinetics. Kinematics is the description 
and analysis of the motion of objects without consideration of the applied forces that cause them. 
Kinetics is the study of the effects of forces on the motions of objects. 

A particle implies that the dimensions of an object are so small that all mass may be assumed 
to be concentrated at a single point. For a body, however, having finite size, different points within 
the body can have different positions, velocities, and accelerations. It may be considered as an 
assembly of particles. 

Any body will always deform to some extent when acted on by a force. However, a body is 
considered to be rigid when these deformations are small enough to be neglected, and all particles 
are assumed to remain at fixed distances in relation to one another. In nearly all instances in this 
textbook, bodies are assumed to be rigid. The valve spring shown in Figure 1.1 is an example of a 
body that cannot be considered rigid. 

This appendix covers the kinematics and kinetics of particles and rigid bodies. The material 
provides background needed in this textbook dealing with the analysis and design of mechanisms. 
Analyses will be restricted to planar motion. 
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Figure C.1 


584 


APPENDIX C MECHANICS: STATICS AND DYNAMICS 


C.2 KINEMATICS OF A POINT USING CARTESIAN 
COORDINATES 


C.2.1 Position 


C.2.2 Velocity 


Consider point B, in Figure C.2, which is constrained to undergo planar motion. The location of 
the point is depicted by means of a position vector, relative to fixed point O. 

Employing Cartesian axes incorporating unit vectors i and j,in the xand y directions respectively, 
the position of point B with respect to point O is 


Tro = (rao). i + (rego), j (C2-1) 


The velocity of point B is found by taking the time derivative of Equation (C.2-1). Ifthe coordinate 
system and unit vectors are fixed, then the expression for velocity is 


- d d = = 
BO =, tbo) = F1 + (50), 7 | 


= (/go). i + (a0), j — (Vno). i+ BO) yF (C.2-2) 


where a dot represents differentiation with respect to time. 

In Equation (C.2-2), Vgo represents the velocity of B relative to point O. However, since point 
O is fixed, vgo is also the absolute velocity of B. The motion of point B is the same with respect to 
any fixed point, and therefore we may express this velocity as 


Vgo = Vg (C.2-3) 


C.2.3 Acceleration 


The acceleration of point B is found by taking the time derivative of Equation (C.2-2). The result is 


d 


PC dei + Qao); ;| 


B 25 d, 
4go = dg = Yao) = 


= (fso). i + (750), j (C.2-4) 


= "BO, 


xY 
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C.3 KINEMATICS OF A POINT USING RADIAL-TRANSVERSE 
COORDINATES 


C.3.1 Position 


Consider point B, in Figure C.3, which is constrained to undergo planar motion. The location 
of the point is depicted by means of a position vector, relative to fixed point O. Employing the 
radial-transverse vectors, it is expressed as 


730 = Toi, (C.3-1) 


where i, is the unit radial vector. Also shown in Figure C.3 is ig, the unit transverse vector, which 
points 90° counterclockwise from the direction of i, 


C.3.2 Velocity 
Taking the time derivative of Equation (C.3-1), we find the velocity of point B to be 


d = d > P nl d E 
Tno = 7 = 7 (eo) = (rgo 1) = tao Tp roo gO) (C.3-2) 


Equation (C.3-2) includes a term involving the time derivative of i, This is because, for the 
radial-transverse coordinate system, the radial direction can be time-dependent. 

To determine an expression for the time derivative of i,, we consider a small change of the 
position of point B as it moves along its path. After a short time interval, it has moved to B' as 
shown in Figure C.4(a). 


(a) (b) 


Figure C.4 Two closely spaced positions of a point: (a) Radial-transverse coordinate systems, (b) Superimposed coor- 


dinate systems 
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Figure C.4(b) illustrates two sets of unit vectors corresponding to the position vectors for 
points B and B'. From this figure 


A i, = i BÀ i, j A ig = i 7 ig (C.3-3) 
By definition, 
d ,— lim Ai, 
—~(i, = 
de>’ 4030 Ag (C.3-4) 


The derivative given in Equation (C.3-4) is a vector quantity and must have both direction and 
magnitude. With regard to the magnitude, we note that since i, has unit length, then for small 
values of A0, we have 


|^i, |=1x A0— A0 (C.3-5) 
and therefore 
d — A0 
ls G7 56 (C.3-6) 


Furthermore, by inspection of Figure C.4(b), the direction of the vector quantity in Equation 
(C.3-4) is perpendicular to the radial vector. Thus, it is in the transverse direction. 
Combining the information related to the direction and magnitude, we obtain 


do ^ e (C.3-7) 
Applying the chain rule of differentiation, in which we employ Equation (C.3-7), we get 


d 
dt 


B d A AT 
(i) = 9609 = Big (C.3-8) 


where parameter Ê is the angular velocity of the position vector. 
Similarly, the time derivative of the unit transverse vector is 


d e 
mO (C.3-9) 


By substituting Equation (C.3-8) in Equation (C.3-2), we obtain the velocity expressed in terms 
of its radial and transverse components as follows: 


Vg = fgg i, + rgo 9 ig (C.3-10) 


C.3.3 Acceleration 


Returning to Equation (C.3-10), and differentiating this with respect to time, we find the accelera- 
tion of point B to be 


= =a d — d 3 mu ac 
apo = dg = 409) = g5 i, + rgoO ig) 


w T a d a 5 aa arg ^ d zx 
= fgo 1, + fgo put + F309 ig + rgo 9 ig + rgo une (C251) 


Substituting Equations (C.3-8) and (C.3-9) and rearranging, we obtain 
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= m A2 F ^ B A € 
dg = (fgg — rgo 0 ) i, + (rgo 9 + 2559 O)ig (C.3-12) 


where @ is the angular acceleration of the position vector. 


C.4 DISPLACEMENT MATRICES 


Figure C.5 shows a point Q on a rigid body that undergoes planar motion from position 1 to posi- 
tion n (n —2, 3, 4,...). The coordinates of the point before and after this motion may be related by 


Xn Xi 
Yn = [5i] Yı 
1 1 (C.4-1) 


where [D;,] is the 3 X 3 displacement matrix [52], 

x, and y; are the coordinates ofthe point in position 1, and x, and y, are the coordinates of the 
point in position n. 

The position vector of the point after the displacement is 


=x,i +y, j (C.4-2) 


Ex 


Successive displacements may be described using displacement matrices. For instance, if a point 
moves from position 1 to position 2, and then from position 2 to position 3, then using displace- 
ment matrices, we obtain 


X, x, X3 X, 
y= [Dah nti 49a r= Doak y (C.4-3) 
1 1 1 1 


Combining the above equations, we get 


X3 xı 
Js[— [D3 ]| 5] A (C.4-4) 
1 1 


Listed below are forms ofthe displacement matrix corresponding to typical motions. 


xY 


Figure C.5 
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C.4.1 Translation 


Consider the body shown in Figure C.6, which undergoes pure translation (i.e., no rotation). The 
change in the coordinates of any point on the body is 


x, =x, +Ax; y, =y + Ax (C.4-5) 


The corresponding displacement matrix is 


[Din] = [Pin] = 


oor 


1 (C.4-6) 


C.4.2 Rotation About a Fixed Origin 


Consider the body shown in Figure C.7, which undergoes rotation about a fixed origin. In this 
instance, it is convenient to employ the polar form of a complex number in order to determine the 
coordinates of a point before and after the motion has taken place. We recognize that 


|R |=|R,|=r (C.4-7) 


R,= ye = eit On) = wees 

= (cos, + isin®, J(cos0,, + isin,, ) 

it cos0,, — y, sin®,,,) +i(x, sinO,, + y, cos6,, ) 

=x, +iy, (C.4-8) 


where 


x,—rcos0,; y, —rsin0, (C.4-9) 


Using Equation (C.4-8), the displacement matrix is 


Cin = Sin 0 
[Dn] = [Pun] = Sin Cin 
0 0 1 (C.4-10) 
where 
Cin 7cos0,,; S, —sinO,, (C.4-11) 
X 


Ax 


li 
O X Xn 


xY 
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M 


xY 


C.4.3 Rotation About a Fixed Origin Followed by a Translation 


Consider the body shown in Figure C.8, which undergoes rotation about fixed origin (from posi- 
tion 1 to position n’), followed by a translation (from position n’ to position n). In this instance, 
we employ the above results to obtain 


Cin Sin 0 10 (xn =x) 
[D], = Sin Cin 0 j [Ba =|0 1 (Yn 7 yv) 
0 0 1 001 (C.4-12) 


Combining the above expressions, we obtain 


Cin Sin (x, Xn! 
[Din] - [Dran]; [D], = Sin Cin (Vn Yw) 
0 0 1] (C.4-13) 
However, 

Xy’ *l XCin — JS, 

I = [D], Vif Z| Sin +Y Cin 

1 1 1 (C.4-14) 

YA 


xY 
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Combining Equations (C.4-13) and (C.4-14), we get 


Cin = Sin Azn 
[Dn] =| Sin Cin Azn 
0 0 1 (C.4-15) 
where 
Aaa, — X, Z Cin + Yin) Ass, = Yn ~%1S1n 7 N1Cin (C.4-16) 


C.5 MOMENT OF A FORCE 


C.6 COUPLE 


An important concept that arises in many problems is the moment of a force about some specified 
point or axis. Referring to Figure C.9, the moment Mo of force F about point O is defined as 


M,=7xF (C.5-1) 


0 


Figure C.10 illustrates a body subjected to two forces that are equal in magnitude and opposite in 
direction. The perpendicular distance between the two lines of action is d. The moment produced 
by these forces is referred to as a couple. For instance, the couple about an axis normal to its plane 
and passing through point O in the plane is 


M=F(a+d)—Fa or M=Fd (C.6-1) 


The second expression in Equation (C.6-1) isindependent of dimension a, which locates the forces 
with respect to point O. It follows that the moment of a couple has the same value for all points. 
Figure C.11(a) illustrates a body subjected to a force F , which passes through point A. This system 
is equivalent to that shown in Figure C.11(b), in which forces F and- F are added through point 
B. It is recognized that force F through A and force — F through B provide zero net force on the 
body and a counterclockwise couple of M = Fd. The system therefore is in turn equivalent to that 
shown in Figure C.11(c), where the given force F acting at point A is replaced by an equal force 
acting at point B and a couple. Using similar reasoning, it is also possible to replace a force and a 
couple acting on a body with a force that has an alternate point of application. 


À 
d 
\ 


Figure C.9 Figure C.10 
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B 
=F — 
d 
| F 
omes 
(c) 


(a) (b) 


Figure C.11 


C.7 NEWTON'S LAWS 


Sir Isaac Newton formulated three fundamental laws of mechanics, which were first published in 
1687. They provide the basis of studying kinetics. 
For purposes of this textbook, Newton's laws may be expressed as follows: 


l. Every particle remains at rest, or continues to move in a straight line with constant velocity, 
if there is no resultant force on it. 

2. Ifa resultant force acts on a particle, then the particle will accelerate in the direction of the 
force, at a rate proportional to that force. 

3. For every action between two adjoining bodies, there are actions on each body that are 
equal, opposite, and simultaneous. 


The first law may be regarded as a special case of the second. The second law is expressed 
mathematically as 


where F is the resultant force on the particle, m is the mass, and a is the acceleration. Vectors 
F and à have the same direction. Common sets of units for Equation (C.7-1) are presented in 
Chapter 2. 

Equation (C.7-1) is applied to the analysis of a particle. In the next section, this equation will 
be employed in the development of the equations of motion for a rigid body. 


C.8 KINETICS OF A RIGID BODY UNDERGOING PLANAR 
MOTION 


C.8.1 Linear Motion 


Figure C.12(a) illustrates a rigid body subjected to an external force. We consider the body to be 

an assembly of particles. A typical particle of mass mj (k = 1, 2,...) is shown in Figure C.12(b). 
Associated with the body is its mass center having coordinates (xg, yc) with respect 

to a fixed coordinate system. They are defined as 


Yn E mag Emy 
k eck . zx dk 


= = ) Jc 
ym, m m 
k 


XG 


(C.8-1) 


where the mass of the body is 


Dem (C.8-2) 


k 
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Yh 
(Fint 
Mk 
(Flext 
(b) 
Xk - 
(a) 
Figure C.12 
The position vector to the center of mass is 
7G =XGi + gj (C.8-3) 


Forces on a particle in a body, as shown in Figure C.12(b), may be distinguished by those 
which are external and those which are internal. External forces are those which are applied to 
the particle from outside of the body. Examples include gravity and reaction forces from adjacent 
bodies. Internal forces are those which arise from adjacent particles in the body. Using Equation 
(C.7-1), the net result is 


F, = (F, jos t (Fawr =m, d, (C.8-4) 


Now we sum equations for all ofthe particle masses in the system: 


LR-A() * 245) E (C.8-5) 


EXT INT 


However, based on Newton's third law of mechanics, it is necessary that 


DA) -9 (C8-6) 


XE.) = in a, 


7 -— (C.8-7) 


Dropping the subscript EXT from Equation (C.8-7) and breaking it into its scalar components, 
we obtain 


2,0). - im Àj 2,00, = 2m Ve (C.8-8) 


Rearranging Equations (C.8-1), and then differentiating twice with respect to time, we get 


Mig = ins "js - Dated (C.8-9) 


Combining Equations (C.8-8) and (C.8-9), we obtain 


LAs nis 200, -m Jo (C.8-10) 
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Combining scalar Equations (C.8-10) into vector form, we get 


PEA P (C.8-11) 


where 
4g — XS db t gj (C.8-12) 
Equation (C.8-11) indicates that the net external force on a body equals the mass of the body 


multiplied by the acceleration of the center of mass. This result is independent of the location at 
which the force is applied. 


C.8.2 Angular Motion 


A body of finite size can also have angular motions. For planar motion, we measure moments 
about a point. For a particle of mass m, (k = 1, 2,...), we can break the moments into internal and 
external components, that is, 


(Mo), = (Mo) exr + (Mo ent (C.8-13) 


Using Equation (C.5-1), the moment is 


(Mo), =% XE (C.8-14) 

where 
=x, i +y j (C.8-15) 
F,=(K), 19 (Ry 7 (C.8-16) 


Substituting Equation (C.7-1) for the kth mass in Equation (C.8-16), we obtain 
F, = mx, i P my, j. (C.8-17) 


Combining Equations (C.8-14), (C.8-15), and (C.8-17), we get 


i jk : 
(Mj,-nxE-x y 0 2 mx. - yä, )k 
mx, m,y, 0 (C.8-18) 
Summing the moments for all particle masses that make up the rigid body, we obtain 
Mo = Y (Mo) enr + > Mo) awe = yim, 975570793 (C.8-19) 
k k k ids 
However, based on Newton's third law, we have 
M Eg 
2 o)tT (C.8-20) 


Also, since the moment is in the direction of k, we can consider Equation (C.8-19) as a scalar 
equation, that is, 


Mo = ym (x, yy — Veep) 


T (C.8-21) 
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From Figure C.12(a), we may express 


Xp = xg Hargi XQ = XG t+ XG 
Yk = Ya Noi YN =Io + Xi (C.8-22) 


Substituting Equations (C.8-22) in Equation (C.8-21), we get 
Mo = ym, Xka Veg + xq > m, Neg + ig ym XG 
k k k 
* XcJo Dm = ym, Yre ®eg — yom, ig 
k k k 


2:293 Yke — Joi; Ym, 
k k 


(C.8-23) 
We recognize that 
ym xg = 0; ym, Xig =0 
k k 
Lime =0; xm Vg 70 (C.8-24) 
and 
XQ; = hg 6080.5; Yge = hg = sin; (C.8-25) 


Substituting Equations (C.8-24) and (C.8-25) in Equation (C.8-23) and simplifying, we obtain 


Mo =1,8+ m(xg Jo — s Yo) (C.8-26) 
where 
[s= mrg 
i 2 ° (C.8-27) 


is the polar mass moment of inertia of the body with respect to its mass center. Typical values of the 
polar mass moment of inertia are provided in the following section. 


C.9 POLAR MASS MOMENT OF INERTIA 


If each particle mass is infinitesimal, Equation (C.8-27) may be expressed as 


_f{ 2 
Io = J, ródm (c9-1) 
where r, is the distance of mass element dm from the mass center. 
The polar mass moment of inertia about the mass center may be expressed in terms of its radius 
of gyration, k, using the following relation 
I; = mk’ (C.9-2) 
where the mass of the body is 


m= J dm (C.9-3) 


The following three examples show applications of Equations (C.9-1) and (C.9.2) for geometries 
often encountered in mechanisms. 
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EXAMPLE C.1 POLAR MASS MOMENT OF INERTIA OF A SLENDER ROD 


renun: 
QE) 
Ic mR? 


Figure C.13 


For the uniform slender rod of length L shown in Figure C.13(a), determine (a)the polar mass 
moment of inertia with respect to its mass center and (b) its radius of gyration. 


SOLUTION 
The center of mass of the rod is located at its midpoint. We thus conveniently set the origin 
of a coordinate system at the center of mass. Furthermore, we consider an element of mass of 


dm — p Adx (C.9-4) 


where p is the density, and A is the cross-sectional area. Substituting Equation (C.9-4) in 
Equation (C.9-1) and using the appropriate limits of integration, we obtain 


Ig sil edm 
m 
x-L/2 3 x-L/2 3 2 
L L 

- J x! pAdx=pA— | p s 

x--L/2 3 x--L/2 12 12 (C.9-5) 
where 

m=pAL (C.9-6) 


Using Equations (C.9-2) and (C.9-5), the radius of gyration is 


es - Phy L 
(Am m SS (C.9-7) 
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EXAMPLE C.2 POLAR MASS MOMENT OF INERTIA OF A SOLID DISC 


For a solid disc of radius R and thickness t shown in Figure C.13(b), determine the polar mass 
moment of inertia with respect to its mass center. 


SOLUTION 
The center of mass of the disc is located at the center of its cross section. We consider an ele- 
ment of mass of 


dm = 2trt pdr (C.9-8) 


Substituting Equation (C.9-8) in Equation (C.9-1) and using the appropriate limits of integra- 
tion, we obtain 


= 4r=R mR? 
Ig zii gdm = | r° 2mrtp dr = 2ntp— | =" 
i 9 4 r=0 2 (C.9-9) 


where 


m = pxR?t (C.9-10) 


EXAMPLE C.3 POLAR MASS MOMENT OF INERTIA OF A RIM DISC 


For a rim disc of radius R shown in Figure C.13(c), assume the mass is uniformly distributed at 
the periphery ofthe rim. Neglect the effects of the spokes, which are shown as dashed lines in 
the figure. Determine the polar mass moment of inertia with respect to its mass center. 


SOLUTION 
The center of mass of the disc is located at the center of the circular rim. The polar mass 
moment of inertia is 


Ig = | rádm = R^ [dm = mR? (C.9-11) 


C.10 WORK, ENERGY, AND POWER 


C.10.1 Kinetic Energy 


The kinetic energy due to the motion of a particle is 


1 
T, = my; (C.10-1) 
2 . 


Considering a rigid body to be a composition ofa series of particles, it can be shown that the kinetic 
energy of the body is 


1 l. 4 
T-YmT, - mv + 518" 


: (C.10-2) 


where vc is the speed of the mass center. 
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Je 
òs 
Figure C.14 


C.10.2 Work Done by a Force 


C.10.3 Power 


When applying Newton’s second law of motion, the forces and accelerations are those at an instant 
and thus give instantaneous solutions; however, in many cases it is necessary to determine the 
change in motion over a finite time interval. The work-energy method is one way of doing this, 
where the interval is one of displacement, and the change of motion is defined in terms of velocity. 

Consider a force F applied to a particle or rigid body, as shown in Figure C.14, and suppose 
that the point of application of F moves a small distance 8s, during which the force is assumed to 
remain constant. The work done by F during this displacement is 


oW = F- ös = FóscosQ (C.10-3) 


where $ is the angle between F and 65. By summing all such small displacements over a finite 
distance, the work is 


W= J Feoseds (C.10-4) 


and is measured in Newton-meters (N-m) or joules (J). For angular motions, the infinitesimal 
amount of work done may be expressed as 


dW = M dð (C.10-5) 


Power is the time rate of change of doing work. For a body undergoing linear translation we have 


dW 
gu V (C.10-6) 


where v is the speed of the body. 
For rotating systems, using Equation (C.10-3), we obtain 


dW dO 
uM a (C.10-7) 


where w is the rotational speed of the body. 
For the SI system, the unit of power is 


N-m 


1 watt=1 
sec (C.10-8) 
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COMPANION WEBSITE 


This appendix contains a listing of all the digital files included on the companion website that 
accompanies this textbook. Also indicated is the type of software on which each file is based. 

The video animation files have been stored in mp4 format. These video files can be viewed with 
software such as Windows Media Player, QuickTime Player, or other similar video player software. 
Other files employ Working Model 2D and require either a copy of the software or the file player 


version of the software. 


Also included on the companion website are video clips of real mechanical systems in operation. 


CHAPTER 1 INTRODUCTION 


File Name 


Video player software Working Model 2D player 


Video 1.1: Single-cylinder piston engine 
Video 1.4: Engine assembly 

Video 1.5: Slider crank mechanism 

Video 1.7: Slider crank mechanism with offset 
Video 1.8: Four-bar mechanism 

Video 1.10: Equivalent four-bar mechanisms 
Video 1.12: Washing machine mechanism 
Video 1.14A: Four-bar with coupler point 
Video 1.14B: Four-bar with coupler point 
Video 1.15A: Chebyshev straight-line mechanism 
Video 1.15B: Roberts straight-line mechanism 
Video 1.15C: Watt straight-line mechanism 
Video 1.16: Film transport mechanism 

Video 1.20: Chain drive 

Video 1.22: Toothed gears 

Video 1.23: Internal gear 

Video 1.24: Rack and pinion 

Video 1.25: Rack and pinion steering 

Video 1.26: Disc cam mechanism 

Video 1.27: Disc cams 

Video 1.28A: Wedge cam mechanism 


(Continued) 
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CHAPTER 1 (CONTINUED) 


File Name 


Video player software 


Working Model 2D player 


Video 1.28B: Cylindrical cam mechanism 
Video 1.28C: End cam mechanism 


Video 1.29: 
Video 1.30: 
Video 1.31: 
Video 1.35: 
Video 1.42: 
Video 1.43: 
Video 1.45: 
Video 1.48: 
Video 1.51: 
Video 1.53: 
Video 1.54: 
Video 1.57: 
Video 1.58: 
Video 1.61: 


Fishing reel 

Prosthetic hand 

Chalmers suspension 

Linear bearing sliding stage 

Front-end loader mechanism 

Slider crank mechanism and its three inversions 
Four-bar mechanism and its three inversions 
Speed governor 

Parallelogram four-bar mechanism 

Variable base link four-bar mechanism 
Variable-offset slider crank mechanism 
Cognates of a four-bar mechanism 

Cayley’s triangles 

Cognate ofa slider crank mechanism 


CHAPTER 2 MECHANICS OF RIGID BODIES 


File Name 


Video player software 


Working Model 2D Player 


Video 2.16: 
Video 2.23: 
Video 2.36: 
mechanism 
Video 2.47: 


Coriolis acceleration 
Shaping machine 
Instantaneous centers of a four-bar 


Door latch mechanism 


CHAPTER 3 GRAPHICAL KINEMATIC ANALYSIS OF PLANAR MECHANISMS 


File Name 


Video player software 


Working Model 2D player 


Video 3.4: Mechanism incorporating a two degree of 
freedom pair 

Video 3.7: Wheeled system 

Video 3.8: Mechanism and velocity polygon 

Video 3.9: Illustration of relative velocities 


Video 3.15: 


Mechanism and acceleration polygon 
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CHAPTER 4 ANALYTICAL KINEMATIC ANALYSIS OF PLANAR MECHANISMS 


File Name 


Video player software 


Working Model 2D player 


Video 4.20: Parallel-motion mechanism 
Video 4.21: Umbrella 


+ Mathcad program: fourbarkin, kinematic analysis of a four-bar mechanism 
« Mathcad program: slidercrankkin, kinematic analysis of a slider crank mechanism 
+ Mathcad program: fourbarcpkin, kinematic analysis of a four-bar mechanism with a coupler point 
+ Mathcad program: slidercrankcpkin, kinematic analysis of a slider crank mechanism with a coupler point 


CHAPTER 5 GEARS 


File Name 


Video player software 


Working Model 2D player 


Video 5.2: Continuously variable traction drive 
Video 5.4: Continuously variable belt drive 

Video 5.5A: Straight spur gears 

Video 5.5B: Helical spur gears 

Video 5.7: Miter gears 

Video 5.8A: Herringbone gears, narrow 

Video 5.8B: Herringbone gears, wide 

Video S.9A: Plain bevel gears 

Video 5.9B: Spiral bevel gears 

Video 5.10: Hypoid gear set 

Video 5.11A: Worm and wheel gears, right-hand worm 
Video 5.11B: Worm and wheel gears, left-hand worm 
Video $.12A: Worm and wheel, double-start worm, 
right-hand worm 

Video S5.12B: Worm and wheel, double-start worm, 
left-hand worm 

Video 5.15: Generation of an involute profile 

Video 5.18: Straight spur gears 

Video 5.19: External-internal meshing gears 

Video 5.20: Rack and pinion gears 

Video 5.27: Antibacklash gear 

Video 5.32: Milling ofa straight spur gear 

Video 5.34: Straight spur gear and hob 

Video 5.37: Hobbing of a straight spur gear 

Video 5.39: Helical spur gear and hob 

Video 5.40: Hobbing of a helical spur gear 

Video 5.42A: Shaping ofa straight spur gear, external gear 
Video 5.42B: Shaping of a straight spur gear, internal gear 
Video 5.43A: Shaping ofa straight spur gear 

Video 5.43B: Shaping of an internal gear 

Video 5.45: Planing ofa plain bevel gear 

Video 5.47: Rotary broaching operation 


(Continued) 
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CHAPTER 5 (CONTINUED) 


File Name 


Video player software 


Working Model 2D player 


Video 5.52: Two spur gears in mesh 

Video 5.62: Meshing of gears requiring undercutting 
Video 5.63: Generation of a cycloid 

Video 5.64: Cycloidal gerotor pump 

Video 5.66: Cycloidal gerotor pump 

Video 5.67: Supercharger blower 

Video 5.68: Cycloidal spur gears 


CHAPTER 6. GEAR TRAINS 


File Name 


Video player software 


Working Model 2D player 


Video 6.3: Mechanical clock 

Video 6.6A: Simple gear train 

Video 6.8A: Reverted gear train 

Video 6.9: Gear train used in a winch 

Video 6.14: Manual transmission 

Video 6.16: Manual transmission 

Video 6.17: Dual-clutch transmission 

Video 6.21: Planetary gear train 

Video 6.25: Pencil sharpener 

Video 6.28: Two-speed automatic transmission 
Video 6.33B: Two-stage planetary gear train 
Video 6.34: Differential gear train 

Video 6.38: Front wheel drive gear train 

Video 6.39: Differential incorporating spur gears 
Video 6.41: Torsen differential 

Video 6.45: Harmonic drive 


CHAPTER 7. CAMS 


File Name 


Video 7.2: Ballpoint pen 

Video 7.3: Ballpoint pen mechanism— planar 
representation 

Video 7.5: Toggle mechanism electric switch 
Video 7.6: Heart switch 

Video 7.7: Door knob mechanism 

Video 7.8: Caster wheel 

Video 7.9: Disc cam mechanisms 


Video player software 


Working Model 2D player 


(Continued) 
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CHAPTER 7 (CONTINUED) 


File Name 


Video player software 


Working Model 2D player 


Video 7.30: Positive-motion disc cam mechanism 
Video 7.31: Constant-breadth cam Mechanism 
Video 7.33: Movie projector mechanism 

Video 7.57: Moving-headstock milling machine 
Video 7.58A: Single knife-edge follower, disc cam 
mechanism 

Video 7.58B: Multiple knife-edge followers, disc cam 
mechanism 

Video 7.58C: Roller follower, disc cam mechanism 
Video 7.59: Cylindrical cam mechanism 

Video 7.60: Face cam mechanism 

Video 7.61A1: Manufacture of a disc cam—scribing 
radial lines 

Video 7.61A2: Manufacture of a disc cam—scribing 
circular arcs 


Video 7.61B: Manufacture of a disc cam— scribing rises 


and falls 
Video 7.61C: Manufacture of a disc cam—rough cut 
Video 7.61D: Manufacture of a disc cam—fine cut 


* Cam Design, kinematic analysis of disc cam mechanisms 


CHAPTER 8. GRAPHICAL FORCE ANALYSIS OF PLANAR MECHANISMS 


File Name 


Video player software 


Working Model 2D player 


Video 8.7: Force polygon 

Video 8.11: Scissor jack 

Video 8.15: Front-end loader mechanism 

Video 8.17: Parking brake mechanism 

Video 8.23: Dynamic analysis of a four-bar mechanism 


CHAPTER 9. ANALYTICAL FORCE ANALYSIS AND BALANCING OF PLANAR 


MECHANISMS 


File Name 


Video player software 


Working Model 2D player 


Video 9.26: Shaking force analysis 


+ Mathcad program: fourbarforce, dynamic analysis of a four-bar mechanism 

+ Mathcad program: slidercrankforce, dynamic analysis of a slider mechanism 

+ Mathcad program: fourbarbalance, balancing of a four-bar mechanism 

+ Mathcad program: slidercrankbalance, balancing of a slider crank mechanism 


APPENDIX D INDEX OF COMPANION WEBSITE 603 
CHAPTER 10 FLYWHEELS 
File Name Video player software Working Model 2D player 
Video 10.3: Flywheel analysis . 
Video 10.4: Engine flywheel . . 
CHAPTER 11 SYNTHESIS OF MECHANISMS 
File Name Video player software Working Model 2D player 
Video 11.2: Corkscrew mechanisms 
Video 11.21A: Headlight cover, undesirable design E 
Video 11.21B: Headlight cover, desirable design . 
* Mathcad program: fourbarfuncsyn, function synthesis of a four-bar mechanism 
+ Mathcad program: slidercrankfuncsyn, function synthesis of a slider crank mechanism 
+ Mathcad program: fourbarrbg, rigid-body guidance synthesis of a four-bar mechanism 
CHAPTER 13 DESIGN CASE STUDIES FOR MECHANISMS AND MACHINES 
File Name Video player software Working Model 2D player 
Video 13.3: Hooke’s coupling . 
Video 13.4: Double Hookes coupling . 
Video 13.5: Constant-velocity coupling . 
Video 13.8: Oldham coupling . 
Video 13.10: Offset drive . 
Video 13.11: Clutch mechanism . 
Video 13.13: Synchronizer . 
Video 13.14: Cross section of a synchronizer . 
Video 13.15: Drill chuck mechanism . 
Video 13.18: Manuallathe chuck . 
Video 13.19: Power lathe chuck . 
Video 13.20: Disc brake . 
Video 13.21: Drum brake ° 
Video 13.22: Ratchet mechanism . 
Video 13.23: Ratchet wrench . 
Video 13.24: Sprag clutch . 
Video 13.25: Escapement mechanism . 
Video 13.26: Iris mechanism E 
Video 13.27: Flow regulator . 
Video 13.28: Lead screw and nut . 
Video 13.29: Recirculating ball screw . 


(Continued) 
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CHAPTER 13 (CONTINUED) 


File Name 


Video player software 


Working Model 2D player 


Video 13.30: Straight-line dwell mechanism 
Video 13.31: Circular-arc dwell mechanism 

Video 13.32: Geneva mechanism 

Video 13.33: Counting mechanism 

Video 13.34: Scotch yoke mechanism 

Video 13.35: Application of scotch yoke mechanism 
Video 13.36: Overhead valve piston engine cross-section 
Video 13.37: Sleeve valve piston engine 

Video 13.38: V-2 piston engine 

Video 13.39A: Radial piston engine 

Video 13.39B: Radial piston engine with propeller 
Video 13.40: Airplane radial piston engine 

Video 13.42: Wankel engine 

Video 13.43: Cresent pump 

Video 13.44: Radial-Vane pump 

Video 13.46: Swash-plate compressor 

Video 13.47: Fluid dispenser pump 

Video 13.48: Zero-max drive 

Video 13.49: Helicopter rotor-blade adjustment 
mechanism 

Video 13.51A: Simple toggle mechanism 

Video 13.51B: Double toggle mechanism 

Video 13.52: Ring binder mechanism 

Video 13.53: Key lock mechanism 

Video 13.54: Combination lock mechanism 
Video 13.60: Cable clip mechanism 

Video 13.61: Compliant stapler 

Video 13.62: Zipper mechanism 


APPENDIX A DESIGN PROJECTS USING WORKING MODEL 2D 


File Name 


Video player software 


Working Model 2D player 


Video A.0 Working Model tutorial 


ANSWERS TO SELECTED 
PROBLEMS 


Chapter 1 


P12: 


P1.4: 
P1.6: 
P1.10; 
P112; 
P1.18: 


(a) r2<0.5 cm; (b) 1.5<r2<3.5 cm; (c) r;20.5 cm or r2=1.5 cm or r;23.5 cm; 
(d) 0.5«r, « 1.5 cm or 3.5 < r; < 5.5 cm 

(a) r2< 1.5 cm; (b) r22 0 cm 

(a) crank rocker; (b) change point; (c) rocker-rocker 

(a) 1; (b) 1 

(a) 1; (b) 1 

(a) 1; (b) 1 


Chapter 2 


P2.4: 

P2.6: 

P2.8: 

P2.10: 
P2:125 
P2.14: 
P2.26: 
P2.28: 
P2.30: 
P2.32: 
P2.34: 
P2.36: 
P2.38: 
P2.40: 
P2.42: 
P2.44: 
P2.48: 
P2.50: 
P2323 


(a) 50 rpm; (b) 31.4 cm/sec 

(a) 13.0 cm; (b) 210°, 330°; (c) 1; (d) 1; (e) 1 
(a) 124 cm/sec; (b) 85.6 cm/sec; (c) 1.45 

(a) 53.1°, 306.95; (b) 0, 180°; (c) 0, $3.1°, 180°, 306.9° 
18.4°, 85.2°, 198.4°, 311.7° 

80.4°, 120° 

(a)m=1 

(a)m=1 

(a)m=1 

1193 kN-m 

40 kN 

0.36 m 

319 mm 

(a) 13.1 N ; (b) 6.94N 

6000 N 

(a) 9990 N ; (b) 740 N 

20.5 N 

91 N-cm 

39N 


Chapter 3 


P3.2: 
P3.4: 
P3.6: 
P3.8: 
P3.10: 
P3.12: 
P3.14: 
P3.16: 


47.1 in/sec @ 80? 

(a) 21.9 rad/sec CW; (b) 19 in/sec (2 180? 

3.7 rad/sec CW 

7.2 in/sec @ 345? 

(a) 3.5 rad/sec CW; (b) 1.9 rad/sec CW; (c) 43 cm/sec @ 0° 

(a) 5.42 rad/sec CW; (b) 493 cm/sec” @ 65°; (c) 21.7 cm/sec @ 280° 
(a) 2.23 rad/sec CCW; (b) 2.12 rad/sec CCW; (c) 25.0 cm/sec @ 242° 
(a) 10 rad/sec CW; (b) 20 rad/sec CCW 
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P3.18: 4.5 rad/sec CW, 38.2 in/sec @ 75° 

P3.20: 0.28 rad/sec CW, 0.94 in/sec @ 140° 

P3.22: (a) 18.4 cm/sec @ 300°; (b) 18.0 cm/sec @ 339°; (c) 11.2 cm/sec @ 50°; (d) 1.7 

P3.24: (b) 47.1 in/sec @ 330°, 17.6 in/sec @ 18°, 27.9 in/sec @ 10°, 10.9 rad/sec CW, 
11.2 rad/sec CW 

P3.26: (b) 43 cm/sec @ 210°, 627 cm/sec * @ 260° 

P3.28: (b) 4.4 rad/sec CCW, 6.4 rad/sec CCW, 1060 cm/sec? @ 72° 

P3.30: (a) 152 cm/sec” @ 65? 

P3.32: (b) 4.2 rad/sec CW, 6.4 rad/sec CW, 109 cm/sec @ 330° 

P3.34: (c) 120 cm/sec” @ 220°, 27.1 rad/sec? CW, 13.9 rad/sec? CCW 

P3.36: (c) 80 rad/sec? CW 

P3.38: (c) 33 rad/se? CCW 

P3.40: (c) 634 rad/sec? CW, 650 cm/sec” @ 90? 

P3.42: (d) 177 rad/sec? CCW, 353 rad/sec? CCW 

P3.46: (c) 41 rad/sec? CCW 

P3.48: (a) 6.0 rad/sec CW, (b) 48 cm/sec @ 270°, (c) 576 cm/sec” @ 0° 


Chapter 4 


P42: 12.5 rad/sec CW 

P4.4: (d) 13.6 in/sec 

P4.6: (e) 2030 cm/sec” @ 0? and 180? 

P4.8: (a) 7.29 rad/sec CW; (b) 718 cm/sec” @ 258? 
P4.12: 1.69 rad/sec CCW 

P4.16: (c) 439 cm/sec? @ 253? 

P4.18: (a) 8.5 rad/sec CCW; (b) 178 cm/sec @ 353° 
P4.22: (a) 0.606 rad/sec CCW; (b) 44.9 cm/sec @ 292° 
P4.24: (a) 2.21 rad/sec CCW; (b) 42.5 cm/sec @ 123? 
P4.26: (c) 8032 cm/sec? (9 240? 

P4.28: 64.4°, 309 cm/sec @ 180°, 260 cm/sec? @ 0? 


Chapter 5 


PS.2: 450 rpm 

P5.4: (a) 1.33; (b) 30 

P5.6: 15, 25, 2356 mm/sec 

P5.8: (a) 12.56 mm; (d) 282 mm 

P5.10: 16, 64 

P5.12: 26,65,18? 

P5.14: (a) 45.105 mm, 43 mm, 48 mm, 52 mm 

P5.16: (a) 0.785 in, 3.0 in, 180 in/sec, 1.79 

P5.18: (a) 0.433 in, 3.308 in 

P5.20: (a) 0.577 in, 2.205 in, 7.351 in, 5.146 in, 18 rad/sec, 132.3 in/sec 
P5.24: (a) 0.546 in; (b) 1.48 

P5.28: (a) 0.785 in, 3.0 in, 10.0 in, 7.0 in, 18 rad/sec, 180 in/sec, 1.91 
P5.30: (a) 166.7 rpm CW; (b) 1; (c) 131 cm/sec; (e) 58.9 liters/min 


Chapter 6 


P6.2: N= 120, N; = 39, N4 = 150, Ns = 115 (other solutions possible) 

P6.6: (a) 1.496 in; (b) 0.477 in; (c) 1.64; (d) 39, 19 33, 27; (e) 0.517 in; (f) 14.8°; (g) 0; 
(h) 3.127 in; (i) 3.445 in 

P6.8: (d) 37, 23, 34,31 

P6.10: (e) 35.6° 

P6.12: (a) 7.48 in; (c) 1.86; (e) 35.7°; (f) 7.79 in 

P6.14: (c) 1.93; (e) 24.6? 

P6.20: 3 
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P6.22: 6328 rpm CW 

P6.24: 28.6 rpm CW 

P6.26: 17,542 rpm (opposite to output) 

P6.28: 28.6 rpm CCW 

P6.30: (a) 1.75 rev CCW; (b) 7.15 rev CCW; (c) 2.75 rev CW 
P6.32: (b) (i) 0.25 rev CCW 

P6.34: (a) 55 rpm CCW; (b) 400 rpm CW; (c) 8 
P6.36: 19.61 rad/sec 

P6.40: (a) 800 rpm CW; (b) 200 rpm CCW 
P6.42: 19.9 rad/sec (opposite to input) 

P6.46: 1.4rpm CCW 

P6.48: 546.8 N-m (same direction as output) 


Chapter 7 


P7.2: 60rpm 

P7.8: (b) ọ @9=30° 223? 

P7.14: increase base circle to 10 cm to eliminate undercutting 
P7.16: dwell from 162° to 198° 


Chapter 8 


P8.2: (a) 141b @ 90°; (b) 129 Ib @ 270° 

P8.4: 158 1b @ 05; 17.5 Ib @ 90° 

P8.6: 6.lin-lbCW 

P8.8: 900N-m CW 

P8.10: 2.49 N-m CW 

P8.12: 30N 

P8.14: 116 N-m CCW 

P8.16: 12,300 N, 7300 N 

P8.18: 0.5 N-m CW 

P8.20: (a) 9300 in-Ib CW; (b) 55.5 in-Ib CCW; (c) 89.7 in-Ib CCW 
P8.22: 4.16 N-m CW 

P8.24: (a) 0.34 N-m CCW; (b) 0.66 N-m CCW; (c) 1.85 N-m CCW 
P8.26: 0.011 N-m CCW 

P8.28: (a) 0.64 N-m CCW; (b) 1.21 N-m CCW; (c) 1.00 N-m CCW 


Chapter 9 


P9.4: 387 gr @ -175.8°; 448 gr (0170? 
P9.6(a): 3.6 gr 


Chapter 10 


P10.2: (a) 0.1053; (b) 490 kg 

P10.4: (a) 641 N-m; (b) 0.0488 

P10.6: (a) 136 N-m; (b) 0.975 m 

P10.8: 0.274 

P10.10: (a) 3872 rpm, 412.8 rpm; (b) 51.6 rad/sec?, 35.9 rad/sec?; (c) 41.2 cm 
P10.12: 84kJ 

P10.14: (a) 209 M-watt; (b) 168 kg; (c) 61.7 rad/sec? 

P10.16: 47.4cm 


Chapter 11 


P11.2: rz1.70cm, r3 = 2.33 cm, r42 4.05 cm 
P11.4: r;21.759 cm, r3=0.724 cm, r4= 2.066 cm 
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TRIGONOMETRIC 
IDENTITIES 


T — i T 
cos( t=) = sin sin ut) = cosa 


sin(u+ x) = —sinu; sin(—u) = -sinu 


cos(u--R) — —cosu; cos(—u)= cosu 


T 
(«2 = —tanu; tan(—u) = —tanu 


sin? u + cos?u 21 
tanu 4-12 sec?u 
cot?^u- 12 csc?u 
sin? u= (1 — cos2u) 


cos? u = (i cos2u) 


sin(u + v) = sinucosv + cosusinv 


cos(u + v) = cosucosv F sinusinv 


4 
PEE 2\2 
sin u=cos (l-u 


Tt E T 
—— «tan ME 
2 x 2 


tan2 ! (x,y) considers the signs of both x and y, —x < tan2; ! (x,y) <T 


Note: tan2 ! (Illy) = tan! (2) 


|x| 


. du d . du 
—sinu = cosu—; cosu = —sinu 
dx dx dx dx 
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E l du T E T 
sin u= E -C&sn!us-— 
x 1-12 dx 2 2 
d E l1 du E 
cos u= —i O<cos usn 
dx Ji u? dx 
= l d E T 
tanu = 2 a «tan us~ 
x l+u° dx 2 2 
= 1 du T P T 
cot! u= -— 2 —=—<cor us~ 
x lt udx 2 2 
COSINE LAW 


a=b +c? —2bccosa 


SINE LAW 


a b c 


sina sinB siny 


A 


Absolute acceleration, 51 
Absolute velocity, 43 
Acceleration 
absolute, 51 
angular, 48, 585 
Cartesian components, 582 
Coriolis, 48 
image, 125 
normal, 48 
ofa point, 582, 585 
polygon, 119 
radial-transverse components, 585 
relative, 47 
sliding, 47 
tangential, 48 
Acceleration analysis 
analytical method, 145 
polygon, 119 
Ackerman steering, 566 
Actuator 
dump, 21 
lift, 21 
Addendum, 200 
Addendum circle, 200 
Swash plate compressor, 528 
Aircraft landing gear, 569 
Analytical acceleration analysis, 145 
Analytical cam design, 326 
Analytical force analysis, 386 
Analytical velocity analysis, 145 
Angle of approach, 219 
Angle of attack, 533 
Angle of recess, 219 
Angular function generating 
mechanism, 4 
Angular acceleration, 48, 584 
Angular velocity, 42, 584 
Antibacklash gears, 203 
Arc of action, 219 
Automatic transmission, 267 
Auxiliary polygon, 67 


B 


Backlash, 203 
Balance mass, 397 


Balancing 
four-bar mechanism, 398 
single rotating link, 397 


slider crank mechanism, 402 


Ballpoint pen, 310 
Base circle 
cam, 315 
gear, 194 
Base link, 4 
Base pitch, 220 
Base pivot, 4 
Bearing 
ball, 462, 488, 510, 534 
roller, 492, 512 
ruby, 505 
throw-out, 489 
Bevel gear 
manufacture, 212 
plain, 191 
spiral, 192 
Binary link, 14 
Binder ring mechanism, 537 
Body, rigid, 583 
Bottle cap, 544 
Bottom land, gear, 192 
Brake 
disc, 498 
drum, 499 
adjuster, 500 
Branched system, 420 


C 


Clip 
cable, 546 
compliant, 543 
Ethernet, 543 
ring, 538 

Caliper 
floating, 499 
fixed, 501 

Cam mechanism, 10 
analytical expressions, 326 
base circle, 315 
displacement diagram, 316 
graphical construction, 323 
key lock, 540 
prime circle, 315 
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profile, 315 
undercutting, 332 
Cam Design, 334 
Camera 
aperture, 507 
movie, 514 
Cam mechanism, 2, 310 
constant-breadth, 333 
cylindrical, 11, 311 
disc, 10 
dwell, 316 
end, 11 
follower, 10 
offset, 315 
positive-motion, 333 
pressure angle, 315 
trace point, 315 
wedge, 10 
Camshaft, 2 
Cartesian components, 579 
acceleration, 584 
position, 584 
velocity, 584 
Caster wheel, 313 
Cayley’s triangles, 29 
Center-to-center distance, 5, 198 
Chain drive, 8 
Chair, rocking, 560 
Chalmers suspension, 12 
Change point mechanism, 26 
Chebyshev spacing, 429 
Chebyshev straight-line mechanism, 7 
Chuck 
drill, 493 
manual lathe, 495 
power lathe, 497 
Circle 
addendum, 200 
base, cam, 315 
base, gear, 194 
clearance, 199 
dedendum, 200 
inertia, 373 
pitch, 196 
prime, 315 
Circle point, 166 
Circular pitch, 198 
Circular spline, 291 
Clamping and cutting machine, 561 
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Clearance, 200 
Clearance circle, 199 
Clock, 238 
Clutch 

plate, 488 

sprag, 503 

one-way, 532 
Coefficient of friction, 189 
Coefficient of speed fluctuation, 412 
Cognates 

four-bar mechanism, 28 

slider crank mechanism, 31 
Combination lock, 541 
Common normal, 18, 66, 194 
Common tangent, 18, 66, 194 
Complex argument, 145, 582 
Complex numbers 

complex argument, 145, 582 

imaginary component, 582 

magnitude, 582 

polar form, 584 

real component, 584 

rectangular form, 581 
Complex plane, 582 
Complex vector, 581 
Compliant mechanism, 543 
Compliant 

clip, 543 

hinge, 545 

stapler, 548 

MEMS hinge, 552 

microgripper, 555 
Components of a vector 

Cartesian, 579 

radial-transverse, 580 
Compound gear train, 242 
Compressor, swash-plate, 528 
Cone 

synchronizing, 492 

valve, 530 
Connecting rod, 4 
Constant-breadth cam mechanism, 333 
Constant-velocity 

coupling, 482 

ratio, 481, 483, 485 
Contact ratio, 217 
Continuously variable belt drive, 189 
Continuously variable traction drive, 189 
Control 

collective, 534 

cyclic, $34 
Convertible automobile top, 571 
Coordinates 

Cartesian, 584 

radial-transverse, 585 
Coriolis acceleration, 48 
Corkscrew mechanisms, 425 
Countershaft, 248 
Counting mechanism, 514 
Couple, 590 
Coupler, 4 
Coupler curve, 5 
Coupler curve dwell mechanism, 511 


Coupler point, 5 


Couplings, shaft 
constant-velocity, 482 
Hooke's, 480 
offset-drive, 486 
Oldham, 484 

Crank 
four-bar mechanism, 25 
planetary gear train, 254 
slider crank mechanism, 4 

Crank rocker mechanism, 25 

Crankshaft, 2 

Cross belt friction drive, 8 

Cross product, 581 

Cusp, 431 

Cycloid, 229 

Cycloidal gear teeth, 229 

Cycloidal gerotor pump, 229 

Cycloidal motion, 322 

Cylinder 
engine, single, 2, 519 
engine, two, 522 
engine, multi, 524 
hydraulic, 497, 562 
spring, 539 

Cylindrical cam, 11, 311 


D 


D'Alembert's principle, 84 
DCT, 252 
Deceleration, 123 
Dedendum, 200 
Dedendum circle, 200 
Degree of freedom, 13 
Dependent variable, 147 
Design process, 446 
Design 
conceptualisation, 447, 452 
decision making, 454, 464 
detailed design, 469 
driver, 463 
embodiment, 472 
evaluation, 473 


functional decomposition, 455 


morphological analysis, 452 
morphological chart, 453 
parameter specification, 462 
preliminary design, 454 
project planning, 471 
process flow chart, 447 
problem formulation, 446 
prototyping, 472 
reporting, 475 
selection tables, 465 
testing, 473 
Diametral pitch, 198 
Differential 
bevel gear, 282 
limited-slip, 285 
spur gear, 286 
Torsen, 288 
Dimension synthesis, 425 
Disc 


solid, 596 

thin rim, 596 
Disc cam, 10, 310 
Displacement analysis, 41, 146 
Displacement diagram, 316 
Displacement function for cam follower, 

316 

Displacement matrix, 587 
Displacement vector, 41 
Door knob mechanism, 313 
Door latch mechanism, 79 
Dot product, 581 
Double-start worm, 192 
Double-toggle mechanism, 536 
Drag link mechanism, 25 
Drill chuck, 493 
Driven gear, 187 
Driver gear, 187 
Driveshaft, 533 
Dual-clutch transmission, 252 
Dump actuator, 21 
Dwell, 316 
Dwell mechanisms, 511 
Dynamic conditions, 83 
Dynamic force analysis, 375 
Dynamics, 583 


E 


Efficiency of a gear train, 296 
End cam, 11 
Engine 
single piston, 2, 518 
multi-piston, 521 
radial, 522 
sleeve, 520 
Wankel, 270, 524 
Epicycloid, 229 
Equilibrium of forces and moments 
dynamic conditions, 83 
dynamic force analysis, 373 
static conditions, 78 
static force analysis, 358 
Equivalent mechanism, 5 
Escapement mechanism, 505 
Exhaust 
valve, 519 
port, 525 
Extension spring, 543 
External gear, 9 


F 


Face, gear tooth, 199 

Face width of gear teeth, 199 
Fall, 316 

Fence, 541 

Fillet radius, gear tooth, 199 
Fishing reel, 11 

Five-bar mechanism, 19, 147 
Flank, gear tooth, 199 
Flapper valve, 529 
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Flex spline, 291 
Fluid dispenser, 530 
Flywheel, 410 
branched system, 420 
Fold out sofa bed, 570 
Follower, 10, 310 
Follower motion, cams 
constant acceleration, 320 
constant velocity, 319 
dwell, 316 
fall, 316 
cycloidal, 322 
harmonic, 322 
modified parabolic, 321 
parabolic, 321 
return, 316 
rise, 316 
uniform, 319 
Follower types, cams 
knife edge, 314 
offset, 315 
pivoted flat face, 314 
pivoted roller, 314 
translating flat face, 314 
translating roller, 314 
Force 
inertia, 83 
polygon, 358 
shaking, 391 
Form milling, 207 
Four-bar mechanism, 4 


acceleration analysis, analytical method, 


158 


acceleration analysis, graphical method, 


119 
balancing, 398 
change point, 26 
cognate, 28 
coupler curve, 5 
crank rocker, 25 
drag link, 25 


dynamic force analysis, analytical, 158 
dynamic force analysis, graphical, 377 


function generating, 4 
inversion, 23 

limit position, 25, 37 
parallelogram, 26 
path generating, 5 
rocker-rocker, 25 
transmission angle, 60 


velocity analysis, analytical method, 158 
velocity analysis, graphical method, 109 


Free body diagram, 2, 355 
Freudenstein equation, 432 
Friction, coefficient, 189 
Friction cone, 189 
Friction gears, 9 

speed ratio, 188 
Friction drive 

cross belt, 8 

open loop, 8 
Front-end loader, 21, 366 
Full-depth tooth, 200 


Function generating mechanism, angular, 4 


Function generation, 426 


Fundamental law of toothed gearing, 193 


G 


Garage door, overhead, 565 


Gate, 541 

Gear, 9, 188 
antibacklash, 203 
base circle, 194 
bevel, 191 
cycloidal, 229 
driven, 187 
driver, 187 
external, 9 
form milling, 207 
friction, 9 
helical, 189 
herringbone, 191 
hobbing, 208 
hypoid, 192 
idler, 9, 241 
internal, 9 
involute, 194 
line of centers, 193 
manufacture of, 207 
miter, 190 
pinion, 9 


pitch circle, 196 


pitch circle diameter, 198 


pitch lime, 200 
pitch point, 194 
planet, 254 
planing, 212 
pressure angle, 196 
rack, 9 
ring, 254 
rotary broaching, 212 
spiral bevel, 192 
spur, 189 
straight spur, 189 
sun, 254 
toothed, 9 
wheel, 192 
worm, 192 

Gear tooth 
addendum, 200 
bottom land, 199 
clearance, 192 
cycloidal, 229 
dedendum, 200 
face, 199 
face width, 199 
fillet radius, 199 
flank, 199 
full-depth, 200 
involute, 194 
space, 199 
stub, 200 
thickness, 199 
top land, 199 
undercut, 224 

Gear train, 9, 238 


compound, 242 

differential, 282 

efficiency, 296 

epicyclic, 254 

ordinary, 240 

planetary, 254 

reverted, 204 

simple, 341 

speed ratio, 238 
Generating processes, 208 
Geneva mechanism, 513 


Gerotor positive-displacement pump, 229 


Graphical acceleration analysis, 119 
Graphical cam determination, 324 
Graphical force analysis, 358 
Graphical velocity analysis, 109 
Grasof's criterion, 25 

Gravitational constant, 74 


H 


Harmonic drive 
multiple-stage, 294 
single-stage, 291 

Harmonic motion, 322 

Harmonic motion mechanism, 516 

Heart switch, 313 

Helical spur gear, 189 
circular pitch, 210 
manufacture, 210 
normal pitch, 210 

Helicopter 
collective control, 534 
cyclic control, 534 
main rotor hub, 534 

Helix angle, 189 

Herringbone gears, 191 

Hinge 
cabinet, 567 
compliant, 545, 546 
MEMS, 552 

Hob, 208 

Hobbing, 208 

Hob pitch, 208 

Hooke's coupling 
double, 481 
single, 480 

Hypocycloid, 229 

Hypoid gear, 192 


Idler gear, 9, 241 
Idler 
pulley, 8 
rod, 566 
Image 
acceleration, 125 
velocity, 114 


Imaginary component, complex numbers, 


582 
Independent variable, 147 
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Inertia circle, 373 
Inertia force, 83 
Inertia moment, 84 
Input torque, 295 
Instantaneous center, 64 
of velocity, 64 
velocity analysis, 100 
mechanical advantage analysis, 85 
Intake 
valve, 519 
port, 525 
Intermittent-motion 
escapement, 505 
dwell mechanism, 511 
Geneva, 514 
Counting mechanism, 514 
International System of Units, 74 
Interference, 223 
Internal gear, 9 
Inversion, 21 
Inverted mechanism, 21 
Involute, 194 
Involute gear teeth, 195 
Iris mechanism, 507 


J 


Jack, scissor, 363 

Jaw 
chuck, 496, 497 
drill, 493 
pliers, 564 

Jerk, 319 

Joint, 13 

Joint 
constant-velocity, 483 
flexible, 543 
universal, 480 


Joule, 597 


K 


Kennedy's Theorem, 67 
Key lock, 539 
Keyway, 539 
Kinematic chain, 13 
Kinematic pair, 13 
one degree of freedom, 13 
rolling, 13 
sliding, 13 
turning, 13 
two degree of freedom, 13 
Kinematics, 583 
Kinetic energy, 596 
Kinetics, 583 


L 


Landing gear, aircraft, 569 
Lathe chuck 


manual, 495 
power, 497 
Lead screw, 509 
Length of action, 218 
Lévai, Z., 257 
Left-hand helical gear, 189 
Left-hand worm gear, 192 
Length of action, 218 
Lift actuator, 21 
Limit positions 
four-bar mechanism, 25, 37 
quick-return mechanism, 56 
scotch yoke mechanism, 516 
slider crank mechanism, 28, 28 
meshing, 223 
Limited-slip differential, 285 
Line of action 
force, 4, 112, 357 
gears, 196 
slider crank, 4 
tangential acceleration, 121 
velocity vector, 112 
Line of centers, 193 
Linear bearing sliding stage, 13 
Linear motion systems, 508 
Link, 3 
angular acceleration, 48 
base, 4 
binary, 14 
quaternary, 14 
rotational speed, 42 
scissor, 534 
ternary, 14 
Linkage, 2 
planar, 12 
spatial, 12 
Locks 
combination, 541 
key, 539 
Locking 
plate, 513 
tip, 554 
Loop, 145 
Loop closure equation, 145 


M 


Machine, 1 
Magnitude 

complex vector, 582 

vector, 580 
Manual lathe chuck, 495 
Manual transmission, 248 
Manufacturing of cams, 349 
Manufacturing of gears, 207 
Mass, 591 
Mass center, 591 
Mechanical advantage, 85 
Mechanical efficiency, 296 
Mechanics, 1, 583 
Mechanism, 2 

equivalent, 5 


inversion, 21 
loop, 145 
mobility, 17 
planar, 12 
spatial, 12 
Member 
three-force, 356 
two-force, 355 
MEMS, 551 
Meshing limit, 223 
Metric system, 74 
Microelectromechanical 
systems, 551 
Miter gears, 190 
Mobility, 17 
Modified parabolic motion, 321 
Module, 199 
Moment 
inertia, 84 
of a force, 590 
shaking, 391 
static, 588 
Motion, cam 
constant acceleration, 320 
constant velocity, 319 
dwell, 316 
fall, 316 
cycloidal, 322 
harmonic, 322 
modified parabolic, 321 
parabolic, 320 
return, 316 
rise, 316 
uniform, 319 
Movie projector mechanism, 333 
Multiple-stage 
harmonic drive, 291 
planetary gear train, 274 


N 


Natural frequency, 77 
Newton's laws, 591 
Normal acceleration, 48 
Normal pitch, 210 

Nut, lead screw, 509 
Nut, scroll, 494 


(0) 


Offset 
cam follower, 315 
slider crank, 4 
Offset drive, 486 
Oldham coupling, 484 
One degree of freedom pair, 13 
One-way mechanism, 501 
ratchet mechanism, 501 
sprag clutch, 503 
Open loop friction drive, 8 
Ordinary gear train, 240 


INDEX 
Output torque, 295 
Overhead lamp, 565 
P 
Parabolic motion, 321 


Parallel-axis theorem, 73 
Parallel-motion mechanism, 173 


Parallelogram four-bar mechanism, 26 


Particle, 584 
Path-generating mechanism, 5 
Parking brake mechanism, 369 
Pawl, 454, 501, 503, 506 
Pen, ballpoint, 310 
Pencil sharpener, 265 
Peg, 513 
Physical pendulum, 77 
Pin, key, 540 
Pin chamber, key, 539 
Pinion, 9 
Pin tumbler lock, 539 
Piston 
engine, single, 2, 519 
engine, two, 522 
engine, multi, 524 
hydraulic, 497, 562 
Pitch 
base, 220 
circular, 198 
diametral, 198 
hob, 208 
normal, 210 
thread, 364 
Pitch circle, 196 
Pitch circle diameter, 198 
Pitch control rod, 533 
Pitch line, 200 
Pitch line velocity, 202 
Pitch point, 194 
Pitman arm, 566 
Pivot, base, 4 
Plain bevel gears, 191 
speed ratio, 254 
Planar mechanism, 12 
Planar motion, 12 
Planetary gear trains, 254 
basic types, 257 
differential, bevel gears, 283 
differential, spur gears, 286 
differential, Torsen, 288 
multiple-stage, 274 
tabular method, 257 
Planet carrier, 254 
Planet gear, 254 
Planing, gears, 212 
Plate clutch, 488 
Pliers, parallel jaw, 564 
Plug 
keyway, 539 
spark, 525 


Polar mass moment of inertia, 72, 594 


slender rod, 595 


solid disc, 596 
thin rim disc, 596 
Pole point, 109 
Polygon 
acceleration, 119 
auxiliary, 67 
force, 358 
velocity, 109 
Position 
Cartesian components, 584 
radial-transverse components, 585 
vector, 37, 584, 585 
Positive-displacement pump 
crescent, 527 
fluid dispenser, 530 
gerotor, 229 
radial-vane, 527 
swash-plate, 528 
Positive-motion cam, 333 
Power, 188, 597 
Power lathe chuck, 497 
Precision point, 427 
Pressure angle 
cams, 315 
gears, 196 
Primary component, 406 
Prime circle, cam, 313 
Principle of Superposition, 368 
Profile, cam, 315 
Prosthetic hand, 12 
Pulley, idler, 8 
Pump 
crescent, 527 
fluid dispenser, 530 
gerotor, 229 
radial-vane, 527 
swash-plate, 528 


Q 


Quaternary link, 14 
Quick-return mechanisms, 56 
limit positions, 56 
time ratio, 57 


R 


Rack, 9 

Rack and pinion, 9, 195 

Radial engine, 522 

Radial-transverse component, 580 
acceleration, 586 
position, 585 
velocity, 585 

Radius of gyration, 594 

Ratchet mechanism, 501 

Ratchet wrench, 502 

Rate of work, 86 

Reaction torrque, 296 


Real component, complex number, 582 


Reciprocating unbalance, 395 


Recirculating ball screw, 510 


Rectangular form, complex number, 581 


Redundant constraint, 18 
Relative acceleration, 47 
Relative displacement vector, 41 
Relative position vector, 37 
Relative radial vector, 38 
Relative transverse vector, 38 
Return, 316 
Reverted gear train, 204, 242 
Right-hand helical gear, 189 
Right-hand worm gear, 192 
Rigid body, 583 
Rigid-body guidance, 431 
Ring gear, 254 
Rise, 316 
Roberts straight-line mechanism, 7 
Robot gripper, 563 
Rocker, 25 
Rocker-rocker, 25 
Rocking chair, 560 
Rod, slender, 595 
Roller follower, 314 
Rolling pair, 13 
Rotary broaching, 212 
Rotating unbalance, 395 
Rotor 
disc brake, 498 
eccentric, wankel, 525 
main hub, helicopter, 533 
radial-vane pump, 527 


S 


Scalar product, 581 
Scissor jack, 363 
Scissor link, 534 
Scotch yoke mechanism, 516 
Scroll nut, 494 
Scroll nut housing, 494 
Scroll thread, 496 
Secondary component, 406 
Shaft coupling 
constant-velocity, 482 
Hooke's, 480 
offset-drive, 486 
Oldham, 484 
Shaft engagement mechanisms, 488 


Shaft/workpiece clamping mechanism, 493 


Shaft, splined, 247 

Shaking force, 388, 391 
primary component, 406 
secondary component, 406 

Shaking moment, 391 

Shaping, 211 

Shaping machine, 67 

Shift fork, 258 

Side bar, 541 

Side gear, 288 

SIunits, 74 

Simple gear train, 241 

Simple toggle mechanism, 536 
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Sine function machine, 562 
Single-cylinder engine, 2, 519 


Single-stage harmonic drive, 251 
Single-stage planetary gear train, 


218 
Six-bar mechanism, 147 
Skeleton diagram, 4 
Sleeve engine, 520 
Slender rod, 595 
Slicing machine, 561 
Slide, 4 
Slider, 4 


Slider crank mechanism, 2 


acceleration analysis, analytical, 162 
acceleration analysis, graphical, 126 


balancing, 402 
cognate, 31 


displacement analysis, 42, 162 
dynamic force analysis, analytical, 


393 


dynamic force analysis, graphical, 


375 
inversion, 22 
limit positions, 28 
line of action, 4 
offset, 4 
static force analysis, 361 
transmission angle, 60 


velocity analysis, analytical, 162 
velocity analysis, graphical, 115 


Sliding acceleration, 47 
Sliding pair, 13 
Slotted wheel, 513 
Slug, 75 
Sofa bed, fold out, 570 
Solid disc, 596 
Space, gear tooth, 199 
Spatial mechanism, 12 
Spatial motion, 12 
Speed governor, 24 
Speed ratio 
magnitude, meshing gears, 
188 
gear train, 239 
Hooke’s coupling, 480 
Spindle, 497, 541 
Spiral bevel gears, 192 
Spline 
circular, 291 
flex, 291 
Splined shaft, 247 
Spool, 11 
Sprag clutch, 503 
Sprag element, 504 
Spring, extension, 543 
Sprocket, 8 
Spur gears, 189 
addendum, 199 
addendum circle, 199 
angle of approach, 219 
angle of recess, 219 
arc of action, 219 
base circle, 194 
base pitch, 220 


center-to-center distance, 198 


circular pitch, 198 
clearance, 200 
clearance circle, 199 
contact ratio, 217 
cycloidal tooth profile, 229 
dedendum, 200 
dedendum circle, 200 
diametral pitch, 198 
face width, 199 
full-depth tooth, 200 
helical, 189 
hobbing, 208 
internal, 9 
involute form, 194 
length of action, 218 
line of action, 196 
line of centers, 193 
manufacture, 207 
module, 199 
pinion, 9 
pitch circle, 196 
pitch circle diameter, 198 
pitch point, 194 
pressure angle, 196 
rack, 9 
sliding action, 194 
straight, 189 
stub tooth, 200 
undercutting, 224 
whole depth, 200 
Stage 
harmonic drive, 291 
planetary gear train, 254 
Stapler, compliant 548 
Static conditions, 78 
Static force analysis, 358 
Statics, 583 
Steering, Ackerman, 566 
Straight spur gears, 189 
Straight-line mechanism, 562 
Chebyshev, 7 
Roberts, 7 
Watt, 7 
Stroke, 28, 53 
Structural error, 427 
Stub tooth, 200 
Sun gear, 254 
Swash plate 
oscillating, 534 
rotating, 528 
Swash plate compressor, 
528 
Switch 
heart, 313 
toggle, 312 
Synchronizer, 489 
Synchronizing cone, 492 
Synthesis, 425 
dimension, 425 
function generation, 426 
path generation, 431 
rigid-body guidance, 431 
type, 425 


T 


Tabular method, 257 
Tail rotor blade, 533 
Tangential acceleration, 48 
Ternary link, 14 
Thickness, gear tooth, 199 
Thin rim disc, 596 
Three-force member, 356 
Time ratio, 53 
Toggle mechanism 
double, 536 
simple, 536 
Toggle switch, 312 
Tongs, 2 
Tooth, gear 
addendum, 200 
bottom land, 199 
clearance, 200 
cycloidal, 229 
dedendum, 200 
face, 199 
face width, 199 
fillet radius, 199 
flank, 199 
full-depth, 200 
involute, 194 
stub, 200 
thickness, 199 
undercut, 224 
width or space, 199 
whole depth, 199 
Toothed gears, 9 
fundamental law, 193 
Top land, gear tooth, 199 
Torque 
drive, 410 
inertia, 84 
input, 295 
load, 410 
output, 295 
reaction, 296 
Torsen differential, 288 
Trace point, 315 
Transmission angle 
four-bar mechanism, 60 
slider crank mechanism, 61 
Transmissions 
automatic, 267 
dual-clutch, 252 
manual, 248 
Turning pair, 13 
Two degree of freedom pair, 13 
Two-force member, 355 
Type synthesis, 425 


U 


Umbrella, 173 

Unbalance, 397 
reciprocating, 395 
rotating, 39S 
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Undercutting 
cams, 332 
gear teeth, 224 
Uniform motion, 319 
Unit vectors 
Cartesian coordinates, 579 
Radial-transverse coordinates, 580 
Relative radial, 38 
Relative transverse, 41 
Units 
metric, 74 
System International, 74 
US customary, 74 
Universal joint, 480 
US customary units, 74 


V 


Valve 
exhaust, 519 
flapper, 529 
intake, 519 
one-way, 530 
overhead, 519 
sleeve, 520 
Vane 
iris, 507 
radial, 527 
Variable output mechanism, 531 


Vector 
addition, 580 
complex, 581 
cross product, 581 
displacement, 41 
dot product, 581 
magnitude, 579, 582 
position, 37, 582 
subtraction, 581 
Velocity 
absolute, 43 
angular, 42, 586 
Cartesian components, 584 
instantaneous center, 64 
image, 114 
ofa point, 584 
polygon, 109 
radial, 586 
relative, 42 
transverse, 586 
Velocity analysis 
analytical method, 145 
instantaneous centers, 100 


polygon, 109 


WwW 


Wankel engine, 524 
speed ratio, 270 
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Watt, 597 
Watt straight-line mechanism, 7 
Wave generator, 291 
Wedge block, 497 
Wedge cam, 11, 311 
Weight, 76 
Wheel 
combination lock, 541 
counting mechanism, 515 
escapement, 506 
gear, 192 
slotted, 513 
Whole depth, gear teeth, 200 
Winch, 244 
Window mechanism, 517, 570 
Windshield wiper, 564 
Work, 597 
Work-energy, 597 
Worm gear, 192 


Y 


Yoke, $17 


Z 


Zero-Max drive, 531 
Zipper, 549 


CONVERSION FACTORS FOR LENGTH 


multiply number 


to i Centimeters Feet Inches Meters Millimeters 
obtain 4 by N (cm) (ft) (in) (m) (mm) 
Centimeters (cm) 1 30.48 2.540 100 0.1 
Feet (ft) 3.281(102) 1 8.333(102) 3281 3.281(10-3) 
Inches (in) 0.3937 12 1 39.37 3.937(102) 
Meters (m) 0.01 0.3048 2.540(102) 1 1(1033) 
Millimeters (mm) 10 304.8 25.40 1(103) 1 


CONVERSION FACTORS FOR ANGLE 


1 revolution = 6.283 radians = 360 degrees 


CONVERSION FACTORS FOR ROTATIONAL SPEED 


1 revolution/minute (rpm) = 1/60 revolution/second = 0.1047 radians/second (rad/sec) 


CONVERSION FACTORS FOR MASS 


multiply number 
of > 
to Grams Kilograms | Pounds mass Slugs 
obtain 4 by N | (Ib-sec?/in) (gr) (kg) (Ibm) (Ib-sec?/ft) 
(Ib-sec?/in) 1 5.711(10-9) 5.711(1073) 2.591(1073) 8.333(102) 
Grams (gr) 1.751(105) 1 1(103) 453.6 1.459(104) 
Kilograms (kg) 175.1 1(103) 1 0.4536 14.59 
Pounds mass (Ibm) 386.0 2.205(102) 2.205 1 32.17 
Slugs (Ib-sec?/ft) 12 6.853(1075) 6.853(10-) 3.108(10-?) 1 
CONVERSION FACTORS FOR FORCE 
multiply number 
of > 
to Dynes Newtons Pounds force Poundals 
obtain 4 by N| (gr-cm/sec2) (kg-m/sec?) (Ib) (Ibm-ft/sec?) 
Dynes (gr-cm/sec?) 1 1(105) 4.448(105) 1.383(104) 
Newtons (kg-m/sec?) 1(1075) 1 4.448 0.1383 
Pounds force (Ib) 2.248(10-6) 0.2248 1 3.108(102) 
Poundals (Ibm-ít/sec?) 7.233(1075) 7.233 32.17 1 


CONVERSION FACTORS FOR TORQUE OR MOMENT OF FORCE 


multiply number 
of > Gram- Kilogram- Newton- 
to Dyne- centimeters meters Pound-feet meters 
obtain 4 by s | centimeters | (grf-cm) (kgf-m) (Ib-ft) (N-m) 
Dyne-centimeters 1 980.7 9.807(107) 1.356(107) 1(107) 
Gram-centimeters (grf-cm) | 1.020(103) 1 1(105) 1.383(104) 1.020(104) 
Kilogram-meters (kgf-m) 1.020(10-8) 1(1075) 1 0.1383 0.1020 
Pound-feet (Ib-ft) 7.376(10-8) | 7233(10-5) 7.233 1 0.7376 
Newton-meters (N-m) 1(1077) 9.807( 107-5) 9.807 1.356 1 
CONVERSION FACTORS FOR MASS MOMENT OF INERTIA 
multiply number Gram- Kilogram- | Pound mass- | Pound mass- 
of > | centimeters meters inches feet 

to squared squared squared squared 

obtain 4 by \ | (gr-cm2) (kg-m2) (Ibm-in2) (Ibm-ft2) (Ib-in-sec2) 
Grane: Dine tele 1 1(107) 2.927(103) | 4.214(108) | 1.130(108) 
squared (gr-cm?) ' j i 
Kilogram-meters a i " 

sqdared (gsm) 1(10-7) 1 2.927(10-4) | 4.214(10-2) 0.1130 
Pound mass-inches 

-4 3 

squared (Ibm-in2) 3.417(1074) 3.417(103) 1 144 386.0 
Pound mass-feet - -3 

squared brett?) 2.373(10-9) 23.73 6.944(1073) 1 2.681 
(Ib-in-sec2) 8.853(10-7) 8.853 2.591(10-3) 0.3730 1 
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